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Using a Fourier series method for entire functions, we find an asymptotics of averaging of

entire functions of improved regular growth with zeros on a finite system of rays.
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1. Introduction and main result

In [1, 2] (see also [3]) the class of entire functions of im-
proved regular growth was introduced and a criteria for
this regularity in the sense of zero distribution are estab-
lished, when the zeros are located on a finite system of
rays. In connection with the study of entire functions of
improved regular growth with zeros on arbitrary system
of rays, in [4] was proved the following statement.

Theorem A. Let f be an entire function of or-
der ρ ∈ (0,+∞) with the indicator h and let for some
ρ1 ∈ (0, ρ) there exists an exceptional set U ⊂ C such
that

log |f(z)| = |z|ρh(φ)+o(|z|ρ1), U ̸∋ z = reiφ → ∞, (1)

and U can be covered by a system of pairwise disjoint
disks Uk = {z : |z − ak| < τk}, k ∈ N, satisfying∑

k∈N

τk < +∞,
∑
k∈N

τk| log τk| < +∞.

Then there exists ρ2 ∈ (0, ρ) such that

Jrf (φ) :=

r∫
1

log |f(teiφ)|
t

dt =
rρ

ρ
h(φ) + o(rρ2) (2)

as r → +∞ uniformly with respect to φ ∈ [0, 2π].
In the present paper, using the Fourier series method

[5] for the logarithm of the modulus of an entire func-
tion we shall prove the analog of Theorem A for entire
functions of improved regular growth with zeros on a
finite system of rays.

We remind the reader that an entire function f is
said to be of improved regular growth (see [1, 2]), if for
some ρ ∈ (0,+∞), ρ1 ∈ (0, ρ), and some 2π-periodic
ρ-trigonometrically convex function h(φ) ̸≡ −∞ there
exists an exceptional set U ⊂ C such that relation (1)
holds and U can be covered by a system of disks with
finite sum of radii.

Remark that if f is an entire function of improved
regular growth, then it has [1] the order ρ and indicator
function h. Let us formulate our main result.

Theorem 1. If an entire function f of order ρ ∈
(0,+∞) with zeros on a finite system of rays {z : arg z =
ψj}, j ∈ {1, . . . ,m}, 0 ≤ ψ1 < ψ2 < . . . < ψm < 2π, is
of improved regular growth, then for some ρ2 ∈ (0, ρ) the
relation (2) holds uniformly with respect to φ ∈ [0, 2π].

2. Preliminaries

Let f be an entire function with f(0) = 1, (λn)n∈N be a
sequence of its zeros, p is the smallest integer for which
the series

∑∞
n=1 |λn|−p−1 converges. By

ck(r, log |f |) =
1

2π

2π∫
0

e−ikφ log |f(reiφ)| dφ, k ∈ Z,

ck(r, J
r
f ) =

1

2π

2π∫
0

e−ikφJrf (φ) dφ, k ∈ Z, r > 0,

we denote the Fourier coefficients of the functions
log |f(reiφ)| and Jrf (φ), respectively.

Lemma 1. If an entire function f of order ρ ∈
(0,+∞) with zeros on a finite system of rays {z : arg z =
ψj}, j ∈ {1, . . . ,m}, 0 ≤ ψ1 < ψ2 < . . . < ψm < 2π, is
of improved regular growth, then there exists ρ3 ∈ (0, ρ)
such that the asymptotic relation

ck(r, log |f |) = αkr
ρ +

o(rρ3)

k2 + 1
, r → +∞, (3)

holds uniformly for k ∈ Z, where

αk :=
1

2π

2π∫
0

e−ikφh(φ) dφ

=
ρ

ρ2 − k2

m∑
j=1

∆je
−ikψj , ∆j ∈ [0,+∞),
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for a noninteger ρ, and

αk =



ρ

ρ2 − k2

m∑
j=1

∆je
−ikψj , |k| ̸= ρ = p,

τfe
iθf

2
− 1

4ρ

m∑
j=1

∆je
−iρψj , k = ρ = p,

0, |k| ̸= ρ = p+ 1,
Qρ
2
, k = ρ = p+ 1,

if ρ is an integer.

