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Abstract

Modern energy systems feature diversity of elements and combination of processes and phenomena of various
physical natures. Mathematical modelling of such systems relies on the tools of the theory of energy circuits. One of
the major problems of this theory is formation of the unified system of interrelated variables which allow describing
phenomena in circuits of various physical natures. Such a system of variables is underlain by the principle of energy
analogy, which is based on the fundamental law of nature - the law of conservation of energy. The relationship
between the variables is substantiated on the example of a mechanical circuit, since in mechanics both potential and
kinetic energy are most illustrative. Results obtained for a mechanical circuit were then applied to circuits of other
physical natures. Energy of magnetic field of the inductor is a counterpart of kinetic energy; therefore, kinetic energy
in amechanica circuit can be defined using generalized inductance. Correspondingly, energy of eectrostatic field of
the capacitor isa counterpart of potential energy, due to which potential energy in amechanical circuit can be defined
through generalized capacitance.

Keywords: energy circuit; metric and energy analogy; power; kinetic and potential energy.

1. Defining the resear ch problem sdlected for the study

Thelevel of modern energy systems (dectricity supply, gas supply, heat supply, water supply, €tc.) is characterized
by a significantly complicated structure. They are increasingly becoming physicaly heterogeneous, many of them are
coming to consist of dements combing multiple processes and phenomena of different physical natures.

For ingtance, in modern heat supply systems the hesting unit of a building can contain a mixing pump, pressure
regulator, heat flow rate regulator, temperature sensors (for heat-transfer medium, premises, environment) and
pressure sensors (at the input and output of the unit), flow meter, electronic regulator, differential pressure regulator,
as well as afeed pump, pressure regulator connected after the feed pump, etc. [1]. If the building is equipped with an
individual heat supply system, then, instead of a mixing pump, in the building's engineering network there are a heat
exchanger and a circulating pump [1]. As far back as fifteen or twenty years ago domestic heat supply systems were
physically almost homogeneous, and the heating entrance of the building only consisted of an eevator unit or a
throttling orifice. The only component of the heat supply system with a combination of processes of different physical
natures at that time was a source of heat energy (heat and power plant, boiler room).

Specialized mathematical models of physically homogeneous systems are devel oped on the basis of the available
theories of eectric, mechanica, hydraulic, thermal and other circuits. Using the theory of hydraulic circuits, one can
describe hydraulic status of a modern heating unit or heat supply station [2]; however, using the resources of one
sectoral discipline only, heterogeneous processes of a particular element of a system cannot be covered. When
physically heterogeneous processes are represented by means of the theory of dectric circuits, the mathematical tools
of equivalent circuits areinadequate [3].

Although the formalization of phenomena in circuits of different physical natures is the same, i.e. based on
Kirchhoff's laws, and is independent from characterigtics of the physical environment, a number of concepts used for
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energy processes in electrical engineering are missing in other theories [4]. For example, in the theory of hydraulic
circuits, flow rate of the medium is governed by the First Kirchhoff's law and hest flow or pressure by the Second
Kirchhoff's law [5], but the concept of power does not apply, athough the theory of hydraulic circuits developed on
the basis of the theory of electric circuits as an allied scientific and engineering discipline [6]. In the theory of thermal
circuits, the concept of power is applicable, but it is a counterpart of electric current in the theory of eectric circuits,
and this leads to some differences in calculating power balance. For thermal circuits power balance is equivalent to
the First Kirchhoff's law, and it must be formed for each particular unit [7]. This downplays the importance of power
balance as a generalized energy characterigtic of the circuit and as an indicator of continuous energy generation and
consumption in the circuit. In al sectora disciplines, except for the theory of eectric circuits, there is no concept of
reactive and total power, distortion power, etc. [4].

So for research of modern energy systems with the aim of their adequate simulation and analysis, it is necessary
to use and further develop methods of mathematica modelling of complex interrelated physical processes and
phenomena. For generalized representation of the properties of system components of different physical natures, there
was introduced the concept of energy circuit [8] which aims at a combined mathematical representation of different
physical processes and phenomena within one mathematical model.

