
ÂIÑÍÈÊ ÍÀÖIÎÍÀËÜÍÎÃÎ ÓÍIÂÅÐÑÈÒÅÒÓ
�ËÜÂIÂÑÜÊÀ ÏÎËIÒÅÕÍIÊÀ�

�Ôiçèêî-ìàòåìàòè÷íi íàóêè�
Âèï.625 � 625, (2008) c. 35�42

JOURNAL OF NATIONAL UNIVERSITY
�LVIVSKA POLITECHNIKA�

�Physical & mathematical sciences�
Vol.625 No 625, (2008) 35�42

ÎÄÍÀ ÅÊÑÒÐÅÌÀËÜÍÀ ÄÂÎÏÀÐÀÌÅÒÐÈ×ÍÀ ÇÀÄÀ×À
ÄËß ÌÅÐÎÌÎÐÔÍÈÕ Ó ÏÐÎÊÎËÅÍIÉ ÏËÎÙÈÍI ÔÓÍÊÖIÉ

I.Ï. Êøàíîâñüêèé
Íàöiîíàëüíèé óíiâåpñèòåò �Ëüâiâñüêà ïîëiòåõíiêà�

âóë. Ñ. Áàíäåpè 12, 79013, Ëüâiâ, Óêðà¨íà
(Îòðèìàíî 8 âåðåñíÿ 2008 ð.)
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Âñòóï. Ïîçíà÷åííÿ òà ôîðìóëþâàííÿ
îñíîâíèõ ðåçóëüòàòiâ

Íåõàé f � ìåðîìîðôíà ó ïðîêîëåíié ïëîùèíi
A = C\{0} ôóíêöiÿ. Ïîçíà÷èìî

N1(τ, f) =

τ∫

1

n(1/t, 1, f)
t

dt, τ ≥ 1, N2(r, f) =

=

r∫

1

n(1, t, f)
t

dt, r ≥ 1,

äå n(s, t, f) � êiëüêiñòü ïîëþñiâ ôóíêöi¨ f îáëàñòi
{z : s < |z| < t}. Ïîçíà÷èìî

N(τ, r, f) = N1(τ, f) + N2(r, f) + n(T, f) log
√

τr,

τ ≥ 1, r ≥ 1,

äå n(T, f) � ëi÷èëüíà ôóíêöiÿ òèõ ïîëþñiâ ôóíêöi¨ f ,
ÿêi ëåæàòü íà îäèíè÷íîìó êîëi.

Íåõàé

cf :=
1
2π

∫

{z: |z|=1, |f(z)|>1}

Im
(

f ′(z)
f(z)

dz

)
+

+
1
4π

∫

{z: |z|=1, |f(z)|=1}

Im
(

f ′(z)
f(z)

dz

)
,

äå z = eiθ, dz = ieiθdθ, θ ∈ [0, 2π].
Â [1], [2] íàâåäåíà òàêà äâîïàðàìåòðè÷íà õàðàê-

òåðèñòèêà ìåðîìîðôíî¨ â A ôóíêöi¨ f :

T (τ, r, f) = m(1/τ, f) + m(r, f)− 2m(1, f)+

+N(τ, r, f) + cf log
τ

r
, τ ≥ 1, r ≥ 1.

Äîâåäåíî, ùî ôóíêöiÿ T (τ, r, f) � íåâiä'¹ìíà,
íåïåðåðâíà, íåñïàäíà òà îïóêëà ñòîñîâíî ëîãàðèôìà
êîæíî¨ çìiííî¨; T (τ, r, f) = T (τ, r, 1/f) ([1], [2]).

Äëÿ ìåðîìîðôíî¨ â A ôóíêöi¨ f ïðèéìåìî

κ∗(f) := lim sup
τ, r→∞

N(τ, r, f) + N(τ, r, 1/f)
T (τ, r, f)

.