� Proof. Let ρ is noninteger. Then [1] an entire
function f , f(0) = 1, can be represented in the form

f(z) = eQ(z)
m∏
j=1

Lj(z), (4)

where Q(z) :=
∑ν
k=1Qkz

k is a polynomial of degree
ν < ρ and Lj(z) is the Weierstrass canonical product of
genus p, p = [ρ] < ρ < p+1, constructed in zeros of the
function f which lie on the ray {z : arg z = ψj}. Since
f is an entire function of improved regular growth, then
[2] for some ρ4 ∈ (0, ρ) and every j ∈ {1, . . . ,m}

nj(t) = ∆jt
ρ+ o(tρ4), t→ +∞, ∆j ∈ [0,+∞), (5)

where nj(t) is the number of zeros of the function f from
the disk {z : |z| ≤ t}, which are concentrated on a ray
{z : arg z = ψj}. Moreover, the indicator h of an en-
tire function f of improved regular growth of noninteger
order ρ has the form ([1])

h(φ) =
m∑
j=1

hj(φ),

where hj(φ) is a 2π-periodic function such that on
[ψj , ψj + 2π)

hj(φ) =
π∆j

sinπρ
cos ρ(φ− ψj − π).

Therefore,

αk =
1

2π

m∑
j=1

π∆j

sinπρ

 ψj+2π∫
ψj

e−ikφ cos ρ(φ− ψj − π) dφ



=
ρ

ρ2 − k2

m∑
j=1

∆je
−ikψj , k ∈ Z.

Further, in view of (4), we have (see [3,6])

ck(r, log |f |) = c−k(r, log |f |), k ≤ −1, (6)

c0(r, log |f |) =
m∑
j=1

Nj(r), Nj(r) =

r∫
0

nj(t)

t
dt, (7)

ck(r, log |f |) =
1

2
Qkr

k+

+
1

2k

m∑
j=1

 ∑
0<|λn|≤r,
arg λn=ψj

[(
r

|λn|

)k
−
(
|λn|
r

)k]
e−ikψj

 ,

1 ≤ k ≤ p,
(8)

and

ck(r, log |f |) = − 1

2k

m∑
j=1

 ∑
|λn|>r,

arg λn=ψj

(
r

|λn|

)k
+

+
∑

0<|λn|≤r,
arg λn=ψj

(
|λn|
r

)k e−ikψj , k ≥ p+ 1. (9)

Using (5), from (8), integrating by parts, for 1 ≤ k ≤ p
we obtain

ck(r, log |f |) =
1

2
Qkr

k+

+
1

2k

m∑
j=1

 r∫
0

((r
t

)k
−
(
t

r

)k)
dnj(t)

 e−ikψj

=
1

2
Qkr

k+

+
1

2k

m∑
j=1

krk r∫
0

nj(t)

tk+1
dt+

k

rk

r∫
0

tk−1nj(t) dt

 e−ikψj

=
ρrρ

ρ2 − k2

m∑
j=1

∆je
−ikψj +

o(rρ4)

k2 + 1

= αkr
ρ +

o(rρ4)

k2 + 1
, r → +∞. (10)

Similarly, using formulas (5) and (9), for k ≥ p + 1 we
get

ck(r, log |f |)

= − 1

2k

m∑
j=1

 +∞∫
r

(r
t

)k
dnj(t) +

r∫
0

(
t

r

)k
dnj(t)

 e−ikψj

=
−1

2k

m∑
j=1

krk +∞∫
r

nj(t)

tk+1
dt− k

rk

r∫
0

tk−1nj(t) dt

 e−ikψj

=
ρrρ

ρ2 − k2

m∑
j=1

∆je
−ikψj +

o(rρ4)

k2 + 1

= αkr
ρ +

o(rρ4)

k2 + 1
, r → +∞. (11)

From (10), (11), (6) and (7), it follows (3).
Let now ρ ∈ N. Then [2] an entire function f is of

form (4), where Q(z) is a polynomial of degree ν ≤ ρ,
p is the smallest integer such that