Creation of a unified mathematical model requires systems approach to the representation of processesin circuits
of different physical natures and establishing a common theoretical base of mode variables and parameters of the
elementsregardless of the physical nature of the part these processes occur in.

2. Analysis of recent publications and resear ch on the problem

Mathematical tools of the theory of energy circuits aims at a unified representation of physical phenomena of
various natures. This requires deep mathematical abstraction characterized by strong commonality in the
mathematica description of elements of different physical natures. An important role in such cases is performed by
principles of analogy applicable to certain common properties, attributes or relations of otherwise different subjects
and phenomena.

The identity of mathematical representation of processes in devices of different physical natures has been long
known. For ingtance, el ectromechanical, electrohydraulic and el ectrothermal anal ogies have been successfully applied
[9]. However, dl these analogies have a physical component. Therefore, it is advisable to disregard the peculiarities
of physical functioning of energy systems and to concentrate on the underlying physical laws[5].

The theory of energy circuits relies on metric analogy, which allowed putting aside the differences in elements
physical nature and focusing on their common mathematical representation. Mathematical equations and physical
observations are linked by measuring devices. According to a measuring method, all variables fell into variables in
seriesand variablesin paralle [9, 10]. To measure avalue of avariablein paralel, the measuring device is connected
in paralle to the circuit component. To assess a variable in series, the measuring device is connected in series to the
circuit component.

An important principle of variables classification is nodal and contour properties of measurements [10, 11].
Variables in paralld are governed by the Second Kirchhoff's law and those in series by the First Kirchhoff's law.
Kirchhoff's laws in redlity are intring ¢ to measurements[10].

These concepts disregarding physical properties allowed covering a wide range of physical systems within a
unified theory.

It should be noted that in [10] the authors put forward another condition for choice of variables, according to
which the product of variables in parallel and those in series should be equal to power. This requirement, also known
as third Trent's condition, is the only one with physical meaning; however, it was not strict [10]. And, as shown
above, thisrequirement has not been fulfilled in the sectoral theories.

Further development of the theory of energy circuits is associated with the classification of the whole groups of
variables rather than separate pairs of variables ascribed to certain physical phenomena. And here the energy side
comesto the fore.

Although nature defines a unique picture of physical processes in each part of an energy system, al these
processes are governed by the fundamental 1aw of conservation of energy [12].
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Group classification was made on the basis of higher level integrated approach - the principle of energy ana ogy.
According to this principle [8], [13], all variables divided into:

- action variables whose product resultsin power of energy dissipation in an element (first Satement);

- state variables which are determined as integral characteristics of action variables; these variables correspond
to different forms of energy — kinetic and potential (second statement).

According to the above principle of metric analogy, action variables are subdivided into variablesin paralld and
variablesin series.

Thus, the firg statement of energy analogy corresponds to the third Trent's condition, but in energy anaogy this
requirement is strict. Mathematically the third Trent's condition (first statement of the principle of energy analogy) is
expressed in the form of [8, 9]

P=Y>X, (1)

where P is power (energy flux); Yisaction variable in parallel; Xisan action variablein series.

Combination of the principle of metric analogy and first statement of the principle of energy analogy (or third
Trent's condition) has led to the development of the Bond Graph theory with graphical representation of energy
systemsin the form of a graph so that the arcs in bond graphs represent bi-directional exchange of power [14].

Under the second statement of the principle of energy analogy, state variables are time-variant integra
characteristics of action variables and are also divided into state variablesin parallel and state variablesin series.

Further development of the principle of energy analogy was an attempt to obtain expressions for the two types of
energy, kinetic and potential, for energy circuits of different physical natures. Forms of energy are divided in
accordance with the principle of metric analogy - kinetic energy is connected with variable in series, and potential
energy with those in parallel [8, 13]. Thereat, for circuits of various physical natures, similarly to the eectric circuit,
the notions of generalized capacitance and generalized inductance were introduced.

