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Abstract. Purpose. To determine the two-dimensional thermoelastic state in a semi-infinite
solid (half-plane), weakened by a system of periodic internal cracks under conditions of local
heating on the edge of the half plane. Heat flux due to frictional heating on the local area of the
body, causes changes in temperature and stresses in the body, which significantly affects its strength,
as it can lead to crack growth and local destruction. Therefore, the study of the problem of frictional
heat is of a practical interest. This paper proposes to investigate the stress-deformed state in the
vicinity of the crack tip, depending on the period of cracks placement.

Methodology. The methods for studying two-dimensional thermoelastic state of a body with
crack as stress concentrators are based on the method of complex variable function. Reducing the
problem of stationary heat conduction and thermoelasticity to singular integral equations (SIE) of
the first kind, the numerical solution by the method of mechanical quadrature was obtained.

Findings. In this paper, we present graphical dependencies of stress intensity factors (SIF) at
the crack tip on the angle of orientation and on the relative position of cracks. The obtained results
will be used later to determine the critical value of the intensity of the local heat flux from equations
of limit equilibrium at which crack growth and the local destruction of the body occur.

Originality. The originality of our solution lies in the fact that the new two-dimensional
problems of heat conduction and thermoelasticity for a half plane containing a periodic cracks due to
local heating by a heat flux are obtained.

Practical value. The practical value is the ability to extend our knowledge of the real situation
in the thermoelastic elements of engineering structures with cracks that operate under conditions of
heat stress (frictional heat) in various industries, particularly in mechanical engineering. The results
of specific values of SIF at the crack tip in graphs may be useful in the development of sustainable
modes of structural elements in terms of preventing the growth of cracks.

Keywords: crack, heat flux, heat condition, thermoelasticity, stress intensity factor, singular
integral equation.

Introduction

Elements of many modern structures are often designed for their operation under conditions of
thermal heating; such conditions contribute to the emergence of their thermal stresses. This is typical for
tools and structures in the heat industry. The level of concentration and intensity of these stresses in some
areas, for example, in the neighborhood of non-homogeneities (cracks, inclusions) of technological nature
largely determine their operability. Therewith, the fracture of materials is caused by the presence of sharp
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concentrators of stresses such as cracks. Therefore, the study of thermoelastic state near a crack is
necessary for calculations of strength from the point of view of fracture mechanics, which is especially
important for structures of high strength and little plastic materials, which are under the action of different
kinds of heat loads.

The multiple cracks problem in an elastic half plane is formulated into a singular integral equation
using the modified complex potential with free traction boundary condition. A system of singular integral
equations is obtained with the distribution dislocation function as unknown, and the traction applied on the
crack faces and the right hand terms in the paper [1]. In the paper [2], the problem of the stress concentration in
the vicinity of the crack tips for a crack of finite length located perpendicular to the interface of two elastic
bodies — a half plane and a strip is considered. Using the method of generalized integral transform, the
problem reduces to solution of a singular integral equation with a Cauchy kernel. Values of the stress
intensity factors of the normal stresses in the vicinity of crack tips are obtained for different combinations
of the geometrical and physical parameters of the problem.

The two-dimensional problems of thermoelasticity for semi-infinite bodies with cracks have already
been investigated in the literature. Thus, in particular, the thermoelastic state of a half plane containing an
internal rectilinear crack at different temperature and force conditions imposed on the crack lips and on the
edge of the half plane were analyzed in [3], [4], [5]. The method of SIE was used for the analysis of the
plane thermoelastic state in a half space containing an internal arbitrary oriented rectilinear crack [6], [7],
internal curvilinear crack [8], edge crack [9], an inclusion and a crack [10] due to local heating over a part
of its free surface by a heat flux.

In this paper, a thermal problem for thermoelastic half plane, weakened by a system of periodic
internal cracks under conditions of local heating on the edge of the half plane is considered. This model is
the development of the previous models to determine the two-dimensional thermoelastic state in a semi-
infinite solids, weakened by a system of internal cracks.

