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Using a Fourier series method for entire functions, we find an asymptotics of averaging of
entire functions of improved regular growth with zeros on a finite system of rays.
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1. Introduction and main result

In [1, 2] (see also [3]) the class of entire functions of im-
proved regular growth was introduced and a criteria for
this regularity in the sense of zero distribution are estab-
lished, when the zeros are located on a finite system of
rays. In connection with the study of entire functions of
improved regular growth with zeros on arbitrary system
of rays, in [4] was proved the following statement.

Theorem A. Let f be an entire function of or-
der p € (0,400) with the indicator h and let for some
p1 € (0,p) there exists an exceptional set U C C such
that

log |f(2)| = |2’h(@)+o(|2|*"), U # z = re'® — oo, (1)

and U can be covered by a system of pairwise disjoint
disks U, = {z : |z — ar| < 7}, k € N, satisfying

ZTk < +00, ZTk|long| < +o00.
keN keEN

Then there exists pa € (0, p) such that

T

coy o [loslfe) .
Ti(g) = / L = D)+ o) @)

as r — +oo uniformly with respect to ¢ € [0, 27].

In the present paper, using the Fourier series method
[5] for the logarithm of the modulus of an entire func-
tion we shall prove the analog of Theorem A for entire
functions of improved regular growth with zeros on a
finite system of rays.

We remind the reader that an entire function f is
said to be of improved regular growth (see [1, 2]), if for
some p € (0,400), p1 € (0,p), and some 2m-periodic
p-trigonometrically convex function h(p) # —oo there
exists an exceptional set U C C such that relation (1)
holds and U can be covered by a system of disks with
finite sum of radii.
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Remark that if f is an entire function of improved
regular growth, then it has [1] the order p and indicator
function h. Let us formulate our main result.

Theorem 1. If an entire function f of order p €
(0, +00) with zeros on a finite system of rays {z : argz =
1/)j}, jE€ {1,...,m}, 0< Y <Yy < ... <Py <2m, 18
of improved reqular growth, then for some pa € (0, p) the
relation (2) holds uniformly with respect to p € [0, 27].

2. Preliminaries

Let f be an entire function with f(0) = 1, (An)nen be a
sequence of its zeros, p is the smallest integer for which
the series > >~ | [A,| P! converges. By

2m
1 —i i
ulrloglf) = 5 [ *logfret)|dp, ke,
0
2T
1 .
cr(r, J§) = o /e*’k“"J}"(Lp) de, keZ, r>Q0,
0

we denote the Fourier coefficients of the functions
log | f(re*?)| and J7 (i), respectively.

Lemma 1. If an entire function f of order p €
(0, +00) with zeros on a finite system of rays {z : argz =
Yit, de{l, .. ,m}, 0 < <o < ... <y, < 2m, is
of improved regular growth, then there exists ps € (0, p)
such that the asymptotic relation

0(Tp3)
k241’
holds uniformly for k € Z, where

ck(rlog|f]) = apr? + r — +00, (3)

2w
1 —i
ap = %/e ke (o) de
0

P = —ik;
= m ZAJE kw], A] S [0,+OO),

j=1
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for a noninteger p, and

P - —iki;
WZAJE kw]? |k‘7ép:p7

j=1
9 m
Tre"s 1 —ipt; o
ap = 2 _ij;Aje ) k_p_p7

0, ‘k|7ép:p+]_,

xp k=p= 1
27 p p+7

if p is an integer.
O Proof. Let p is noninteger. Then [1] an entire
function f, f(0) =1, can be represented in the form

f(2) =D ] Li(2), (4)

j=1

where Q(z) := > ;_, Qr2" is a polynomial of degree
v < p and L;(z) is the Weierstrass canonical product of
genus p, p = [p] < p < p+ 1, constructed in zeros of the
function f which lie on the ray {z : arg z = v;}. Since
f is an entire function of improved regular growth, then
[2] for some ps € (0,p) and every j € {1,...,m}

n;(t) = Ajt? +o(t?), t— +oo, Aj€[0,4+00), (5)
where n;(t) is the number of zeros of the function f from
the disk {z : |z| < t}, which are concentrated on a ray
{z : argz = ¢;}. Moreover, the indicator h of an en-
tire function f of improved regular growth of noninteger
order p has the form ([1])

where h;(p) is a 2m-periodic function such that on

Wjjv ’L/Jj + 271—)

T
hy(e) = o ;p cos p(p — 1 — ).