∑∞
1 |λn|−p−1 < +∞,

and Lj(z) is a Weierstrass canonical product of genus
p, p = ρ or p = ρ − 1, constructed by the zeros of f
which lie on a ray {z : arg z = ψj}. Since f is an entire
function of improved regular growth, then [2] for some
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ρ4 ∈ (0, ρ) and every j ∈ {1, . . . ,m} the relation (5)
holds, and, in addition, for some δf ∈ C and ρ5 ∈ (0, ρ)∑

0<|λn|≤r

λ−ρn = δf + o(rρ5−ρ), r → +∞. (12)

Besides, the indicator h of an entire function f of im-
proved regular growth of order ρ ∈ N is defined by the
formula ([2])

h(φ) =

τf cos(ρφ+ θf ) +
m∑
j=1

hj(φ), p = ρ,

Qρ cos ρφ, p = ρ− 1,

(13)

where τf = |δf/ρ+Qρ|, θf = arg(δf/ρ+Qρ) and hj(φ)
is a 2π-periodic function such that on [ψj , ψj + 2π)

hj(φ) = ∆j(π−φ+ψj) sin ρ(φ−ψj)−
∆j

ρ
cos ρ(φ−ψj).

First, let p = ρ. Then, according to (13), we get

αk =
1

2π

2π∫
0

e−ikφτf cos(ρφ+ θf ) dφ+

+
1

2π

m∑
j=1

∆j

ψj+2π∫
ψj

e−ikφ(π − φ+ ψj) sin ρ(φ− ψj) dφ−

− 1

2π

m∑
j=1

∆j

ρ

ψj+2π∫
ψj

e−ikφ cos ρ(φ− ψj) dφ

=
ρ

ρ2 − k2

m∑
j=1

∆je
−ikψj , |k| ̸= ρ,

and

αρ =
τfe

iθf

2
− 1

4ρ

m∑
j=1

∆je
−iρψj .

Further, (see [2, 3, 6]) the formula (8) holds for 1 ≤
k < p, and formula (9) is true for k ≥ p + 1, and, in
particular, for k = p = ρ we have

cρ(r, log |f |) =
1

2
Qρr

ρ+
1

2ρ

∑
0<|λn|≤r

(
r

λn

)ρ
− 1

2ρ

m∑
j=1

I(j),

(14)
where

I(j) =
∑

0<|λn|≤r,
arg λn=ψj

(
|λn|
r

)ρ
e−iρψj .

Thus, in the same way as in the case of noninteger ρ,
for 1 ≤ k < p and k ≥ p+ 1 the asymptotic relation (3)
holds. Let’s consider the case k = p = ρ. Taking into
account (5), we obtain

I(j) =
e−iρψj

rρ

r∫
0

tρ dnj(t) =
∆j

2
rρe−iρψj + o(rρ4) (15)

as r → +∞. Combining (14), (15) and (12), we get

cρ(r, log |f |) =
rρ

2
(Qρ + δf/ρ) + o(rρ5)−

− r
ρ

4ρ

m∑
j=1

∆je
−iρψj + o(rρ4)

=

τfeiθf
2

− 1

4ρ

m∑
j=1

∆je
−iρψj

 rρ + o(rρ6)

= αρr
ρ + o(rρ6), r → +∞, 0 < ρ6 < ρ.

Hence, in the case k = p = ρ we also obtain (3). For
other values of k the required statement follows from
relations (6) and (7).

Now consider the case ρ = p+1. Taking into account
(13), we get

αk =
1

2π

2π∫
0

e−ikφQρ cos ρφdφ = 0, |k| ̸= ρ,

and

αρ =
1

2π

2π∫
0

e−iρφQρ cos ρφ dφ =
Qρ
2
.

