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Ðîçãëÿíóòî äâîâèìiðíó ïðóæíó çàäà÷ó äëÿ òðèêîìïîíåíòíî¨ îáëàñòi (äâi ñïàÿíi ðiçíî-

ðiäíi ïiâïëîùèíè ç âêëþ÷åííÿì â îäíié ç íèõ), ùî ìiñòèòü ïðÿìîëiíiéíó òðiùèíó. Çàäà÷à
çâåäåíà äî ñèñòåìè äâîõ ñèíãóëÿðíèõ iíòåãðàëüíèõ ðiâíÿíü íà ãëàäêîìó (ìåæà âêëþ÷åííÿ)
i ç êóòîâèìè òî÷êàìè (òðiùèíà) êîíòóðàõ. Îäåðæàíà ñèñòåìà iíòåãðàëüíèõ ðiâíÿíü
ðîçâ'ÿçàíà ÷èñåëüíî çà äîïîìîãîþ ìåòîäó ìåõàíi÷íèõ êâàäðàòóð äëÿ âèïàäêó êðóãîâîãî
âêëþ÷åííÿ i ïðÿìîëiíiéíî¨ òðiùèíè, ðîçòàøîâàíî¨ ïàðàëåëüíî äî ëiíi¨ ðîçäiëó ïiâïëîùèí,
çà óìîâ îäíîâiñíîãî ðîçòÿãó â óñié òðèêîìïîíåíòíié îáëàñòi. ×èñëîâi ðåçóëüòàòè íàâåäåíi ó
âèãëÿäi ãðàôi÷íèõ çàëåæíîñòåé êîåôiöi¹íòiâ iíòåíñèâíîñòi íàïðóæåíü ó âåðøèíàõ òðiùèíè
âiä ïðóæíèõ âëàñòèâîñòåé âêëþ÷åííÿ i ïiâïëîùèí, à òàêîæ âiä âiääàëi ìiæ òðiùèíîþ i
âêëþ÷åííÿì.
Êëþ÷îâi ñëîâà: òðiùèíà, âêëþ÷åííÿ, íàïðóæåííÿ
2000 MSC: 74F05
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Âñòóï
Äîñëiäæåííÿ íàïðóæåíü ó ïëàñòèíàõ îáóìîâëåíi

øèðîêèì ¨õ ðîçïîâñþäæåííÿì ó âèãëÿäi åëåìåíòiâ
êîíñòðóêöié, ÿêi ïðàöþþòü ó ñêëàäíèõ óìîâàõ
åêñïëóàòàöi¨. Ìåõàíi÷íi íàïðóæåííÿ, ùî âèíèêàþòü
â òiëi çà äi¨ çîâíiøíiõ íàâàíòàæåíü, ìîæóòü
ïðèçâåñòè äî ïîðóøåííÿ ñòðóêòóðè ìàòåðiàëó, çìiíè
éîãî ôiçè÷íèõ âëàñòèâîñòåé, óòâîðåííÿ íîâèõ i ðîñòó
óæå íàÿâíèõ òðiùèí, à â ðåçóëüòàòi � äî ëîêàëüíîãî
àáî ïîâíîãî ðóéíóâàííÿ êîíñòðóêöi¨ ÷è ¨¨ åëåìåíòiâ.
Òîìó âèâ÷åííÿ ðîçïîäiëó íàïðóæåíü â îêîëi âåðøèí
òðiùèí ìà¹ âàæëèâå çíà÷åííÿ â ðîçðàõóíêàõ íà ìiö-
íiñòü i äîâãîâi÷íiñòü åëåìåíòiâ êîíñòðóêöié ç òðiùè-
íàìè, âèðiøåííÿ ïðîáëåìè îïòèìiçàöi¨ áàãàòüîõ
òåõíîëîãi÷íèõ ïðîöåñiâ � ðàöiîíàëüíèì ïiäáîðîì
ìàòåðiàëiâ ñêëàäåíèõ ïëàñòèí÷àñòèõ êîíñòðóêöié ç
ìåòîþ çáiëüøåííÿ ¨õ òðiùèíîñòiéêîñòi òà çìåíøåííÿ
â íèõ êîíöåíòðàöi¨ íàïðóæåíü.