Problem statement
Consider an elastic half plane containing a periodic system of cracks when in the main band of
periods of width d (along the axis Ox ) there are N of internal rectilinear cracks L, (k :1,_N) . We assume

that all contours Lk(kzl,_N) do not have common points. Each contour is connected with a local

coordinate system x,O,y, whose axis O,x, forms an angle a, with the axis Ox, and the points O, are

determined in the coordinate system xOy by complex coordinates z; . The problem is studied under the
conditions of a stationary temperature field.

Consider the problem of heat conduction with the following conditions of thermal contact .We will
assume that the cracks lips are thermally insulated:

H =0, tTL, k=1N. 1)

Here n is the outer normal to the left face of the cut L, (k =1 N ) T (x, y) stands for the temperature; t,

are the complex coordinates of points on the contours L, in local coordinate systems; the plus and minus
indices indicate the boundary values of the corresponding values on the left and on the right of the
approach to the contour L. In the problem of thermoelasticity, we suppose that a domain of bounded

width 2a located on the edge on the half plane is heated by a periodic heat flux with intensity g. The

other parts of the edge of the half plane are thermally insulated. Assume that the cracks lips are not in
contact and are free of the loads in the process of deformation:

[N(t)+iS(t)] =0, t TL , k=1LN. 2)
In the relations (2), N(t,) and S(t,) are the normal and the tangential components of the load.
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Problem solution. System of integral equations of the problem of heat conduction
We represent the total temperature in the half plane with a periodic system of cracks in the form:

T Y) =T, V) +T (x ),
where T, (X,y) is the temperature in the homogeneous half plane without cracks caused by the periodic

heat flux of intensity g and T'(x,y) is the perturbed temperature generated by cracks. The temperature
field T,(x,y) is described in [7].

We represent the temperature T7(x,y) in the form of T.(x,y) =Re f(z), and we use the complex

temperature potential F(z)= f¢(z) [11]:
18 .6 ép U, U
F(z)=F(z)+=a ¢ aH.(t)ctg a—(z H(t)ctg -z)ndt g,
o(2) g 2087 AN )H Bd al )H i €)

Hk(tk)zg&(tk)’ Z, =t +z,.

The function F,(z) determines the temperature field T,(x,y) in a continuous homogeneous half

plane, and the function T, (x, y) is periodic with respect to the coordinate x with period d.

By satisfying the boundary conditions (1) with the help of the complex temperature potential (3), we
obtain in the heat conduction problem the system of N singular integral equations of the first kind for the N

unknown functions g (t, ) (k = 1_N) on the contours of cracks:

18, .
o QO IMEK, (6L, (6)dt, ~ Ly (4 t)H, (4 )d =
o (4)

=Im{ [(Fo(hn)]ei(a") } t TL, n=1N.

Here:
K., (t.t,) =" et h )
« (G L) i 98 ( )H
eian) ep U
Lnt,t— —_ -h, ) h—t+zn,
(L) d(k_n ng( )H
F ()= oY) TTa(x.y).
ix Ty
The solution of system integral equations (4) must satisfy the condition:
09, (t,)dt, =0, n=LN, (5)

Ly
which provide continuity of temperature by passing the contours of crack. Under condition (5), the system
of integral equations (4) for an arbitrary its right-hand side has a unique solution.
System of integral equations of the problem of thermoelasticity

Since the stationary temperature field TO(X, y), in the absence of internal heat sources, does not
generate a stresses in a homogeneous simply connected half plane [13], we find the stresses generated by
the perturbed temperature T™(x,y).