Therefore,

P27

e~ cos p(p — ¥ — 7) dp

1 i ’/TAJ'
= o Zl sinp
J= b

- 14 o —ik;
_pQ_kZZAje , ke
j=1

Further, in view of (4), we have (see [3,6])
ck(r,log|f[) = c-x(rlog|f]), k<—-1,  (6)

co(r,log | f]) = Ny(r),

Jj=1

t

Nxmza/”“”da )

1
ci(rlog|f]) = 5 Qur*+

) - ()]

1<k <p,

1 m

+;k2 >

Jj=1 1 0<|A, <,
arg Anetp;

and

arloglf) =3 | ¥ (w )k+

=t | s
arg An—1);

+ D
0<| A | <,
arg A, =1

RN s
- e~ k>p+1. (9)

Using (5), from (8), integrating by parts, for 1 < k < p
we obtain

1
cu(rlog|f]) = 5 Qur*+

e [0 () o

Lo ok
= 5@+

r

(¢ k r .
krk/nj( ) dt+r—k/t’“*1nj(t) dt| ekvi
0

th+1
Jj=1 0
m
pr? —iky, | o(r™)
=) Nje Vi 4 ——=
p? — k? ; ! T

_ o O(T’p4) .
agr +k2—|—1’ r — +00. (10)

Similarly, using formulas (5) and (9), for £ > p + 1 we
get

Ck(ra log |f‘)

-1 k[ ni(®) k k-1 ik
_ -1, ik,
*72 k /tk+1 dtfr—k/t n;(t) dt i

Jj=1 r 0
m
_pr —ikp, , o(r")
prkQ;Ajez J+k2+l
Pa
= apr’ + Z§T+ i’ r — 400. (11)

From (10), (11), (6) and (7), it follows (3).

Let now p € N. Then [2] an entire function f is of
form (4), where Q(z) is a polynomial of degree v < p,
p is the smallest integer such that > 7% [A,| 7?71 < 400,
and L;(z) is a Welerstrass canonical product of genus
p, p=porp=p—1, constructed by the zeros of f
which lie on a ray {z : argz = 1;}. Since f is an entire
function of improved regular growth, then [2] for some
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ps € (0,p) and every j € {1,...,m} the relation (5)
holds, and, in addition, for some ¢; € C and p5 € (0, p)

Z AP =0 +0(r?*7"), r— +oo.
0<|A\n <1

(12)

Besides, the indicator h of an entire function f of im-
proved regular growth of order p € N is defined by the
formula ([2])

m

Treos(pp +05) + > hi(e), p=p,
h(p) = 223 ’

Qpcospp, p=p—1,

(13)

where 7¢ = |0¢/p+ Qpl, 0 = arg(ds/p+ Q) and h;j(y)
is a 27-periodic function such that on [¢);,1; + 2)

A.
hj(p) = Aj(”‘@‘“/’j)smp(@—@bj)—7]00510(90—%)-

First, let p = p. Then, according to (13), we get

27
1 ,
= oo /e’”“"Tf cos(pp + 0) do+

0

m hi+2m

1 ik .
+§Z;AJ e M (m — o 4 1hy) sin p(ip — ;) dip—
7= ¥;

bj+2m

1 o= A »
—%Zﬁ / ™" cos pp — ;) dip
=1
b,

PN A
TP ED I LIy
j=1

and ‘
T 1 ;
Oép = f _— Z Aje_ww-f .

Further, (see [2, 3, 6]) the formula (8) holds for 1 <
k < p, and formula (9) is true for ¥ > p+ 1, and, in
particular, for £ = p = p we have

1 1 T\ 1 &N,
calrlog 1) = 3@t 3 () = Y1)
0<[An < Jj=1
(14)
where
1= ¥ (Bd) e
" .
0<|Ap <,
arg An=1);
Thus, in the same way as in the case of noninteger p,
for 1 <k < pand k > p+ 1 the asymptotic relation (3)
holds. Let’s consider the case k = p = p. Taking into
account (5), we obtain

e~ iY;

16) =

f A
/t” dn;(t) = 7’7""6*“"/” + o(r**) (15)
0

as r — +o0o. Combining (14), (15) and (12), we get

o108 £1) = (@ + 51/p) + ofr")

p M )
_Z? Do Aje 4 o(rt)
j=1

1 ;
- | = T @ Z Aje—w% P + o(rPe)
j=1

=a,r’ +o(rf), r—4o0, 0<ps<p.