Îäíèì iç íàéåôåêòèâíiøèõ ìåòîäiâ ðîçâ'ÿçóâàííÿ
çàäà÷ òåîði¨ òðiùèí ¹ ìåòîä iíòåãðàëüíèõ ðiâíÿíü.
Éîãî çàñòîñîâàíî ðàíiøå, çîêðåìà, ïiä ÷àñ ðîçâ'ÿ-
çóâàííÿ äâîâèìiðíèõ çàäà÷ ïðóæíîñòi äëÿ êóñêîâî-
îäíîðiäíèõ òië ç òðiùèíàìè [2�4, 7�10]. Îäíàê ó öèõ
ïðàöÿõ ðîçãëÿäàëèñü äâîêîìïîíåíòíi îáëàñòi ç òði-
ùèíàìè. Ó öié ðîáîòi äîñëiäæó¹òüñÿ ðîçïîäië íàï-
ðóæåíü ïîáëèçó âåðøèí òðiùèíè, ÿêà çíàõîäèòüñÿ â
òðèêîìïîíåíòíié îáëàñòi (äâi ñïàÿíi ðiçíîðiäíi ïiâ-
ïëîùèíè ç âêëþ÷åííÿì â îäíié ç íèõ) çà óìîâ îäíî-

âiñíîãî ðîçòÿãó, ïåðïåíäèêóëÿðíîãî äî ëiíi¨ òðiùèíè
ó òðèêîìïîíåíòíié îáëàñòi.

I. Ïîñòàíîâêà çàäà÷i
Íåõàé áåçìåæíà ïëîùèíà ñêëàäà¹òüñÿ iç äâîõ

ïðóæíèõ, içîòðîïíèõ, ðiçíîðiäíèõ ïiâïëîùèí S+ i
S− ç ëiíi¹þ ðîçäiëó L0. Íèæíÿ ïiâïëîùèíà ìiñ-
òèòü êðóãëå âêëþ÷åííÿ, îáìåæåíå êîíòóðîì L1, i
ïðÿìîëiíiéíó òðiùèíó L2. Ââàæà¹ìî, ùî êîíòóðè L0,
L1, L2 íå ìàþòü ñïiëüíèõ òî÷îê i äîäàòíèì íàï-
ðÿìêîì îáõîäó êîíòóðiâ L0, L1 ¹ òàêèé, ùî âêëþ÷åí-
íÿ àáî âåðõíÿ ïiâïëîùèíà çàëèøà¹òüñÿ çëiâà (ðèñ. 1).

Ðèñ. 1. Ãåîìåòðiÿ òðèêîìïîíåíòíî¨ îáëàñòi ç
òðiùèíîþ
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Íàïðóæåííÿ â ñïàÿíèõ ðiçíîðiäíèõ ïiâïëîùèíàõ ç âêëþ÷åííÿì i òðiùèíîþ çà äi¨ ðîçòÿãó

Êîíòóðè Lk (k = 1, 2) âiäíåñåíî äî ëîêàëüíèõ
ñèñòåì êîîðäèíàò xkOkyk, îñi Okxk ïàðàëåëüíi äî
îñi Ox, ÿêà çáiãà¹òüñÿ ç êîíòóðîì L0. Òî÷êè Ok

âèçíà÷àþòüñÿ â îñíîâíié ñèñòåìi äåêàðòîâèõ êîîð-
äèíàò xOy êîìïëåêñíèìè êîîðäèíàòàìè z0

k = x0
k+iy0

k,
à çâ'ÿçîê ìiæ êîîðäèíàòàìè òî÷îê íà ïëîùèíi äàþòü
ñïiââiäíîøåííÿ z = zk + z0

k, z = x + iy, zk = xk + iyk.
Ïðèïóñêà¹ìî, ùî íà êîíòóðàõ L0 i L1 ¹ iäåàëüíèé

ìåõàíi÷íèé êîíòàêò

[N(tk) + iS(tk)]+ = [N(tk) + iS(tk)]− ,

[u(tk) + iv(tk)]+ = [u(tk) + iv(tk)]− ,

t0 = z ∈ L0, t1 = z1 ∈ L1, k = 0, 1, (1)
áåðåãè òðiùèíè L2 íå êîíòàêòóþòü â ïðîöåñi äåôîð-
ìàöi¨ i âiëüíi âiä íàâàíòàæåíü