Kinetic energy is determined by the generalized inductance

W=l )

while potential energy is defined through generalized capacitance

Y2
WDZCT’ (3)

where Wi, W, are kinetic and potential forms of energy, respectively; L is generalized inductance; C is generalized
capacitance.

A somewhat different approach to classifying variables of different physical natures is applied in the theory of
multi-physical modelling. According to [3], these variables fall into intensive variables which change as the system
size changes and extensive ones which are independent of the system size. However, this classification has not been
further developed.

3. Goal of theresearch

The theory of energy circuits is aimed to solve problems of analysis of a wide range of physical systems. A
significant number of such systems are mathematically equivalent to DC dectric systems [15], usually non-linear
ones. Examples of such systems are heat supply systems [2], water supply systems, heat-insulation system of a
building [7], etc.

Non-linearity does not change the interpretation of the foregoing concepts, but the necessity of revision is
dictated by specific characteristics of direct current circuits. The notions of capacitance and inductance are
traditionally used in AC dectric circuits, where there is a bi-directional interaction between eectric current and
magnetic field of the inductor or between voltage and electrostatic field of the capacitor. In DC circuits a magnetic
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field is created by current flow, but there is no retroactive effect of the magnetic field on the flow of eectric current,
nor isthere bilateral interaction between the e ectrostatic field and voltage of the capacitor. Therefore, in DC circuits
the notions of capacitance and inductance apply only to the processes of energy accumulation and output (magnetic
field of the inductor or eectrostatic field of the capacitor).

Expressions (2) and (3) cannot be directly applied in circuits of other physical natures, such as mechanical, for
instance. It is necessary to determine kinetic and potential forms of energy through the parameters adopted in a circuit
of a specific physical nature, which will then alow a full-scale application of the law of conservation of energy in
energy circuits. On the other hand, such an approach will extend the notions of potential and kinetic energy adopted
in mechanics to eectric circuits.

The mathematical tools being developed can be and must be uniform for eectric circuits and circuits of other
physical natures, including mechanical, hydraulic, thermal, etc. Therefore, it is necessary to generalize the principles
of energy analogy for circuits of various physical natures in order to create a Sngle system of correlation between
variables.

4, Presentation and discussion of the results

In Bond Graph theory, action variablein parald is called effort, and action variable in seriesis flow rate or flow
[14]. Such terminology is partialy observed in branch disciplines, such as the theory of hydraulic circuits [5], theory
of thermal circuits [2], etc. It is suggested that these terms be observed in the theory of energy circuits.

According to the second statement of the principle of energy analogy, as mentioned earlier, state variables are
time-variant integral characteristics of action variables[8, 9].

State variables can be interpreted in two ways. According to [8], [13], integral characteristic of action variable
atersitsmetric characterigtic. That is, state variable being anintegral characteristic of action variable in-series will be
avariablein-pardlel; and state variable being an integral characteristic of action variable in-parallel will be avariable
in-series. However, in [9] there is no such change of metric characteristic. Such uncertainty is attributable to duality
of energy circuits, according to which an action variable in-series and action variable in-parallel are often swapped
(so-called metric and the classica approaches) [14]. As time variation of a variable does not cause change of its
gpatial characteristic, the approach [9] ismore viable.

Let usintroduce names and symbols for state variables.
State variable in parale will bereferred to as effort impulse or simply impulse

J =y, (4)

where Jisimpulse (state variablein paralld).
State variable in series will bereferred to as quantity

K = X, )

where K is quantity (state variable in series).

Thus, similarly to the system of variables of the mechanical trandation circuit [9], one can build a quadrangle of
bonds between the four main variables of the energy circuit (see Fig. 1).

In Fig.1 variables in series are located on the left side, and those in paralel on the right side. One of the
diagonals of the quadrangle (in opposite knots) bears action variables, and the other one state variable. In accordance
with (1), product of action variables must equal power.