Äëÿ äîâiëüíîãî a ∈ C ââåäåìî òàêó âåëè÷èíó

δ∗(a, f) := 1− lim sup
τ, r→∞

N(τ, r, 1
f−a )

T (τ, r, f)
,

ÿêó íàçâåìî äåôåêòîì ôóíêöi¨ f â òî÷öi a. Ç öèõ
îçíà÷åííü íåãàéíî âèïëèâà¹, ùî ó âèïàäêó, êîëè f �
àíàëiòè÷íà â A ôóíêöiÿ, òî κ∗(f) = 1− δ∗(0, f).
Ïàðó íåâiä'¹ìíèõ ÷èñåë (ρ1, ρ2), ÿêi çàäîâîëüíÿþòü
òàêi óìîâè
a) ∀ε > 0 ∃(τ0(ε), r0(ε)) : ∀(τ, r), τ > τ0(ε),
r > r0(ε) [T (τ, r) < τρ1+ε + rρ2+ε];
b) ∀ε > 0 ∃(τm, rk), τm → ∞, m → ∞, rk → ∞,
k →∞ [T (τm, rk) > τρ1−ε

m + rρ2−ε
k ],

íàçâåìî ïàðîþ ïîðÿäêiâ ôóíêöi¨ f .
Íåõàé

m2(r, f) =





1
2π

2π∫

0

∣∣ln |f(reiθ)|
∣∣2 dθ





1/2

, r > 0,

m2(τ, r, f) = m2(1/τ, f) + m2(r, f), τ ≥ 1, r ≥ 1.

Ïîçíà÷èìî

V (ρ) =
| sinπρ|

πρ

{
2

1 + sin 2πρ
2πρ

}1/2

, ρ > 0.

Òî÷íà îöiíêà çíèçó âåëè÷èíè

κ(f) = lim sup
r→∞

N(r, f) + N(r, 1/f)
T (r, f)

Ìàòåìàòèêà c© I.Ï. Êøàíîâñüêèé, 2008



I.Ï. Êøàíîâñüêèé

ó âèïàäêó, êîëè f � ìåðîìîðôíà â C ôóíêöiÿ
ïîðÿäêó ρ < 1 îäåðæàíà â [3], (äèâ. òàêîæ [4]).
Ïðîòå çàäà÷à ïðî çíàõîäæåííÿ íàéêðàùî¨ îöiíêè
çíèçó âåëè÷èí κ(f) äëÿ ìåðîìîðôíèõ â C ôóíêöié
ñêií÷åííîãî ïîðÿäêó ρ > 1 çàëèøà¹òüñÿ âiäêðèòîþ.
Íàéêðàùà ç âiäîìèõ ñüîãîäíi îöiíîê âåëè÷èíè κ(f)
äëÿ ìåðîìîðôíèõ â C ôóíêöié áóëà îòðèìàíà â [5],
[6] çà äîïîìîãîþ òî÷íî¨ îöiíêè çíèçó âåëè÷èíè

lim sup
r→∞

N(r, f) + N(r, 1/f)
m2(r, f)

.

Îöiíêà âåëè÷èíè

κ0(f) = lim sup
r→∞

N0(r, f) + N0(r, 1/f)
T0(r, f)

,

äëÿ ïåâíîãî êëàñó ôóíêöié áóëà îòðèìàíà â [7] çà
äîïîìîãîþ òî÷íî¨ îöiíêè çíèçó âåëè÷èíè

lim sup
r→∞

N0(r, f) + N0(r, 1/f)
m2(r, f) + m2(1/r, f)

,

äå

N0(r, f) =

r∫

1

n0(t, f)
t

dt, r ≥ 1,

n0(t, f) � êiëüêiñòü ïîëþñiâ ôóíêöi¨ f â {z : 1/t <
|z| ≤ t}, t ≥ 1,

m(r, f) =
1
2π

2π∫

0

log+ |f(reiθ)|dθ, r > 0,

m0(r, f) = m(r, f) + m(1/r, f)− 2m(1, f), r ≥ 1,

T0(r, f) = m0(r, f) + N0(r, f), r ≥ 1,

� õàðàêòåðèñòèêà Íåâàíëiííè ôóíêöi¨ f â A, ââåäåíà
íåùîäàâíî Êîíäðàòþêîì À.À. òà Õðèñòiÿíèíîì À.
ß. ([8])

Ó öié ðîáîòi ìè îòðèìó¹ìî îöiíêó âåëè÷èíè κ∗(f)
äëÿ ìåðîìîðôíèõ â A ôóíêöié çà äîïîìîãîþ òàêèõ
òåîðåì:

Òåîðåìà 1. Íåõàé f � ìåðîìîðôíà â A ôóíê-
öiÿ, (ρ1, ρ2) � ïàðà ïîðÿäêiâ ôóíêöi¨ f , 0 < ρ1 < ∞,
0 < ρ2 < ∞. Òîäi

lim sup
τ, r→+∞

N(τ, r, f) + N(τ, r, 1/f)
m2(τ, r, f)

≥ max{V (ρ1), V (ρ2)},
(1)

ïðè÷îìó öÿ íåðiâíiñòü òî÷íà, òîáòî äëÿ äåÿêî¨
ìåðîìîðôíî¨ â A ôóíêöi¨ â (1) iñíó¹ ðiâíiñòü.