[N(t_2) + iS(t2)]
± = 0, t2 = z2 ∈ L2, (2)

äå N i S � íîðìàëüíi i äîòè÷íi êîìïîíåíòè íàâàí-
òàæåííÿ; u, v � êîìïîíåíòè ïåðåìiùåíü; tk � êîìï-
ëåêñíi êîîðäèíàòè òî÷îê íà êîíòóði Lk â ëîêàëüíié
ñèñòåìi êîîðäèíàò xkOkyk; iíäåêñè �+� i ��� âêàçóþòü
íà êðàéîâi çíà÷åííÿ âiäïîâiäíèõ âåëè÷èí çëiâà i
ñïðàâà ïðè ïiäõîäi äî êîíòóðó Lk, k = 0, 1, 2.

II. Êîìïëåêñíi ïîòåíöiàëè íàïðóæåíü

Êîìïëåêñíi ïîòåíöiàëè Φ(z), Ψ(z) âèáåðåìî ó
âèãëÿäi [6]

Φ(z) =
1
2π

∫ ∞

−∞

Q0(t0)dt0
t0 − z

+ Φ1(z);

Ψ(z)=
1
2π

∫ ∞

−∞

[
Q0(t0)dt0

t0 − z
− t0Q0(t0)dt0

(t0 − z)2

]
+Ψ1(z). (3)

Òóò

Φ1(z) =
1
2π

2∑

k=1

∫

Lk

Qk(tk)dtk
ξk − z

; ξk = tk + z0
k;

Ψ1(z) =
1
2π

2∑

k=1

∫

Lk

[
Qk(tk)dtk

ξk − z
− ξkQk(tk)dtk

(ξk − z)2

]
; (4)

Qk (tk) =





g0 (t0) , k = 0,
g1 (t1) , k = 1,
g′2 (t2) , k = 2,

äå g0(t0), g1(t1) � íåâiäîìi ôóíêöi¨ íà êîíòóðàõ
L0, L1; g2(t2) � íåâiäîìèé ñòðèáîê ïåðåìiùåíü

ïðè ïåðåõîäi ÷åðåç ëiíiþ òðiùèíè L2. Ôóíêöiÿ
g′2(t2) ïîâèííà ìàòè íà êiíöÿõ òðiùèíè iíòåãðîâíi
îñîáëèâîñòi. Òóò i íèæ÷å øòðèõîì ïîçíà÷åíî ïîõiä-
íó, à ëiíi¹þ çâåðõó � ñïðÿæåíó âåëè÷èíó.

ßêùî òåïåð çàäîâîëüíèòè çà äîïîìîãîþ ïîòåí-
öiàëiâ (3), (4) êðàéîâi óìîâè (1), (2) , òî îäåðæè-
ìî ñèñòåìó òðüîõ iíòåãðàëüíèõ ðiâíÿíü íà êîíòóðàõ
L0, L1, L2 ñòîñîâíî ôóíêöié Q0(t0), Q1(t1), Q2(t2).
Òóò ñêîðèñòà¹ìîñü çàñòîñîâàíèì â [6] ïiäõîäîì, çà
äîïîìîãîþ ÿêîãî îäåðæèìî ñèñòåìó äâîõ iíòåãðàëü-
íèõ ðiâíÿíü íà êîíòóðàõ L1, L2. Äëÿ öüîãî, çàäî-
âîëüíèâøè çà äîïîìîãîþ ïîòåíöiàëiâ (3), (4) êðàéîâi
óìîâè (1) íà êîíòóði L0, îäåðæèìî iíòåãðàëüíå ðiâ-
íÿííÿ ñòîñîâíî ôóíêöi¨ Q0(t0):

