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This paper is devoted to the comparision of four yield criteria used for reinforced
concrete plates with the amount of reinforcement not exceeding the balanced reinforcement.
The basis of the assessment was the conformity of theoretical results with experimental results
of tests on some series of slabs subjected to a homogeneous moment field load.
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IlopiBHAHO 4YOTHPH KpHUTEPil JIOKAIbHOI0 MOIIKOMKEHHSl 3aJ1i300eTOHHUX IJIUT 3
piBHEeM apMyBaHHSI MeHIIe TPAaHUYHOr0. OCHOBOIO OLiHKH 0yJia TOYHICTBH 30iry pe3yJbTaTiB
TeOPEeTHYHMX PO3PAXYHKIB 3 pe3yJbTaTaMM Ja00PaTOPHUX JOCHIIZKeHb YOTUPHOX cepiil IIuT,
3aBaHTAaXKeHUX OHOPITHUM 110JIeM MOMEHTIB.

KurouoBi cjoBa: kpuTepili NJIacTUYHOCTI, 3aJi300eTOHHI NJIMTH, JIa0OpPaTOPHI A0CTIi-

JUKeHHS, CTATHCTHYHHAN aHaJTi3.

Introduction
The effort v of the slab may be defined as:

<1, 1)

where: M(p) — the vector of external bending moment which increases proportionally to the increase of the
loading p, M, — the vector of yield moment at the point of the slab.

Both vectors are collinear. The ends of all vectors of yield moment at the chosen point of slab create the
surface of failure. The failure of the slab in the given point occures when the end of the vector of external
bending moment reaches this surface. The value of the vector of yield moment depends of the yield criterion.

From a vast amount of criteria applied to the calculation of load-carrying capacity of slabs with
orthogonal reinforcement, four of the most frequently encountered in the literature are presented and
analysed below. Their choice- apart from their popularity -was influenced by the wide differences in the
assumptions concerning the behaviour of a slab at failure. They are namely: Gallileo-Leibnitz criterion
(GL), Lenschow-Sozen criterion (LS), Sobotka criterion (S) and Huber-Mises-Hencky criterion (HMH).

Criteria of effort

Criteria of effort descripted below were constructed taking advantage of assumptions and
simplifications. The most important are:

— in the class of slabs under consideration the failure does not occur by crushing of the concrete; in
connection with this, the load-carrying capacity of the compressed zone in complex state of stress is not
considered:;

— the load-carrying capacity of the compressed zone is defined on the basis of the compressive
strength of concrete in uniaxial state of stress;

— the state at failure of the compressed bars is not analysed, but their influence on the magnitude of the
lever arm of internal forces and on the load-carrying capacity of the compressed zone is taken into account;

— in case of the GL, LS and HMH criteria the area of the reinforcement in each direction is
replaced by a;; layer of thickness aij depending of the distance beween bars; in case of the S criterion, the
reinforcement mesh at each of the surfaces of the slab is replaced by a layer of reinforcement of thickness
a;, directionally orthotropic (the load-carrying capacity in i-th direction is equal to the actual capacity in
this direction); i means analysed direction of bars, j means top or bottom reinforcement;
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— only in case of the S criterion the reinforcement in the layer under consideration is interacting in
both directions;

— for the GL, S and HMH criteria the cracks at failure develop in the planes of principal moments;
for the LS criterion the cracks at failure are deviated by an angle dependent both on the moments at failure
and on the principal bending moments;

— for the GL criterion reinforcement preserves its original direction; thus reinforcement is subjected
to normal stresses only, perpendicular to the cross-section; for the HMH, LS and S criteria the
reinforcement is subjected also to transverse deformation, which means that tangential stresses occur in
addition to normal stresses.

The condition for destruction according to Gallileo (GL) , expressed in stresses for each of the
orthogonal directions of reinforcement, can be written in the form:

—=1 O'ij >0, (2)

where: g;; — normal stresses in bars subjected to tension, of i-th direction and of j-th layer; f, — yield limit.
Multiplying the numerator and the denominator of the expression (2) by the amount of
reinforcement in the i direction and by the lever arm of internal forces characteristic for the state of full
effort we arrive at the condition of failure expressed in terms of bending moments:
oii -a;i - Zi M M
j = 'J:‘ 'J‘ ‘ IJ‘=1, (3)
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where: a;; — the amount of reinforcement, z;; — the lever arm of internal forces, M;; — the bending moment in
i—th direction, My;; — absolute value of the corresponding moment at failure.
Taking advantage of the definition of the local effort of the slab, the condition that the slab be not
destroyed can be written as the inequality:
My
j — ’
"V' nij ‘
where: v;; — effort in j—th layer of reinforcement in i-th direction,equale to the effort of the slab. Failure of
the slab in the given point occures when bars of only one or of both diections reaches v=1.
According to the criterion developped by Lenschow and Sozen (LS) [1], a reinforced concrete slab
shall fail at a section depending on the distribution of its load-carrying capacity and external loading. The
direction of the crack at failure (Fig. 1) is is obtained from the equation:

M .
d  Mnr -0, (5)
dg M,
where: M,,; — actual magnitude of moment vector at failure with yield of j-th layer of reinforcement, M, —

bending moment in a plane perpendicular to the crack at failure, g — angle of inclination of the crack at
failure to the direction of M; one of the principal bending moment.

Y

vj<l o, v=maxlv), (4)

Fig. 1. Equilibrium of internal forces in the crack at failure [1]
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The equation is transformed into:
—tgz,b’-(l—/l)-ctgoc—[(/1—60)-ctgza+1—/l-a7J~tgﬂ+a7-(1—/1)-ctga:0
A= Mnyj @':& , (6)
Mnx] Ml
where: 1 — the degree of orthotropy of the slab, «— angle of inclination of the direction of moment M; to
the x axis., @ — ratio of the principal bending moments M; to M,, M,,; and M,,- absolute value of the
corresponding moment at failure.

Load-carrying capacity analysis of a slab section according to this criterion is limited to one, the
most dangerous direction. It is therefore possible to assess the effort of the slab connected with the
behaviour of the top or the bottom reinforcement only:

M r

Vi = , @)
: Mnrj

where: v; — the effort of the slab in j-th layer of reinforcement.

Z. Sobotka formulated the plasticity condition (S) [2] for homogeneous slabs with layer-and
directional orthotropy, which can be applied to concrete slabs with top and bottom reinforcement at right
angles. It is also valid for slabs having layer orthotropy. The equation given by Sobotka can be transformed
to express efforts in terms of moment functions:

2 2 2
M M
V= (ij +[ yj — 12 + 12 — 21 -MXMy+[ ij <1
M nj M nyj M nj M nyj Snxyj M nxy

M i - M

(8)
nyj

Smyj == 2
\/Mnxj +Mpyj —Mpyj - Mpyj

where: j — the reinforcement layer: t — top or b — bottom, in which tension occurs under loading by a
particular moment, M, — limit torsional moment, equal to one-half of the volume of the solid bounded by
the plane of constant inclination n/4 multiplied by the plasticity limit of steel, S, — teoretical limit ending
moment at uniform biaxial bending for the case when M,-M,>0.

According to the criterion developped by Goszczynski (HMH) [3], a reinforced concrete slab shall
fail at a section in which:

=1, (9)

where: oy,; — tangential stresses in j-th layer of reinforcement.

The reinforcement of the slab in the vicinity of the initiated crack is under tension in both directions.
Tangential forces Ty, and Ty, (Fig.2) are present in both directions of reinforcement on the side surface of
the slab segment. From the condition of equilibrium, torsional moment M, are calculated as:

Myy =Txyb - Zxyb =8xb " Oxyb * Zxyb =M yx =Tyxty - Zyxp =8yp  Oyxp * Zyxp Oxyb =Oyxph, (10)
where: Ty, Ty — the resultant of tangential forces in fuzzy reinforcement of bottom layer, z,y, zyx, — lever
arm of Ty, and Ty, forces.

If the amount of reinforcement in both directions is not equal, to fullfil the condition of equality of

tangential stresses redistribution AT of tangential forces must occure:
Myy = (axb Oyyp +AT ) Zyyb Myx = (ayb “Oyxp —AT ) Zyxb (11)
My =My and  Oyp=0yup =0y

where: M,,, My, — torsional moments in x and y direction, AT — change in the magnitude of tangential force
resulting from the redistribution of internal forces.
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Fig. 2. Internal forces in a segment ofslab with bottom reinforcement [2]

On adding these equations we obtain:
2Myy =8yq - Oxy * Zxyh +8xd * Oxy * Zxyb - (12)

Since at the moment of failure the stresses o, attain the mignitude fy/\/3, and M,, reaches the limit
value My, the formula (12) can be transformed to the form:

Mnxyb:ﬁ'('vlnxb""vlnyb)- (13)
where: Moy, — limit torsional moment for the bottom layer of reinforcement.
The limit torsional moment for the top reinforcement we obtain by analogy.