Òåîðåìà 2. Íåõàé f � ìåðîìîðôíà â A ôóíê-
öiÿ, (ρ1, ρ2) � ïàðà ïîðÿäêiâ ôóíêöi¨ f , 0 < ρ1 < ∞,
0 < ρ2 < ∞. Òîäi

κ∗(f) ≥ 0, 9
|sinπρ∗|
ρ∗ + 1

, (2)

äå ρ∗ � òå ç ÷èñåë ρ1 òà ρ2, äëÿ ÿêîãî V (ρ∗) =
= max{V (ρ1), V (ρ2)}.

I. Äîïîìiæíi òâåðäæåííÿ
òà ðåçóëüòàòè

Íåõàé f ìåðîìîðôíà ó ïðîêîëåíié ïëîùèíi
A = C\{0} ôóíêöiÿ. ×åðåç Z(f) = {aν}, W (f) =
= {bµ}, ïîçíà÷èìî ïîñëiäîâíîñòi íóëiâ òà ïîëþñiâ
ôóíêöi¨ f âiäïîâiäíî, äå êîæåí íóëü ÷è ïîëþñ
ðàõó¹òüñÿ âiäïîâiäíî äî éîãî êðàòíîñòi.

×åðåç ck(r, f) ïîçíà÷èìî êîåôiöi¹íòè Ôóð'¹
ôóíêöi¨ log |f(reiθ)|,

ck(r, f) =
1
2π

2π∫

0

e−ikθ log |f(reiθ)|dθ, k ∈ Z, 0 < r < ∞.

Íàì çíàäîáëÿòüñÿ ðåçóëüòàòè ç [9], ÿêi ìè ñôîð-
ìóëþ¹ìî ó âèãëÿäi òàêèõ òåîðåì.

Òåîðåìà A. Íåõàé f � âiäìiííà âiä òîòîæíîãî
íóëÿ, ìåðîìîðôíà â {z : 1/R0 < |z| < R0}, R0 ≤ ∞,
ôóíêöiÿ, Z(f) = {aµ}, W (f) = {bν}. Íåõàé {αk}
âèçíà÷àþòüñÿ ç ðiâíîñòåé kαk = βk−1, k 6= 0,
äå f ′(z)

f(z)
=

∑

k∈Z
βkzk +

∑

|aµ|=1

1
z − aµ

−
∑

|bν |=1

1
z − bν

� ðîçâèíåííÿ ëîãàðèôìi÷ííî¨ ïîõiäíî¨ ôóíêöi¨ f â
äåÿêîìó îêîëi îäèíè÷íîãî êîëà. Òîäi

c0(1/r, f) + c0(r, f)− 2c0(1, f) = N0(r, 1/f)−N0(r, f),

ck(r, f) =
1
2
(αkrk + α−kr−k)+

+
1
2k

∑

1<|aµ|≤r

((
r

aµ

)k

−
(

aµ

r

)k
)
−

−
∑

1<|bν |≤r

((
r

bν

)k

−
(

bν

r

)k
)

, (3)

ck(1/r, f) =
1
2
(αkr−k + α−krk)+

+
1
2k

∑

1/r≤|aµ|≤1

(
(raµ)k −

(
1

raµ

)k
)
−

− 1
2k

∑

1/r≤|bν |≤1

(
(
rbν

)k −
(

1
rbν

)k
)

,

äå k 6= 0, 1 < r < R0.

Òåîðåìà B. Íåõàé f � ìåðîìîðôíà ôóíêöiÿ â
êiëüöi A = {z : 1/R0 < |z| < R0}, R0 ≤ ∞, âiäìiííà
âiä òîòîæíîãî íóëÿ. Òîäi iñíóþòü ôóíêöi¨ f1 òà f2

òàêi, ùî:
1) f1 � ìåðîìîðôíà â {z : |z| < R0}, f2 �

ìåðîìîðôíà â {z : |z| > 1/R0},

f(z) = f1(z)f2(z), z ∈ A;