A0Q0(τ0)+
B0 −D0

2π

∫ ∞

−∞

Q0(t0)dt0
t0−τ0

= P1(τ0), τ0 ∈ L0,

(5)
äå

P1(τ0) =
1
2π

2∑

k=1

∫

Lk

( −B0

ξk − τ0
+

D0

ξk − τ0

)
Qk(tk)dtk+

+
D0

2π

2∑

k=1

∫

Lk

(
1

ξk − τ0

− ξk − τ0(
ξk − τ0

)2

)
Qk(tk)dtk;

A0 = i [1 + κ+ + Γ0(1 + κ−)] /2; B0 = κ+ − Γ0κ−;

D0 = 1− Γ0; Γ0 = G+/G−. (6)

κ± =
3− µ±
1 + µ±

, βt
± =

α±E±
1 + µ±

� âåëè÷èíè, ÿêi õàðàê-
òåðèçóþòü ïëîñêèé íàïðóæåíèé ñòàí (κ±=3−4µ±,
βt
± = α±E±� äëÿ ïëîñêî¨ äåôîðìàöi¨); µ+ (µ−),

E+ (E−), G+ (G−) � êîåôiöi¹íò Ïóàññîíà, ìîäóëü
ïðóæíîñòi, ìîäóëü çñóâó âåðõíüî¨ (íèæíüî¨) ïiâïëî-
ùèíè âiäïîâiäíî.

Ðîçâ'ÿçîê ðiâíÿííÿ (5) ìà¹ âèãëÿä [1]

Q0(τ0) = k1P1(τ0)−

−k2

π

∫ ∞

−∞

P1(τ0)
t0 − τ0

dt0,
(7)

äå k1 = 2(B0 −D0)
/ [

4A2
0 + (B0 −D0)2

]
;

k2 = 4A0

/ [
4A2

0 + (B0 −D0)2
]
.

Ïiäñòàâèâøè ðîçâ'ÿçîê (7) â (3), îäåðæèìî êîìï-
ëåêñíi ïîòåíöiàëè íàïðóæåíü, â ÿêèõ âiäñóòíÿ íåâi-
äîìà ôóíêöiÿ Q0(t0):

Φ(z) = Φ1(z) + Φ2(z);

Ψ(z) = Ψ1(z) + Ψ2(z), (8)
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äå

Φ2(z) =
1− Γ0

2π (1 + κ−Γ1)

2∑

k=1

∫

Lk

[
Qk(tk)dtk

z − ξk

+

+
(ξk − ξk)Qk(tk)dtk

(ξk − z)2

]
;

Ψ2(z) =
1− Γ0

2π (1 + κ−Γ1)

2∑

k=1

∫

Lk

{
ξkQk(tk)dtk

(ξk − z)2
+

+
[
(ξk − ξk)(ξk + z)

(ξk − z)3
− 1

ξk − z

]
Qk(tk)dtk

}
.

(9)

Âiäçíà÷èìî, ùî âèáið êîìïëåêñíèõ ïîòåíöiàëiâ
ó âèãëÿäi (8), ç óðàõóâàííÿì (4) i (9), çàáåçïå÷ó¹
òîòîæíå çàäîâîëåííÿ êðàéîâî¨ óìîâè (1) íà êîí-
òóði L0, âíàñëiäîê ÷îãî íåâiäîìà ôóíêöiÿ g0(t0)
âèêëþ÷à¹òüñÿ ç ðîçãëÿäó, à ñèñòåìà iíòåãðàëüíèõ
ðiâíÿíü, ÿêó îäåðæèìî ïiñëÿ çàäîâîëåííÿ ðåøòè
êðàéîâèõ óìîâ, çìåíøó¹òüñÿ ç òðüîõ äî äâîõ.