Taking advantage of the assumption of constant layer arm of the internal forces, we obtain a linear
relation between stresses and the magnitude of the corresponding moments up till the plastic limit is
reached by steel. This allows to formulate the magnitude of the effort for the definite layer and direction of
the reinforcement in function of the moments:

N 2 M 2
vij = (Mi_} +(MXV_J <1. (14)
nij nxyj
The general condition for non-destruction of the slab is as follow:
V= max(vij )< 1. (15)
Tests

In the assessment of the criteria experimental results of tests on four series of slabs subjected to a
homogeneous moment field load were used. Criteria of selection were: detailed description of tests and
slabs and differentation of kinds of reinforcement and loads.

Bauss and Tolaccia [4] tested rectangular slabs with one-sided orthogonal reinforcement and two-
sided, with orthogonal reinforcement as well or in only one direction, but perpendicular one to another as it
is shown in Fig.3. The load of tested slabs was a homogeneous moment field, but with the differentation of
values and sense of vectors. 39 slabs were analysed — set A in statistical analysis. The percentage of
reinforcement was 2,61% for external layer and 3,08% for internal layer.

Fig. 3. Tests of Bauss and Tolaccia [4]
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Lenkei [5] tested slabs of circle shape, with one-sided orthogonal reinforcement (Fig.4) and the
percentage of reinforcement 0,90% for external layer and 1,06% for internal layer. All tested slabs (set B)
in the numer of 63 were bent only in one direction, but with the differentation of the direction of bending
moment in relations to the direction of reinforcement.
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Fig. 4. Tests of Lenkei [5]

Lenschow and Sozen [6] investigated slabs in two shapes as shown in Fig.5.

Fig. 5. Tests of Lenschow and Sozen [6]

Slabs in the number of 20 were used to the analysis (set C). The percentage of reinforcement in x direction
of top and bottom layer was about 1,49%, 1,72% and 2,77%, in y direction of top and bottom layer was
about 0,9%, 0,72% and 3,19% in various combinations. The load of slabs was a homogeneous moment
field, but with the differentation of values and sense of vectors.

Kozakow [7] tested rectangular slabs with orthogonal reinforcement in top and bottom layer
(Fig. 6) — set D. The percentage of reinforcement was 1,5% in x direction of bottom layer and y direction of
top layer, and 1,76% in x direction of top layer and y direction of bottom layer. The load of tested slabs
was a homogeneous moment field, in which vectors of main moments were of a different sign.
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Fig. 6. Tests of Kozakow [7]

Statistical analysis of effort

The real magnitudes of moment vector at failure display random differences in relation to the
theoretical results. The subject of further analysis shall be a variable k: the relative magnitude M, of the real
vector at slab failure in comparison with the theoretical magnitude M, calculated in accordance with all
descripted criteria.

In the analysis of the S criterion, test results of 21 slabs belonging to three sets were used, as only
this number of test elements was reinforced orthogonally, top and bottom.

Bar charts in Fig. 7 show the distribution of random variables k, which depend on the criterion of
failure adopted. The parameters of these distributions, i.e. mean values and variances of random variables k
for single sets and for global sets are presented in Table I.

Table |
Statistical parameters of random variables k
Tests Statistical Criteria

parameters GL HMH LS S
Baus — Tolaccia K 0,65513 1,01146 0,90659 0,97367
(A) St 0,10645 0,03399 0,00844 0,06525

Lenkei K 0,78895 0,98830 0,97065 -

(B) St 0,02240 0,00533 0,00551 -
Lenschow — Sozen K 0,78235 1,09725 1,00865 1,34286
© St 0,13467 0,05535 0,00271 0,10553
Kozakow K 0,54900 0,94900 0,74500 1,16120
(D) St 0,16137 0,00173 0,03461 0,20084
Kozakow and K 0,64307 1,00436 0,88823 1,04640
Baus — Tolaccia (A+D) Sni” 0,11024 0,03060 0,01337 0,11065
Global K 0,73737 1,01102 0,94808 1,14138
(A+B+C+D) St 0,07371 0,02287 0,00977 0,12489