Next step of developing the system of variables and the relationship between them is determination of potential
and kinetic energy. In [8], [9], the principle of energy anaogy was based on the theory of dectric circuits, after which
the results obtained were extended to the circuits of other physical natures. As a result, for determining kinetic and
potential forms of energy of circuits of other physical natures, the concepts of generaized inductance (2) and
generalized capacitance (3) were introduced.
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Fig. 1. Rectangle of bonds between energy circuit variables

This research relies on the opposite approach. Since kinetic and potential forms of energy are expressy present
in the mechanical circuit, thisis the system of variables of the mechanical circuit that the analysis is based on. The
obtained results will be then extended to circuits of other physical natures, including el ectric ones.

In the mechanical circuit flow is speed v, and effort is force F. The list of variables of mechanical trandation in
the mechanical circuit and their units of measurement are presented in Table 1.

Table 1. Correspondence between energy circuit variables and mechanical trandation variablesin the mechanica drcuit

Energy circuit varizbles Mechanical circuit variables_
Name, symbol Unit of measurement

Action variables

Effort (in paralld), Y Force, F N

Flow (in series), X Velocity, v m/s
State variables

Impulse (in pardld), J Impulse, J kgm/s=N-s

Quantity (in series), K Displacement, | m

Further considerations were based on the concepts of classical mechanics, according to which kinetic energy
depends on the mass of the body and its vel ocity

W, = ) (6)

where mis body mass, and v is body velocity.
Thus, eguation (6) contains one of the four mechanical circuit variables— velocity (action variable in series).
Kinetic energy can be represented as a product of body impulse and velocity

W, © (mv) v =Jv, @)
where J = mv isbody impulse.
It also confirms the compatibility of their units of measurement

ékgmu_ému_ ékgxm __
g9 X 7 = g WH:[NW]:[J]

§s HEsH §¢
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In general, we are talking about energy transition from one form to another, and hence about the change of
kinetic energy, so it is necessary to switch from the product to the integral. Since the body mass is invariable, the
vel ocity changes, which iswhy it must be vel ocity integral

W, = ¢y 6)

Inserting equations (7) into (8), we will obtain the result

2

W, = Jdv = gymvav = m;/ : 9
0 0

which corresponds to (6); therefore, the proposed way of identifying kinetic energy changesis correct.

Switching symbols to those adopted in the theory of energy circuits will make it possible to formulate the rule
gtating that "change in kinetic energy is determined by integrating impulse (state variable in parallel) with respect to
flow (action variablein series)"

W, = &yldX. (10)

Let us consider the way of determination of potential energy. In classical mechanics potential energy depends on
the mass of the body and its height above the surface taken as null surface

W, =mgh, (11)

where histhe height of the body above the null surface.
In general, potential energy is proportional to the product of force acting on the body and body displacement

W, © (ma)l = Fl, (12)

where F = ma isthe force acting on the body.
Units of measurement of these variables are also compatible

[N]-[m]=[J].

As in the circuit we speak about the change of potential energy, it is necessary to switch from the product to
integration of displacement with respect to force (action variable in series)

W, = §JdF. (13)

Inserting this in obtained equation (12) resultsin

W, = E‘de = add(rna) = E)’nlda = mal. (14)

Since the obtained equality correspondsto (11), the proposed way of identifying potential energy isviable.

If we switch symbols to those adopted in the theory of energy circuits, it is possible to formulate the rule stating
that "change in potential energy is determined by integrating quantity (state variable in series) with respect to effort
(action variablein paralld)"

W, = (KadY. (15)
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As aresult, we obtain a complete system of variables of the energy circuit bonds between which can be display
graphically (see Fig. 2).
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Fig. 2. Bonds between energy circuit variables.

Based on the comparison of (9) and (2), we get that for the mechanical circuit generalized inductance is
equivalent to its mass

L=m (16)
and comparison of (14) and (3) allows identifying generalized capacitance of the mechanical circuit
2
C=— 17
= 17)

It isin this relationship that the deep sense of energy analogies manifests itself — models of elements of energy
circuits are based on the use of fundamental laws of preservation and conversion of energy.