III. Ðîçòÿã ïëàñòèíè
Íåõàé íà áåçìåæíîñòi ïëàñòèíà ðîçòÿãó¹òüñÿ çîâ-

íiøíiìè íàïðóæåííÿìè p, íàïðÿìëåíèìè ïåðïåíäè-
êóëÿðíî äî ëiíi¨ òðiùèíè L2 (ðèñ. 1). Êîìïëåêñíi
ïîòåíöiàëè íàïðóæåíü äëÿ öüîãî âèïàäêó âèáåðåìî
ó âèãëÿäi

Φ(z) = Φ0(z) + Φ1(z) + Φ2(z),
Ψ(z) = Ψ0(z) + Ψ1(z) + Ψ2(z), (10)

äå Φ0(z) = p/2, Ψ0(z) = −p/2 � âåëè÷èíè, ùî âèçíà-
÷àþòü íàïðóæåíèé ñòàí ñóöiëüíî¨ îäíîðiäíî¨ ïëî-
ùèíè [5].

Çàäîâîëüíèâøè çà äîïîìîãîþ êîìïëåêñíèõ ïî-
òåíöiàëiâ (8) ç âðàõóâàííÿì (9), (4) êðàéîâi óìîâè (1)
íà êîíòóði L1 i (2) íà òðiùèíi L2, îäåðæèìî ñèñòåìó
äâîõ ñèíãóëÿðíèõ iíòåãðàëüíèõ ðiâíÿíü ñòîñîâíî
äâîõ íåâiäîìèõ ôóíêöié Q1(t1), Q2(t2):

AnQn(τn)+
1
2π

2∑

k=1

∫

Lk

[Rnk(tk, τn)Qk(tk) dtk+

+ Snk(tk, τn)Qk(tk)dtk

]
= P (τn), n = 1, 2, (11)

äå

Rnk(tk, τn) = R1
nk(tk, τn)−

− 1
1 + κ−Γ0

{
Bn

Tnk

+
Dn

(
ξk − ξk

)

T 2
nk

+

+
dτn

dτn
Dn ·

(2ηn − ξk − ηn)
(
ξk − ξk

)

T 3
nk

− 1
Tnk

}
;

(12)

Snk(tk, τn) = S1
nk(tn, τn)+

+
1

1 + κ−Γ0

[
Bn(ξ_k − ξk)

T 2
nk

+
Dn

Tnk
− dτn

dτn
Dn · Hkn

T 2
nk

]

R1
nk(tk, τn) =

Bn

Hkn
− Dn

Hkn

· dτn

dτn
;

S1
nk(tk, τn) = −Dn

[
1

Hkn

− dτn

dτn

Hkn

Hkn
2

]
;

An = δn [1 + κ1 + Γ1(1 + κ−)] /2; Γ1 = G1/G−;

δn =
{

1, n = 1,
0, n = 2;

Bn = (κ1 − Γ1κ− − 1)δn + 1; Dn = (2 − Γ1)δn − 1;
(n = 1, 2);

P (τn) = δn

{
−B1Φ0(ηn)+

+ C1

[
Φ0(ηn) +

dτn

dτn
(ηnΦ′0(ηn) + Ψ0(ηn))

]}
+

+(1−δn)
{
−Φ0(ηn)− Φ0(ηn)−

[
ηnΦ′0(ηn) + Ψ0(ηn)

]}
;

ηn = τn + z0
n;

Hkn = ξk − ηn; Tnk = ξk − ηn.

Ó ÷àñòèííîìó âèïàäêó îäíîðiäíèõ ïiâïëîùèí
(G+ = G−) iíòåãðàëüíi ðiâíÿííÿ (11), (12) çáiãàþòüñÿ
ç îäåðæàíèìè ðàíiøå äëÿ ïëîùèíè ç âêëþ÷åííÿì i
òðiùèíîþ [7].