In view of the small size of D set, an attempt was made to join it with A, B or C set for each criteria,
provided that the probability of such a pair of sets originating from a common general population is
sufficiently high. In order to determine suitable probabilities, the H rank sum test (Gren [8]) was applied.
The minimum level of significance was assumed to be 0,05. In cases of GL and S criteria of effort, the D
set can be joined to any other, as the levels of significance here are higher than 0,05. Using HMH
hypothesis it is possible to join the D set to an A or B set; for the LS criterion no joining is possible without
violation of the accepted minimum level of significance. For GL, HMH and S criteria, the highest
aggregate level of significance for the non-dismissal of the hypothesis in question was obtained in the first
variant. This was decisive for the joining of D and A sets.
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Fig. 7. Aproximation of the random k

The set of experimental tests presented is sufficiently large and varied to enable the verification of
individual criteria to be made with relation to their universality. Thus, a new statistical hypothesis that the
results obtained for all set of tests belong to the same general population, was investigated. The
investigation was also based on the H test. Obtained test results showed that only HMH and S criteria are
sufficiently universal. The non-dimissal of the hypothesis that the origin of all sets obtained applying the
HMH and S criteria stems from the common general population allows further analyses to be made, based
on the global set of results, including all test series.

To prove the correctness of any criterion, it is necessary to check its exactness of the assessment of
the load-carrying capacity. Thus, the following statistical hypothesis was investigated: the mean value of
the random variable k equals 1.0. In order to verify the statistical hypothesis in question, a test using U
statistics (Gren [8]), independent of the type of distribution, was applied. This test could not have been
applied to single sets obtained using Sobotka criterion, because of their small size. For that reason the
hypothesis was verified for sets A, B, C, A+D and A+B+C+D.

The results obtained showed, that only in the case of HMH criterion the statistical hypothesis
referring to individual sets was not rejected at the level of ¢4,,=0.05, (0,696 for set A, 0,200 for set B,
0,058 for set C, 0,868 for set A+D) and for sets containing all the data (set A+B+C+D) — even at the level
of oin=0.41. With reference to the set of all the results, S criterion gives also a fairly correct assessment of
the mean load-carrying capacity, however significantly worse than that given by HMH criterion. Despite
this, it is difficult to recommend the application of the S criterion, as some tests of slabs exist, for which
the assessment of the mean load-carrying capacity is unsatisfactory. GL criterion does not produce a
correct assessment of the mean value, and the results of application of LS criterion depend on the type of
reinforcement in the slabs; in some cases it gives a sufficiently good assessment of the load-carrying
capacity, in others — the results obtained differ appreciably from test results.

An analysis of the bar charts indicates high skewness of distributions. The extension of a set of
results beyond the mean value can be caused by the properties of random variable, and by reaching the
strain-hardening zone beyond the plastic limit by steel reinforcement, not revealed during the tests. It shall
be a reason of the difficulties in finding the theoretical limit distribution for random variable k,
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indispensable for safety analysis. It led to an attempt to approximate the part of the distribution received
for HMH criterion below the median by normal distribution.

The check on the hypothesis of conformity of the distribution of the random variable under
consideration to the normal distribution was based on the y® test. As test results were depending on the
number of intervals into which the set of random variable values was divided, the confidence level
obtained varied within 0,056 and 0,119 limits and in all cases was greater than the level generally accepted
as minimum equal 0,05. Estimation of the parameters of one-half of the distribution gave as the result the
following paremeters: mean value k,,=0.997 and coefficient of variation n=0.09729.

Conclusions

The statistical investigations presented here included a set of results, a part of which was estimated.
The inaccuracies resulting from this should not affect significantly the conclusions, as the proportion of
these estimated results was small (less than 20%) and the methods used to assess the unknown quantities
should not be large.

GL criterion proved useless in the analysis of the load carrying capacity of slabs. Main deficiency of
the criterion is neglecting the influence of the torsional moment. LS and S criteria can be successfully
applied, but only within a limited range. At present the limits of their applicability are unknown. The limits
of application S criterion, given by the Author [3] with reference to slabs with top-and-bottom orthogonal
renforcement — are not sufficient, but important. It can be stated that the most universal and most accurate
is the HMH criterion amongst all assessed criteria. Its greater precision and universality in assessing local
load-carrying capacity of slabs allows to recommend it as at least equivalent to other criteria used in
engineering practice. An additional advantage is that this method can be used in cases of slabs with
incomplete orthogonal reinforcement.
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