Hence, in the case k = p = p we also obtain (3). For
other values of k the required statement follows from
relations (6) and (7).

Now consider the case p = p+1. Taking into account
(13), we get

27
1 —i
oy, = %/e "Q, cosppdp =0, |k # p,
0
and

27 Q

1 iy

=g | PPQ, cos podp = 7"

0

Besides, (see [3, 6]) the formula (8) is fulfilled for 1 <
k < p, and formula (9) is true for ¥ > p 4+ 1 and, in
particular, for k = p+ 1 = p we have

1 IR
ep(r,log|f]) = 5Qur” %;Im—

1y S (= i
2p An] ’
=t Dl
arg A =1;

where I(j) is defined above. Since [2] in this case the
relation (5) holds with A; = 0, then likewise as in the
case p = p, for k € Z, k # p+1, the relation (3) is valid.
Let now k = p+ 1 = p. In view of (15), I(j) = o(r"*)
as r — 400, and it is easy to show that

+oo

p
r —ip; _ .p,—ipY; dnjt) .
2 (IM) c o / wo o

|/\n\>'r', -
arg An=1);

as r — +00. Therefore
1
cp(r,log|f]) = 5Qur’+o(r™) = aprf+o(r’), r — +oo.

The proof of Lemma 1 is thus completed. B

Corollary 1. Under the conditions of Lemma 1, we
have

rP o(rrs
el Tf) = an "+ 2,

T — +00,

12
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for some p3 € (0, p) uniformly in k € Z.

Indeed, ([5, p. 112])

T

ci(r, J5) = / ei(t:log|f])

ke,
t

0

whence the required proposition follows.

3.

p
Indeed, a Fourier series of the function J}(¢) — T—h(go)
p

Proof of Theorem 1

is the series

(1]

2]

3]

P .
Z (ck(r, Jy) — Tpak> ke

keZ

Then, according to Corollary 1, we get

P .
Z (ck(r, Jy) — rpak> R = o(rf?), r — +oo,

keZ

for some p3 € (0,p) uniformly with respect to ¢ €
[0,27], and the Theorem 1 is proved.

Corollary 2. Let the hypotheses of Theorem 1 be

satisfied. Then for some ps € (0, p)

r

: dt _ r”h 0
Jf(‘P)7 s () +o(r?), r— +oo,
1

uniformly with respect to ¢ € [0, 27].
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YCPEJIHEHUE IIEJIBIX ®YHKII YJIVHIIEHHOI'O PEI'YJIAPHOI'O
POCTA C HVYJIAMU HA KOHEYHOIN CUCTEME JIVHEN

P.B. Xamnp

Apozobuyrui 2ocydapcmeennoti nedazozuseckul yrusepcumem umenu Heana Ppanko,
Huemumym Guauku, Mamemamury v unGopmamury
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C nomompio Meroma psaaoB Pypbe st meabix QyHKIMN Hal/IeHa aCUMIITOTHKA, YCPeTHEHNH
1eJIbIX (PYHKIUH YTy 9IIEeHHOTO PEryJIsspHOrO pOCTa C HY/JIAMHU Ha KOHEYHONH CHUCTEME JIydeil.

Kunro4deBble ciioBa: uenasi PyHKLUS YyYLWEHOrO PErysipHOro BO3POCTaHUS, KO3(DDULNEHTbI
PDypbe, KOHEYHAst cMcTema JyHeii.
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3a gonomoroio merony psagis Pyp’e st ninmx GyHKIiA, 3HANIEHO ACUMITOTUKY YCEPEIHEHD
)

mimx QYHKIHH MOKPANEHOTO PEryJISIPHOTO 3POCTAHHS 3 HYJ/ISIMU HA CKIHYEHHii cucTemi mpome-

HiB.

Kinro4oBi ciioBa: uina gyHKUis NOKpawWweHOro perynsipHoro 3poctaHHs, koediuientn Pyp'e, ckin-
YeHHa CNCTEMa NPOMEHIB.
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