Besides, (see [3, 6]) the formula (8) is fulfilled for 1 ≤
k ≤ p, and formula (9) is true for k > p + 1 and, in
particular, for k = p+ 1 = ρ we have

cρ(r, log |f |) =
1

2
Qρr

ρ − 1

2ρ

m∑
j=1

I(j)−

− 1

2ρ

m∑
j=1

 ∑
|λn|>r,

arg λn=ψj

(
r

|λn|

)ρ
e−iρψj

 ,

where I(j) is defined above. Since [2] in this case the
relation (5) holds with ∆j = 0, then likewise as in the
case p = ρ, for k ∈ Z, k ̸= p+1, the relation (3) is valid.
Let now k = p + 1 = ρ. In view of (15), I(j) = o(rρ4)
as r → +∞, and it is easy to show that

∑
|λn|>r,

arg λn=ψj

(
r

|λn|

)ρ
e−iρψj = rρe−iρψj

+∞∫
r

dnj(t)

tρ
= o(rρ4)

as r → +∞. Therefore

cρ(r, log |f |) =
1

2
Qρr

ρ+o(rρ4) = αρr
ρ+o(rρ4), r → +∞.

The proof of Lemma 1 is thus completed. �
Corollary 1. Under the conditions of Lemma 1, we

have

ck(r, J
r
f ) = αk

rρ

ρ
+
o(rρ3)

k2 + 1
, r → +∞,
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for some ρ3 ∈ (0, ρ) uniformly in k ∈ Z.
Indeed, ([5, p. 112])

ck(r, J
r
f ) =

r∫
0

ck(t, log |f |)
t

dt, k ∈ Z,

whence the required proposition follows.

3. Proof of Theorem 1

Indeed, a Fourier series of the function Jrf (φ)−
rρ

ρ
h(φ)

is the series ∑
k∈Z

(
ck(r, J

r
f )−

rρ

ρ
αk

)
eikφ.

Then, according to Corollary 1, we get

∑
k∈Z

(
ck(r, J

r
f )−

rρ

ρ
αk

)
eikφ = o(rρ3), r → +∞,

for some ρ3 ∈ (0, ρ) uniformly with respect to φ ∈
[0, 2π], and the Theorem 1 is proved.

Corollary 2. Let the hypotheses of Theorem 1 be

satis�ed. Then for some ρ2 ∈ (0, ρ)

r∫
1

J tf (φ)
dt

t
=
rρ

ρ2
h(φ) + o(rρ2), r → +∞,

uniformly with respect to φ ∈ [0, 2π].
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ÓÑÐÅÄÍÅÍÈÅ ÖÅËÛÕ ÔÓÍÊÖÈÉ ÓËÓ×ØÅÍÍÎÃÎ ÐÅÃÓËßÐÍÎÃÎ
ÐÎÑÒÀ Ñ ÍÓËßÌÈ ÍÀ ÊÎÍÅ×ÍÎÉ ÑÈÑÒÅÌÅ ËÓ×ÅÉ

Ð.Â. Õàöü

Äðîãîáèöêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò èìåíè Èâàíà Ôðàíêî,
Èíñòèòóò ôèçèêè, ìàòåìàòèêè è èíôîðìàòèêè

óë. Ñòðèéñêàÿ, 3, Äðîãîáû÷, 82100, Óêðàèíà

Ñ ïîìîùüþ ìåòîäà ðÿäîâ Ôóðüå äëÿ öåëûõ ôóíêöèé íàéäåíà àñèìïòîòèêà óñðåäíåíèé
öåëûõ ôóíêöèé óëó÷øåííîãî ðåãóëÿðíîãî ðîñòà ñ íóëÿìè íà êîíå÷íîé ñèñòåìå ëó÷åé.

Êëþ÷åâûå ñëîâà: öåëàÿ ôóíêöèÿ óëó÷øåíîãî ðåãóëÿðíîãî âîçðîñòàíèÿ, êîýôôèöèåíòû

Ôóðüå, êîíå÷íàÿ ñèñòåìà ëó÷åé.
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ÓÄÊ: 517.5
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öiëèõ ôóíêöié ïîêðàùåíîãî ðåãóëÿðíîãî çðîñòàííÿ ç íóëÿìè íà ñêií÷åííié ñèñòåìi ïðîìå-
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