Ñèñòåìà iíòåãðàëüíèõ ðiâíÿíü (11) ìà¹ ¹äèíèé
ðîçâ'ÿçîê äëÿ äîâiëüíî¨ ïðàâî¨ ÷àñòèíè, ÿêùî âèêî-
íó¹òüñÿ óìîâà, ÿêà çàáåçïå÷ó¹ îäíîçíà÷íiñòü ïåðåìi-
ùåíü ïiñëÿ îáõîäó êîíòóðó òðiùèíè L2:

∫

L2

g′2(t2)dt2 = 0. (13)

Êîåôiöi¹íòè iíòåíñèâíîñòi íàïðóæåíü (ÊIÍ) K1 i
K2 ó âåðøèíàõ òðiùèíè çíàõîäèìî çà ôîðìóëîþ [5]

K±
1 − iK±

2 = ∓ lim
[√

2π |t− l±|Q2(t2)
]
, (14)

äå K−
1 , K−

2 � âiäïîâiäàþòü ëiâié (l−), à K+
1 , K+

2 �
ïðàâié (l+) âåðøèíi òðiùèíè.
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Íàïðóæåííÿ â ñïàÿíèõ ðiçíîðiäíèõ ïiâïëîùèíàõ ç âêëþ÷åííÿì i òðiùèíîþ çà äi¨ ðîçòÿãó

IV. ×èñëîâèé àíàëiç
Íåõàé òðiùèíà çàâäîâæêè 2l ç öåíòðîì ó òî÷öi

(0,−h) � ðîçòàøîâàíà ïàðàëåëüíî äî ëiíi¨ ðîçäiëó
ïiâïëîùèí L0. Öåíòð êðóãîâîãî âêëþ÷åííÿ ðàäióñà R
çíàõîäèòüñÿ íà ëiíi¨ òðiùèíè íà âiääàëi d âiä öåíòðà
òðiùèíè (ðèñ. 1). Áåçðîçìiðíi ÊIÍ F±i = K±

i /p
√

l,
(i = 1, 2) çîáðàæåíi íà ðèñ. 2�4.

Ðèñ. 2à. Çàëåæíiñòü ÊIÍ F−1 âiä G+/G−. Êðèâi 1, 2,
3 âiäïîâiäàþòü çíà÷åííÿì G1/G− = 0, 5; G1/G− = 1;
G1/G− = 2

Ðèñ. 2á. Çàëåæíiñòü ÊIÍ F±2 âiä G+/G−. Êðèâi 1, 2,
3 âiäïîâiäàþòü çíà÷åííÿì G1/G− = 0, 5; G1/G− = 1;
G1/G− = 2

Ðèñ. 3. Çàëåæíiñòü ÊIÍ F±1 âiä d/h ïðè G+/G− = 0, 5.
Êðèâi 1, 2, 3 âiäïîâiäàþòü çíà÷åííÿì G1/G− = 0, 5;
G1/G− = 1; G1/G− = 2

Ñóöiëüíi êðèâi âiäïîâiäàþòü ÊIÍ F−i ó ëiâié
âåðøèíi òðiùèíè x2 = −l (áëèæ÷å äî âêëþ÷åííÿ),
øòðèõîâi � ÊIÍ F+

i ó ïðàâié âåðøèíi x2 = l. ×èñëîâi
ðåçóëüòàòè îäåðæàíî ìåòîäîì ìåõàíi÷íèõ êâàäðàòóð
[5] äëÿ ðiçíèõ çíà÷åíü ìåõàíi÷íèõ i ãåîìåòðè÷íèõ
ïàðàìåòðiâ çàäà÷i çà l/h = 0, 5; d/h = 3; R/h = 0, 5;
κ+ = κ− = κ1 = 2.

Çáiëüøåííÿ æîðñòêîñòi âêëþ÷åííÿ (ìîäóëÿ çñóâó
G1) çóìîâëþ¹ çìåíøåííÿ ÊIÍ F−1 (ðèñ. 4) äëÿ
ðiçíèõ çíà÷åíü æîðñòêîñòi âåðõíüî¨ ïiâïëîùèíè
(G+). Àíàëîãi÷íà çàëåæíiñòü ñïîñòåðiãà¹òüñÿ i çà
çáiëüøåííÿ æîðñòêîñòi âåðõíüî¨ ïiâïëîùèíè äëÿ
ðiçíèõ çíà÷åíü æîðñòêîñòi âêëþ÷åííÿ (ðèñ. 2).

