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Запропоновано методику оцінки напружено-деформованого стану трубчастих 
елементів зі стільниковою будовою стінки. У результаті записано систему диференціаль-
них рівнянь для відшукання зусиль та моментів, що виникають у стінці стільника. 
Встановлено ключові рівняння для оцінки компонент напружень. Наведено рекомен-
дації до розрахунку та проектування довгої стільникової труби та вертикального 
стільникового резервуара, що розміщений у ґрунті. 

 

Methods of the estimation of the stress-strain state of tubular elements with cellular wall 
structure are suggested. As a result, a system of differential equations for the search of the 
forces and moments which arise in the cell wall is written. Key equations for the estimation of 
the stress components are established. Recommendations on the calculation and designing of a 
cellular long tube and a vertical cell reservoir, located in soil, are presented.  

 

Introduction. At present polymers and high-density polyethylene (HDPE) in particular are the most 
common materials for production of low-pressure industrial pipelines [1]. Thin-walled structures made of 
these materials possess a number of advantages in comparison with the metal ones [2]. Tests have 
demonstrated that the expected lifetime of polyethylene pipes is 50-100 years [3, 4, 5].  

To decrease the weight of large diameter polyethylene pipes and tanks their walls are made as a 
hollow structure [6, 7]. In practice the polyethylene pipes and tanks with a tubular profile wall are used [7, 
8]. The production  technology of the thin-walled elements with a tubular profile wall foresees a 
continuous process of winding of infinitely long polyethylene pipes of a diameter of 20 ÷ 110 mm, using  
special devices-drums, with their synchronous extrusion welding of coils from the internal and outer sides. 
This technology allows us to produce a tubular construction of a  diameter of 6000 mm. 

A hollow pipe structure differs significantly from the solid-wall structure. Therefore, calculations for this 
type of buried thin-walled structures are different from those for the classical pipes [1, 2] and they should 
consider a wall hollowness [6, 7, 9, 10, 11]. To predict the durability and serviceability of polyethylene thin-
walled structures with a hollow wall structure it is necessary to determine the stress-strain state and also to set 
the allowable strength parameters in such constructions. Based on the above mentioned the final formulas for 
engineering calculations are proposed and the appropriate practical recommendations are developed. 

General methodology of the problem solution. Polyethylene is a viscoelastic material. Its behavior in 
the strained state depends on the external load, temperature and operating time. When  making a design of the 
polyethylene tube constructions these characteristics must be taken into consideration. Investigations of the 
strength of polyethylene solid-wall pipes under action of the internal pressure depending on temperature and 
operation time enabled the development of the well-known international standards [3]. Similar studies were 
conducted in [4, 5]. According to the results of these studies it is possible to establish the allowable loads for the 
HDPE thin-walled structures with a tubular profile wall under condition 

  MRS 321 ,,max ,                                                             (1) 

where σi are principal stresses in the hollow construction wall, MRS is the minimum required strength of 
HDPE [3, 4]. 
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When applying condition (1) for assessing the boundary state of the investigated constructions it is 
necessary to evaluate their stress-strain state. This paper proposes the method for assessing the stress-strain 
state of the polyethylene pipe of the underground hollow-wall constructions with account of the real 
operating conditions. 

 

Basic equations for assessing the stress-strain state of cylindrical thin-walled structures with a 
tubular profile wall. A ratio of wall thickness d of the investigated thin-walled structure (Fig. 1) and its 
diameter D is d/D<1/10, where d is a diameter of the polyethylene tube, used to build a construction. Based 
on the diameters ratio let us use the shell theory apparatus for the stress-strain state evaluation [12]. A chart 
of the hollow wall structure is shown in Fig. 2. 

 

         

                                                          а                                                                         б     

Fig. 1. Cylindrical thin-walled structures with a tubular wall profile: a – a long pipe 
 b – a vertical tank (reproduced by permission of Corporation Energoresurs Invest, http://en.energoresurs.com/). 

 
In fact, the polyethylene construction works under linear-elastic deformation. This is consistent with 

condition (1), in which parameter MRS is less than the yield strength of HDPE. The polyethylene creep is 
not taken into account. 

 
 

Fig. 2.  Wall of a thin-walled construction 
 
The system of differential equations for cylindrical orthotropic shells. Let us model a HDPE thin-

walled structure by a cylindrical shell (Fig. 3). The shell is considered to be structurally orthotropic. Structural 
orthotropy means that anisotropic properties are caused by the hollow structure of the polymer product.  