The system of bonds between variables of the mechanical circuitisshown in Fig. 3, a

e oy . . e wrrerny
s - \ e w| s \ g |8
= | N 2= 32
S| +— |[P=F-v,[W] S| 4 S| T P=U-1[W ST
1] I 1] 1] 1 I g Il
S — - S
| ¥ Potential energy 4 Potential energy
1, q
W, =] 1dF,[J ¢ W, = du, [
] A U] 4 o= | qdu, 1]
state variable in series action variable in parallel state variable in series action variable in parallel
Displacement Force Charge Voltage

a)

6)

Fig. 3. Bonds between variables of mechanical (a) and electric (b) circuits.
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Let us go back to the electric circuit. In an electric circuit, flow is current I, and effort is voltage U. All eectric

circuit variables arelisted Table 2.

Table 2. Correspondence between energy circuit variables and eectric circuit variables

Energy circuit varizbles Electric circuit variables
Name, designation Unit of measurement

Action variables

Effort (in pardld), Y Voltage U \%

Flow (in series), X Current, | A=Cl/s
State variables

Impulse (in paralldl), J Magnetic flux, @ Wb=V s

Quantity (in series), K Charge, q C

The system of bonds between variables in the dectric circuit is shown in Fig. 3, b.
According to (10), kinetic energy of the conductor with current going through it equals

1 n8 1?7

| |
1 nB
W, = pdl =¢ Idl =— X—,
o oio p Infri 2p Inr) 2

where n is magnetic permesbility of the material; Sr are geometrical dimensons of the path of flux closure.

So inductance in the eectric circuit regarding (2) is

L= i nS
20 In(r)’
Potential energy in the eectric circuit according to (15) is
W, = pdU =qu.
Respectively, capacitance of the el ectric circuit regarding (3) is equal to

-2
U

(18)

(19)

(20)

(21)

Energy of magnetic field of the inductor is a counterpart of kinetic energy, and energy of dectrostatic field of the

capacitor isacounterpart of potentia energy.
The viability of the proposed approachesis also proved by compatibility of the units of measurement.
Asfor the électrical circuit kinetic energy W, °© @l , in units of measurement we will obtain

[Wh]-[A]=[V-§]-[A]= [V-A-g]=[W-5]=[]],

which corresponds to the units of energy.

For potential energy W, ° Ug and we obtain

[VI-[CI=[V]-[A-g]=[V-A-9=[W-s]=[]],

which also corresponds to energy measurement units.
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Thus, formulae for determining kinetic and potential energy proposed for mechanical circuits are applicable to
electric circuits.

According to the law of conservation of energy, total energy of any component of the energy circuit is
W =W, +W, +W,, (22)

where W is energy dissipation (transformation of one energy form into another, for example mechanical into thermad,
eectricinto thermal, etc.).

Let us illustrate this on the example of the mathematical pendulum (see Fig. 4, a). In its highest point, the
vel ocity and, consequently, kinetic energy are equal to zero, due to which potential energy is maximum. In the lowest
point, the position of the body of the pendulum above the null surface is equal to zero, and potential energy is zero as
it transformed into kinetic energy (the velocity of the pendulum body is maximum). With time oscillations decay, as
owing to air resistance part of energy is dissipated, i.e. transformed into thermal energy.

Fig. 4. Mathematica pendulum (@) and LC circuit (b)

A similar pattern is observed for an oscillating loop of the electric circuit (see Fig. 4, b). Here, on the reverse,
electrostatic energy is transformed into magnetic one and vice versa, and irreversible dissipation of energy in
resistances of the conductors takes place.

Taking into account equations (1), (10) and (15), relationship (22) finally takes the form of

W = XYt + yJdX + 3K, (23)

wheretistime.