Complex stress potentials can be represented in the form [11]:

F(2)=F,(2)+F,(2), Y(2) =Y (2) +Y,(2), (6)
where
F.(z )—%é(‘)Qk (tk)ctgg%(zk - Z)Ee‘akdtk, z, =te® +z; (7)

k
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Y, (2)= go:'Q( )ctgep (z —z)@e“akﬁ—
W8 Tag @0 g m el
1 ep U P(— |ak lil
:ctg SE(ZK z)H +E(Zk -z, + z)cosec EDIQK dtkg,
1 g \\I ep - ia
F,(2)=—=aji t (e dt
()55 800 (L) Zk)He -

+%(zk z_k)cosecz%( z)Qk (t o™ d_tkg

é . ép(— _\u, pz P (7 _\U ia,
Q (tk)éctgﬁ—(zk - z)H+Fcosec2 Aa(z ‘- Z)He dt, +

1 épy. —\U. €2pz _ ¢ép 00
+jctga—|z-z, |, +a——cCtga—(z, - 2); +1;
’:‘gsd( k)H gd gsd( k ) U

'%(Z_“Zk)“’s“z bz 2Jpga ey

8f ( ) (k)H'tkTLka k=1,

The functions f* (tk) are defined as the limiting values of potential f (z). The unknown function

1+C

af (tk), which is the derivative of the jump of displacements in passing through the cracks contour, is
sought in the class of Holder function with integrable singularities at the crack tips.
Here are the following designations: ¢ =(3-m)/(1+m), b'=a'E(1+m) are for a plane stressed

state; a', G, E are the coefficients of linear thermal expansion, shear modulus, Young’s modulus, m is

Poisson’s ratio material of the matrix.
By satisfying the boundary conditions (2), with the help of the complex potentials (6), we obtain in
the problem of thermoelasticity the system of N singular integral equations of the first kind for the N

unknown functions Q, (t,) (k = 1_N) on the contours of cracks:

—ao[Rnk(tk.t )Q, (t,)dt, +S,, (t.t,)Q, () dt §=0, t, TL, n=1N. )

k1|_

Here:

Rnk (tk 'tn) = erm (tk 'tn) - eiak . J!:BnCtg %(hn 'Z_k)+

+C.e ‘z'acthZ(h _)H d(h h)cosec2(h_n—zk)XCngE”’

- gl— e d 4 Z%e'”a“ (h_n —hn) ctg(h_n —zk)gg;
S (tt,) = S (8. t,) +2p—de“ak \{L—Bn%(h_n —hn)cosec2 (hn —z_k)+

+(1 2""‘K)C xctg8 ( zk)g+%cne‘2‘ak(hn h)coseczglfj (hn zk)ag

Ru(bta)= id'l 6B clg g (2, -h )H+e ep( *‘_)E%

Ed
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St (1) =90C, (e - )eretggh (2, -, )i - (2, )
d —\U¢ ia
L, 2%2( k—hn)ﬁg; h,=te™ +z].

In the class of functions g, (tk) TH (k =1,_N) the system of integral equations (8) has a unique

solution for an arbitrary its right-hand side under the conditions:
09, (t,)dt, =0, n=LN. ©)
L,

Conditions (9) ensure the uniqueness of displacements by passing the contours of cracks. By using
relation (7), we represent condition (9) for thermally insulated cracks in the form:

(‘)Qn(tn)dtn=—1|b Ot gi(t)dt, , n=IN. (10)

n

The algorithm used for the solution of the analyzed problem can be described as follows: the system
of integral equations (4), (5) of the problem of heat conduction is used to find the functions g&(tk)
(k =1,_N). These functions are then substituted in system of equations (8), (10) of the problem of
thermoelasticity to find the unknown functions Q, (tk) (k =1,N ) Then the stress intensity factors (SIF)
K, and K, are found according to the formula [11]:

K* - iK: =mt||@r)rl1§ 2nlt, - 12]Q, (tk)g, =IN, (12)

k
where the lower signs correspond to the beginning of the crack ( ) and the upper ones correspond to the

end of the crack (Ik*) .