A shell is referred to the coordinate system xOy (Fig. 3). The location of the point of the shell 
median surface is characterized by coordinates x and y=Rφ, where x is the distance of the point along a 
generatrix from the initial equatorial section, R=D/2 is the radius of  the cylindrical shell, φ is the angle 
between the initial and arbitrary median planes. Axis Oz is directed outward along a normal to the median 
surface. It is considered that the main directions of elasticity at each point of the shell coincide with the 
direction of the coordinate lines Ox, Oy, Oz. 

Let us investigate the stress-strain state of such a shell. The  shell differential equations of 
equilibrium are similar to the equations of the theory of ordinary shells [12, 13]. 
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Deformation components εii, ω, χii, τ 
of the median surface  are expressed by 
displacement components u, υ , w similarly 
to the orthotropic shells [12, 13] 

A cellular structure is accounted by 
the corresponding presentation of the state 
equations of the considered shell. The 
equation of state, relating forces T11, T22, 
S12, S21 and moments G11, G22, H12, H21 of 
the strain components εii, ω, χii, τ of the 
medium surface, is written similarly to the 
equations of the theory of orthotropic shells 
[12, 13]. 

 

22112111111   BBT ,   22112111111   DDG ,  21 , 

 
1212 BS ,   

R
DBS


 

121221 ,    
122112 DHH .                                 (2) 

The positive direction forces iiT , jiS  and moments iiG , jiH  are shown in Fig. 3. 

Such a presentation allows us in a particular case to get known results for pipes with a solid wall. 

However, extensional rigidities 
ijB , flexural rigidities 

ijD  in equation (2) which are established for tubes 

with a solid wall simultaneously with formulation of equations (2) in the case of cells, are unknown values. 
They determine the appropriate structural orthotropy. The value of these characteristics can be set by the 

experimental or numerical methods. Rigidities 
ijB  and 

ijD  depend on the structure of the polyethylene 

construction wall, i.e the diameter of polyethylene pipe d of its thickness t and the mechanical properties of 
polyethylene (elasticity modulus E and Poisson’s ratio v). 

The value of rigidities 
ijB , 

ijD  and Poisson’s ratio vi are evaluated by the numerical experiment. 

For this purpose the rigidities in equation (2), are written in the form: 

211 
 Ed

fB iiii ,  v

Ed
fB




121212 ,  21

3

112 
 Ed

pD iiii ,  v

Ed
pD




112

3

1212 .            (3) 

Here vi (і=1,2) are Poisson’s ratios in the x and   direction respectively for an orthotropic shell which 

values are found below, fij, pij are functions that are determined by the cellular structure. Values fij, pij 
characterize the decrease of extensional rigidities and flexural rigidities to compare to the same values for 
the shell with a solid wall of thickness d. Thus the problem arises to establish the Poisson’s ratio vi and 
functions fij, pij. When accepting fij=1, pij=1 and v1=v2=v the corresponding rigidity values for the shell with 

a solid wall of  thickness d  are obtained. 

Determination of Poisson’s ratios vi 

and functions fij, pij. Poisson’s ratios i  

are found from the ratio of longitudinal i  

and transverse i  deformations. 

Longitudinal i  and transverse i  

deformations are evaluated under 
specimen tension. The specimen is a 
rectangular plate (Fig. 4). 

 

 
Fig. 4.   A chart of a hollow plate 

 

Fig. 3. Geometry and coordinate system 
of a cylindrical orthotropic shell 
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Longitudinal i  and transverse i  deformations are determined numerically using the finite element 

method [14]. Two cases are considered: the evenly distributed forces are applied in the direction Ох (T11) 
and  in the direction Оу (T22) (Fig. 4). In the first case, the calculations will be related with evaluation of 
the Poisson’s ratio v1, and in the second – of v2. The model of the investigated object is shown in Fig. 5. It 
takes into account the geometry of the cellular structure. The numerical analysis was done using the 
NASTRAN [15] finite element program system. 