2) íóëi òà ïîëþñè ôóíêöi¨ f1 çáiãàþòüñÿ ç íóëÿìè
òà ïîëþñàìè ôóíêöi¨ f â A

⋂{z : |z| > 1}, íóëi òà
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Îäíà åêñòðåìàëüíà äâîïàðàìåòðè÷íà çàäà÷à äëÿ ìåðîìîðôíèõ ó ïðîêîëåíié ïëîùèíi ôóíêöié

ïîëþñè ôóíêöi¨ f2 çáiãàþòüñÿ ç íóëÿìè òà ïîëþñàìè
ôóíêöi¨ f â A

⋂{z : |z| ≤ 1}.
Îçíà÷åííÿ A.([6]) Íåõàé X={xj}, γ={γk} �

äâi ïîñëiäîâíîñòi êîìïëåêñíèõ ÷èñåë. Ôóíêöi¨
ck(r,X, γ), k ∈ Z, äå

c0(r,X, γ) =

r∫

0

n(t,X)
t

dt,

n(t,X) � êiëüêiñòü ÷ëåíiâ ïîñëiäîâíîñòi X â êðóçi
{z : |z| ≤ t},

ck(r,X, γ) =
rk

2



γk +

1
k

∑

|xj |≤r

(
1
xj

)k


−

− 1
2k

∑

|xj |≤r

(
xj

r

)k

çà k ∈ N i ck = c−k çà −k ∈ N íàçèâàþòüñÿ
êîåôiöiåíòàìè Ôóð'¹ ïàðè (X, γ).

Òåîðåìà Ñ.([6]) Íåõàé ck(r) = ck(r,X, γ) �
êîåôiöiåíòè Ôóð'¹ ïàðè (X, γ), X = {xj}, xj 6= 0,
γ = {γk}, ùî çàäîâîëüíÿþòü óìîâó

+∞∑

k=−∞
|ck(r)|2 < ∞.

Òîäi iñíó¹ ¹äèíà öiëà ôóíêöiÿ F, F (0) = 1, äëÿ
ÿêî¨ Z(F ) = X i ck(r, F ) = ck(r) äëÿ óñiõ k ∈ Z i âñiõ
r > 0.

Òåîðåìà D.([10]) Íåõàé f � âiäìiííà âiä
òîòîæíîãî íóëÿ, ìåðîìîðôíà ôóíêöiÿ ó êiëüöi
D = {z : r0 < |z| < R0}, 0 < r0 < 1, 1 < R ≤ ∞, {aµ}
òà {bν} � ïîñëiäîâíîñòi íóëiâ òà ïîëþñiâ ôóíêöi¨ f
â D âiäïîâiäíî. Íåõàé n(1)(t, f) � ëi÷èëüíà ôóíêöiÿ
ïîëþñiâ ôóíêöi¨ f â îáëàñòi {z : t ≤ |z| < 1},
r0 < t < 1, à n(2)(t, f) - ëi÷èëüíà ôóíêöiÿ ïîëþñiâ
ôóíêöi¨ f â îáëàñòi {z : 1 ≤ |z| < t}, 1 ≤ t < R0. Òîäi

1
2π

2π∫

0

log |f(reiθ)|dθ − 1
2π

2π∫

0

log |f(eiθ)|dθ =

=

r∫

1

n(2)(t, 1/f)
t

dt−
r∫

1

n(2)(t, f)
t

dt + k(ψf ) log r,

1 ≤ r < R0,

1
2π

2π∫

0

log |f(reiθ)|dθ − 1
2π

2π∫

0

log |f(eiθ)|dθ =

=

1∫

r

n(1)(t, 1/f)
t

dt−
1∫

r

n(1)(t, f)
t

dt + k(ψf ) log r,

r0 < r ≤ 1,

äå k(ψf ) = 1
2πi

∫

|z|=1

ψ′f (z)
ψf (z)

dz, ψf (z) =

= f(z)

∏

|bν |=1

(z − bν)

∏

|aµ|=1

(z − aµ)
.

II. Äîâåäåííÿ òåîðåì 1, 2
Äîâåäåííÿ òåîðåìè 1. Ðîçãëÿíåìî òàêi âèïàä-

êè: 1) ×èñëà ρ1 òà ρ2 íå öiëi. Íåõàé

n(1/τ, 1) := n(1/τ, 1, f) + n(1/τ, 1, 1/f), τ > 1,

n(1, r) := n(1, r, f) + n(1, r, 1/f), r > 1,

n(T) := n(T, f) + n(T, 1/f).