System of single periodic cracks

Consider a half plane with a periodic system of internal cracks when in the main band of the period
there is one rectangular crack at an angle a to the axis Ox. The centers of the cracks are on one straight
line y =-h, where h is the distance from the centers of the cracks to the edge of the half plane. The distance
between the centers of neighborhood cracks is the same and equal to d,. Let the edge of the half plane be
locally heated by a uniform heat flux g = const on the section in width 2a, and this section changes
periodically along the coordinate Ox with the period d,. The edge of the half plane outside the area of
heating and the lips of the crack are insulated and free from external forces. Then the basic temperature
field T, (x, y) in the half plane without cracks changes periodically along the coordinate x with the period
d,. The center of the coordinate system O'x'y', where x'=x+d, y'=y is chosen in the middle of a
section of heating distant from the axis Oy by distance d (Fig. 1).

The stationary temperature field of the thermoelastic half plane without cracks caused by the heat

flux q takes the form [7]:
To(xy)= _pil 0 qlny/(x'=x)* +y?2dx =

:p%{(x+d-a)|n\/(><+d-a)2+y2-(X+d+a)'”J(X+d+a)2+Y2+ (12)
+yearctgaex td- a?—arctg“ﬁtmagg”a\‘f-
§ g § oy ol g
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Fig. 1. System of single periodic cracks and heat fluxes

To found of the disturbed temperature T"(x,y) generated by cracks, integral equation in the heat
conduction problem takes the form:

1'¢ 1 0.

=0e——+L(tox)@ (t)dt =F(x), [x]<l, (13)

Pt -X% (

with the kernel [11]:
T, ¢ o Uy ; . .
L(tl,xl) = BRe |le'actg eﬂ(tl - xl)e'a l:J'if+£Re{e'actg gW(xl,tl)g};
d, 7T gd, u% d,
W(x, ):(E’_O(X@ia ~te™ - 2ih);
F(x)= e (x.y) ina o (%) —cosa—ﬂTo(X' y)
L1070 LS Ty |

Additionally, the solution of integral equation (13) has to satisfy the condition of continuity of
temperature T (X, y) around the crack contour:

jor(t)at =o0. (14)
The integral equation of the problem_lof thermoelasticity can be written in the form:
DR (6%)Q(t) + S (%) QL )t =0, [x]<I. 15)
where the kernels are giv;n as [11]:
R(t,x)= O.Sd%e‘actg Ed%(tl - % )e? E +e " ctg Ed%(t1 -x)e™ E + O.Sd%eia .
'{cth(xl,tl) reZRetgW(x,t,) - Zz—i(t1 sina - h)cosec?W(x,,t,)~ (16)

0

- gl— g2a _ 4£62ia (X1$ina _ h)Cth(thl)H‘lr;
; d, ﬂ%
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S(t,x)= O.S(Jlﬁ(e‘ia - e‘3‘a)gzdli(tlsina ~ h)cosec?W(x,,t,) +

0 e Yo

+(1_ e-Z‘a)cth(xi,ti) - ZZ—ie‘Z‘a (x sina - h)cosec’W(x,,t,);

0
Q(t)=gt(t)+2ibig (t)/(1+c), b'=a'E.
By using relation (16), we represent the condition (10) for insulated thermally crack in the form:

| st |
OQ(tl)dt1=—2|b .
-l

0to¢(t)dt, (17)
which ensures the uniqueness of displacements by passing the contour of crack.