 

 
 

Fig.5. Finite element model of a rectangular hollow ( cellular) specimen 

 

When applying this program the displacement ui (displacement in the direction Ох, in this case i=1 
corresponds to forces T11, and i=2 – to force T22) and vi.(towards Оу) of the medium surface of the hollow 

specimen is established. Using the obtained displacements determine the longitudinal i  and transverse i  

relative strains of the cellular plate specimen by the relation 

    auau 0111  ,       aa 0111  ; 

     bb 0222  ,       bubu 0222  . (4) 

Then Poisson’s ratios v1 and v2 will be  

 111  ,   222  . (5) 

By analyzing numerical calculations carried out on the basis of relations (4) and (5), the Poisson’s 
ratios will be represented as 

     tdhtd 11 ,      td2 , (6) 

where v is the Poisson’s ratio of the polyethylene and function h1(d/t) depends significantly on parameter 
d/t. Dependence h1 on the parameter d/t is shown in Fig. 6.  

Rigidities 
11B , 

11D  are evaluated using the 

results obtained for the stress-strain state of 

the hollow plate elements. Rigidities 
11B , 


11D  and the corresponding functions f11, p11 

in equation (3), are evaluated numerically by 
the finite element method. For this purpose 
the first two relations (2) are written as 

111111  BT , 111111  DG ,     (7) 

where for the cellular plate element  the 

deformation components xu 11  and 

22
11 xw  , and component 022  y , 022

22  yw . Two last relations are true for the 

plane deformation conditions [16] of the elastic body. Therefore we consider a hollow plate element  which is in 
the plane strain conditions (Fig. 2) and loaded first by force T11 and then by a separate moment G11. 

Using the finite element program NASTRAN [15] a set of numerical experiments to determine the stress-
strain state of cellular elements under plane strain conditions were performed. The chart of the finite element 
model of the studied object is shown in Fig. 7. It takes into account the geometry of the cellular structure. 

 
 

Fig. 6. Dependence of h1 on d/t parameter 
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Fig. 7. A chart of the finite element model 
 

From the data obtained for displacements u and w of the medium surface of the cellular lamellar 
specimen the components of strain ε11, χ11 are set by formulas 

    11 0u a u a   ,           211 2 2 0 2w a w a w a    .                      (8) 

Using relation (7) and taking into account expressions (8), the corresponding dependences of 

rigidities 11B  and 11D  are established. 

By varying the parameter d/t one can find the corresponding dependences of rigidities 11B , 11D  on para-

meter d/t, i.e. functions f11(d/t), p11(d/t). Below the dependence of these functions on parameter d/t is presented.  

Setting rigidities 22B  and 22D  (in the circumferential direction) is less time consuming. So, for a 

hollow beam the relationships between its relative elongation � and axial force N and also between 
curvature χ and bending moment M are as follows [17] 

N FE ,       xM I E ,                                                           (9) 

where F and Ix are area and moment of inertia of the beam cross-section . 
Summarizing the results presented by relations (9), in the case of a hollow plate let us write: 

   
22 11

22 1
1 2 1 21 1

FE FE
T

d d

 
   

 
 

,   
   

22 11
22 1

1 2 1 21 1
x xI E I E

G
d d

 


   
 

 
.             (10) 

Here F and Ix are the area and moment of inertia of polyethylene pipe containing a weld in the wall 
of the construction (Fig. 2). 

From relations (2) and (10) the extensional rigidity 22B  and the flexural rigidity 22D  take the form  

   22 22
1 2 1 21 1

FE dE
B f d t

d    
  

 
, 

     
3

22 22
1 2 1 21 12 1

xI E d E
D p d t

d    
  

 
.               (11) 

Accordingly functions f22(d/t) and p22(d/t) are as follows 

   22
22 0,933 1 2f d t F d t d    ,  

       244
22 2212 0,837 3 1 2 12x cp d t I d t d z d f d t     

 
.                     (12) 

Here  
12

0,12 3,73 2 1 2cz d t d


    
 

 is the neutral axis displacement in the wall of HDPE 

construction. 
Variation of functions fii=fii(d/t) and pii=pii(d/t) that are included in the expressions for rigidities (3), 

and show the effect of a hollow structure in dependence on the d/t value, is shown graphically in Fig. 8. 