Energy of an energy circuit component consists of potentia and kinetic energy with possible transformation of
potential energy into kinetic and vice versa, and a component of irreversible dissipation of energy.

5. Conclusion
The area of application of the principle of energy analogy has been extended.

For an energy circuit of an arbitrary physical nature kinetic energy is defined as impulse (state variable in
parald) integrated with respect to flow (action variable in series), and potential energy as quantity (state variable in
series) integrated with respect to effort (action variable in parall€l).

Energy of magnetic field of the inductor is the counterpart of kinetic energy, and energy of electrostatic field of
the capacitor isthe counterpart of potential energy.

An integral system of interconnections between the energy circuit variables, which is applicable to circuits of
any physical nature, has been devised.

Observance of the statements of the principle of energy analogy allows obtaining a system of variables for
circuits of various physical natures adapted for use in the framework of the theory of energy circuits.
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Cucrema 3MiHHHX PEeKUMY €HEPreTHYHHUX Kijl

Anppiit My3uuak

Hayionanvnuii ynieepcumem “ Jlvgiecorxa nonimexuixa” , eyi. C. banoepu, 12, Jlveis, 79013, Vkpaina

AHoTalisa

CyuacHi eHepreTH4Hi CHCTEMH XapaKTepPHU3YIOTHCSl PO3MAITTSM EJIEMEHTIB Ta IMOEIHAHHSIM Yy HHUX IPOIECIB i
SIBHII Pi3HOI ()i3WYHOI MPHUPOAM. [HCTPYMEHTOM MaTeMaTHYHOrO MOJENIOBAHHS TAaKHX CHUCTEM € amapaT Teopii
eHepreTuuHNx Kit. OIHIEIO0 3 BaXJIMBUX MNpoOJieM Ii€l Teopii € yTBOpEHHsS €IUHOI CHCTEMH B3aEMO3B’ 3aHHX
3MiHHHX, HIO JIal0Th 3MOT'Y OITMCATH SBUIIA B KOJIaX Pi3HOI (hi3W4HOi npupoan. B oCHOBI MoOYm0OBH Takoi CUCTEMH
3MIHHHX TOKJIa/ICHO NPUHINT €HePreTUYHOI aHAIOr1], SIKU OCHOBYEThCS HA (DyHAaMEHTAIbHOMY 3aKOHI IPUPOAU —
3aKOHi 30epexeHHs eHeprii. B3aeMo3B’ 130k MiXk 3MiHHUMHU OOIPYHTOBAHO Ha IIPHKJIAJli MEXaHIYHOTO KOJIa, OCKUIBKH
came B MexaHilll HAHAOYHIIIMMU € 00HUB1 ()OPMU eHeprii — KIHeTUYHA Ta NOTeHIiaJIbHa. Pe3ynbraTy, oTpuMaHi s
MEXaHIYHOTO KoJjia, MOIIMPEHO Ha Konia iHmoi (i3uuHoi mpupoxu. EHepris MarHiTHOro MO 1HIYKTUBHOCTI €
aHaJIOTOM KiHETHYHOI ()OPMU €Heprii, BiIIOBIIHO KIHETHYHY €HEPTil0 Y MEXaHIYHOMY KOJIi MOXKHA BU3HAYaTH 4Yepes3
y3arajibHeHy 1HAYKTHBHICTb; a €HEprisl eJIeKTPOCTAaTUYHOI'0 TOJISl KOHAEHCATOpa — aHAJIOroOM MOTeHIIaNbHOI GopMu
€Heprii, BiJMOBITHO MMOTEHIIAIbHY EHEPrilo Yy MEXaHiYHOMY KOJIi MO)KHA BHU3HAYaTH Y€pe3 y3aralbHEHY EMHICTB.

KirouoBi cioBa: eHepreTyHe KOJIO; METPUYHA ¥ EHEPreTUYHA AaHAJIOTisA; MOTYXKHICTh, KIHETHYHA Ta
MOTeHIiabHa ()OPMU EHEpTii.