Ðèñ. 4. Çàëåæíiñòü ÊIÍ F−1 âiä G1/G−. Êðèâi 1, 2, 3
âiäïîâiäàþòü çíà÷åííÿì G1/G− = 0, 5; G1/G− = 1;
G1/G− = 2

V. Âèñíîâêè

Îòðèìàíî ñèñòåìó äâîõ iíòåãðàëüíèõ ðiâíÿíü çàäà÷i
òåîði¨ ïðóæíîñòi äëÿ òðèêîìïîíåíòíî¨ ïëàñòèíè (äâi
ñïàÿíi ïiâïëîùèíè ç âêëþ÷åííÿì â îäíié ç íèõ) ç
òðiùèíîþ. Âiäñóòíiñòü íåâiäîìî¨ ôóíêöi¨ íà êîíòóði
ñïàþ ïiâïëîùèí äà¹ çìîãó ïðîñòiøå çíàõîäèòè
÷èñëîâèé ðîçâ'ÿçîê ñèñòåìè äâîõ ðiâíÿíü.

Â óìîâàõ îäíîâiñíîãî ðîçòÿãó äâîõ íåîäíîðiäíèõ
ïiâïëîùèí ç âêëþ÷åííÿì i òðiùèíîþ ïåðïåíäèêóëÿðíî
äî ëiíi¨ ðîçäiëó ïiâïëîùèí (â ìåæàõ çìiíè ðîçãëÿ-
íóòèõ ïàðàìåòðiâ) îñíîâíèé âïëèâ íà çáiëüøåííÿ
êîåôiöi¹íòà iíòåíñèâíîñòi íàïðóæåíü K±

1 ìà¹ çìåí-
øåííÿ æîðñòêîñòi âåðõíüî¨ ïiâïëîùèíè. Âïëèâ
æîðñòêîñòi âêëþ÷åííÿ � íå iñòîòíèé. Êðiì òîãî,
ÿêùî âåðõíÿ ïiâïëîùèíà ìåíø æîðñòêà, íiæ íèæ-
íÿ, òî âïëèâ æîðñòêîñòi âêëþ÷åííÿ íà ÊIÍ K−

1

ÿêiñíî âiäðiçíÿ¹òüñÿ âiä âèïàäêó äâîõ îäíîðiäíèõ
ïiâïëîùèí ç âêëþ÷åííÿì i òðiùèíîþ. Çîêðåìà, ÿêùî
âêëþ÷åííÿ ìåíø æîðñòêå (áiëüø æîðñòêå), íiæ
íèæíÿ ïiâïëîùèíà, òî ç âiääàëåííÿì òðiùèíè âiä
âêëþ÷åííÿ ÊIÍ K±

1 çáiëüøóþòüñÿ (çìåíøóþòüñÿ).
Â óñiõ ðîçãëÿíóòèõ âèïàäêàõ çíà÷åííÿ ÊIÍ K±

2

íà ïîðÿäîê ìåíøi çà àáñîëþòíîþ âåëè÷èíîþ, íiæ
çíà÷åííÿ ÊIÍ K±

1 .
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STRESSES IN BONDED HETEROGENEOUS HALF-PLANES
WITH INCLUSION AND CRACK UNDER TENSION

V. Zelenyak a, R. Martynyakb, B. Slobodyanb

aNational University �Lvivska Politechnika�
12 S. Banderà Str., 79013, Lviv, Ukraine

b

A two-dimensional problem of an elastic for three component plane (two bonded heterogeneous
half-planes with inclusion) which include crack are considered. The problem is reduced to the
system of two singular integral equations on closed (boundary of inclusion) and unclosed (crack)
contours. Numerical solution of these equations was received by the method of mechanical
quadrature in the case of circular inclusion and rectilinear crack which is parallel to junction line
of the half-planes in case of unidirectional tension. Numerical results of the problem are presented
in the form of stress intensity factors at the tips of crack as function of elastic properties inclusion
and half-planes, and also as function of the distance between the crack and the inclusion.
Keywords: crack, inclusion, tension
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