 

Fig. 8. Dependence of fii=fii(d/t) and pii=pii(d/t) on d/t 
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From the results in the plot, it follows that rigidities ( 11B , 11D ) of an orthotropic shell in the axial 

direction are less to compare with those ( 22B , 22D ) in the direction along its edge. The rigidities of the 

wall of the cylindrical thin-walled shell with a tubular profile wall for the most common value d/t=10 are 
written as  

11 2

0,163

1 0,45

Ed
B


 


, 22 2

0,432

1 0,45

Ed
B


 


, 

 
3

11 2

0,265

12 1 0,45

Ed
D

v

 


, 
 

3

22 2

0,672

12 1 0,45

Ed
D

v

 


.           (13) 

The values of these quantities in the axial direction are about three times smaller than the 
corresponding rigidities in the circumferential direction. 

Assessment of the stress tensor component in the cellular structure wall. To establish the boundary 
state of the HDPE pipes and tanks by equation (1) it is necessary to estimate the stress state in their wall. 

By setting from equations (2), (5), (13) forces Tii, Sij and moments Gii, Hij, calculate stress σij in the 
cell wall. Components σ11 can be represented as 

         
1

11 11
11 11 113

, 12 ,
, , , , 1

T x G x z
x z n x z m x z

d Rd

 
 

      
  

,                         (14) 

where n11(x,z), m11(x,z) are correction functions, representing the influence of the cellular structure on the 
stress state in the wall of the construction. Functions n11(x,z), m11(x,z) are set numerically using the finite 
element method. For this purpose let us consider a cellular plate 
element subjected to the plane strain conditions (Fig. 7) and 
loading by forces T11 and moment G11. Using the finite-element 
program determine the stress state of the cellular specimen. 

From the values of stress components  11 ,T x z  and 

 11 ,G x z  the functions are tabulated  

   11 11, ,Tn x z d x z ,      3
11 11, , 12Gm x z d x z  , 

Their values are presented in Fig. 9. 
The stress component σ22 in the cellular cylindrical 

construction wall is estimated by the relation:  

      2222
22 22 223

12 ,,
, , cG x z zT x

x z n m
d d


 

 
  
  

,   (15) 

where   22 221n f ,   22 221m p . 

Similarly, the formula for calculating the stress components 
σ12 is written. Other stress components are negligible small in comparison with the estimated ones. Therefore, 
in further calculations they are neglected. 

 

Recommendations. Based on the proposed method for the stress-strain state evaluation of a 
polyethylene pipe with a tubular profile wall the design recommendations for a long pipe, placed in the soil 
(Fig. 1a) and a reservoir set in the soil (Fig. 1b) were developed. 

For a long HDPE pipe, condition (1) holds at 

100% 5%
D


 ,                                                                  (16)  

where ∆/D is relative deflection of a pipe evaluated from formula [1] 

0,11

8 0,061R

H

D S E





.                                                              (17) 

 
 

Fig. 9. Functions n11, m11/d in the cell wall 
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Here D is HDPE pipe diameter, γ is specific weight of the soil, H is depth of soil filling above the 
pipe; E’ is modulus of soil reaction; SR=EI/D3 is specific stiffness of the pipe [1]. Here I is moment of 
inertia of cross section of the pipe wall per unit length (Fig. 2). 
For design of a HDPE tank with a tubular profile wall (Fig. 1b) vertically set in the soil, using conditions 
(1), the recommendation takes the form 

max 3,85 , 3 0,32
H D D H D D

MRS
d d d d

             
    

.                            (18) 

Here H is the distance from the ground to the top bottom of the reservoir. 
 

Conclusions. Based on the theory of shells a system of equations to estimate the stress-strain state of 
the thin-walled structures with a tubular profile wall was built. Modified Poisson’s ratios, flexural rigidities 
and extensional rigidities were determined numerically using the finite element method. The modified 
Poisson’s ratios along the mutually perpendicular directions  are found to be different, and in the direction 
Ox the Poisson’s ratio v1 decreases and depends on the parameter d/t, while in the direction Oy it is 

constant with respect to the Poisson’s ratio of polyethylene v. It is shown that the modified rigidities ( 11B , 

11D ) of an orthotropic shell in the axial direction are smaller compared with the same ( 22B , 22D ) in the 

direction along its edge. It turns out that rigidities 11B , 11D  for d/t=10 are about three times smaller than 

the corresponding rigidities 22B , 22D . A correlation to evaluate the stress components in the wall of thin-

walled structures with a tubular profile was proposed. From the obtained results, the recommendations for 
ensuring a durable and reliable operation of the buried HDPE pipes and tanks with a tubular profile wall 
were developed. 
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