1+c )

Numerical analysis

The solution algorithm of considered problem can be described as follows:

1. From the integral equation (13) and the condition (14) the derivative of temperature jump g'(tl)
is calculated;

2. The next, having the function g (t,) the integral equations (15), (17) will be solved with respect
of function Q,(t,);

3. Then the stress intensity factors (SIFs) K, and K, , which are the real quantities that characterize
the stress-deformed state in the vicinity of the crack tips, are found according to the formula:

Ky =ik =2 lim 2p [t mQ(t,). (18)

The numerical solution of the system equations (13), (14), and (15), (17) are found by the method of
mechanical quadratures [13].
The calculations of the dimensionless stress intensity factors (SIFs)

S=KEl@A+c)/g8ll  and  ki=Kil@+c)/ga IVl
are derived for the cracks system normally to the boundary half plane (a =90°). In this case, it follows
that k® =0, and the dependencies of k; on the dimensionless period d, =d,/h for dimensionless
parameters a =a/h=0.25; d"=d/h=1; I"=1/h=0.5; 0.9 are shown in Fig. 2.
0,75
ky
0,6

0,45

e T, e - i . el et

-0,3

,5 2,5 3,5 45 55 65 ,71,5

Fig. 2. The dependencies of the dimensionless SIFs k;
on the dimensionless period d, for a = 90°
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The dashed lines correspond to the lower 1" =0.5 tip of the crack (k, k; ), whereas the solid lines
correspond to its upper tip (k;, k; ). The increasing of period d, leads to an increasing of SIFs,

particularly it can be observed for long cuts (1" =0.9). Moreover, close distributed cracks reciprocal

unload one of other and this configuration is safer than in the case of single crack [7]. For mechanical
loading this result was presented in [11].

According to the results presented in [7], for a single crack and 1" =0.5 there are k; =0.635,
k, =-0.195 as well as for I" =0.9there are k; =0.635, k, =-0.147. These stress intensity factors are
obtained with the accuracy of 1 % from Fig. 2 for the values of periods: d, =6.3 for k, and d, =1.7 for
k, under the assumption that 1" =0.5; for I" =0.9 we have d, =10 for k; and d, =3 for k; . So, the
influence of period d, on the SIFs is observed more strongly in the case of long cracks at the tip near the

boundary half plane.
In the considered problem, the lips of the crack are not in contact. Then, according to the

s, -criterion (based on the hypothesis of the initial growth of the crack) from equations of the boundary
equilibrium [14] it is possible to find the critical values of the heat flux g, at which the growth of the
crack and the local destruction of the body begin, according to the formula:
0 =K K _ (1+c)l
BRI _3kitg -0 | " a'Elpl
26 Y23

where K,. is a constant of the material that characterizes the resistance of the material to the destruction

and is determined experimentally; g. is an angle of initial growth of the crack:
. +\2 +\2
ki - (k) +8(k3)
4k '
In the partial case for I"=0.9 we obtain: if d" =25, then g, =1.6K K, , if d" =45 then

g. = 2arctg

Qe =0.9K K, , if d" =6.5 then g, =0.8K K, ; for I'=0.5 we obtain: if d° =2.5, then g, =2.2K K,
if d” =45 then q, =1.6K K., if d" =45 then q, =1.4K_K,. . These results are obtained for upper tip of

the crack.

Conclusions

1. The two-dimensional mathematical models of the problems of stationary heat conductivity and
thermoelasticity for elastic half plane with a periodic system of internal cracks under conditions of local
heating on the edge of the half plane in the form of system of singular integral equations (SIEs) of the first
kind on the contour of cracks are constructed. This approach allows to obtain a numerical solution of the
system SIEs by applying the method of mechanical quadratures.

2. A numerical solution of the system SIEs in the partial case of a half plane with a system of single
periodic thermally insulated cracks under conditions of local heating on the boundary of the half plane by
given periodic heat flux of constant intensity are obtained. Based on this solution, the stress intensity
factors (SIFs) at the crack tips are calculated, which in the future will be used to determine the critical
values of the heat flux at which the crack begins to grow.

3. Based on the analysis of the obtained critical values q, of the heat flux, it follows: if the period

of width d, increases, then critical value of the heat flux g, decreases (at which the growth of the crack in
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the left tip begins) and approaching the value as in the case of a single crack. A similar situation is
observed for the lower tip of the crack.
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