N1(τ) = N1(τ, f) + N1(τ, 1/f), τ ≥ 1,

N2(r) = N2(r, f) + N2(r, 1/f), r ≥ 1.

Äîâåäåìî, ùî ρ[N1(τ)] = ρ1, ρ[N2(r)] = ρ2. Çà
òåîðåìîþ B ïðî äåêîìïîçèöiþ iñíóþòü ôóíêöi¨ f1 òà
f2 òàêi, ùî:

1) ôóíêöiÿ f1 ìåðîìîðôíà â C, f2 � ìåðîìîðôíà
â C \ {0},

f(z) = f1(z)f2(z), z ∈ A;

2) íóëi òà ïîëþñè ôóíêöi¨ f1 çáiãàþòüñÿ ç íóëÿìè
òà ïîëþñàìè ôóíêöi¨ f â A

⋂{z : |z| > 1}, íóëi òà
ïîëþñè ôóíêöi¨ f2 çáiãàþòüñÿ ç íóëÿìè òà ïîëþñàìè
ôóíêöi¨ f â A

⋂{z : |z| ≤ 1}.
Äîâåäåíî, ùî [9, c. 36]

| log+ |f(z)| − log+ |f2(z)|| ≤ C1(f), 0 < |z| ≤ 1,

| log+ |f(z)| − log+ |f1(z)|| ≤ C2(f)(1 + log r), |z| ≥ 1.

Ç öèõ íåðiâíîñòåé íåãàéíî âèïëèâà¹, ùî

|m(1/τ, f) + m(r, f)−m(r, f1)−m(τ, f̂2)| ≤
≤ C3(f)(1 + log r), r ≥ 1,

äå f̂2(z) = f2(1/z). Îñêiëüêè

N1(τ, f) = N(τ, f̂2) + O(log τ), τ ≥ 1,

N2(r, f) = N(r, f1) + O(log r), r ≥ 1,

òî ç îãëÿäó íà òå, ùî ÷èñëà ρ1 òà ρ2 íå öiëi, f1

òà f̂2 ìåðîìîðôíi â C, ìàòèìåìî, ùî ρ[N1(τ)] =
ρ1, ρ[N2(r)] = ρ2.

Ïîçíà÷èìî [ρ1] = q1, [ρ2] = q2,

X(1) = {x(1)
j } = {1/|aµ|}

⋃
{1/|bν |}, |aµ| ≤ 1, |bν | ≤ 1,

X(2) = {x(2)
i } = {|aµ|}

⋃
{|bν |}, |aµ| > 1, |bν | > 1,

γ
(1)
k =





|α−k|, 0 < k < q1 + 1,

−1
k

∑

x∈X(1)

(
1
x

)k

, k ≥ q1 + 1,
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γ
(2)
k =





|αk|, 0 < k < q2 + 1,

−1
k

∑

x∈X(2)

(
1
x

)k

, k ≥ q2 + 1,

äå αk âèçíà÷àþòüñÿ ç òåîðåìè A. Òîäi

ck(r,X(i), γ(i)) =
rk

2



γ

(i)
k +

1
k

∑

x∈X(i), |x|≤r

(
1
x

)k


−

− 1
2k

∑

x∈X(i), |x|≤r

(x

r

)k

, 0 < k < qi + 1, i = 1, 2. (4)

ck(r,X(i), γ(i)) = − 1
2k

∑

x∈X(i), |x|>r

( r

x

)k

−

− 1
2k

∑

x∈X(i), |x|≤r

(x

r

)k

, k ≥ qi + 1.

Îñêiëüêè ρ[Ni(r)] = ρi, i = 1, 2, òî äëÿ äåÿêèõ
Ai > 0, ε > 0, ρi + ε < qi + 1, ìà¹ìî

n(1/τ, 1) ≤ A1τ
ρ1+ε, τ > 1, n(1, r) ≤ A2r

ρ2+ε, r > 1.

Äàëi, çà äîïîìîãîþ âëàñòèâîñòåé iíòåãðàëà
Ñòiëüò'¹ñà òà ôîðìóëè iíòåãðóâàííÿ ÷àñòèíàìè,
çíàõîäèìî

|ck(r,X(1), γ(1))| = −ck(r,X(1), γ(1)) =

= −1
2

r∫

1

(
t

r

)k
n(1/t, 1)

t
dt+

+
1
2

∞∫

r

(r

t

)k n(1/t, 1)
t

dt+
n(T)
2krk

≤ A1r
k

2

∞∫

r

tρ1+ε−k−1dt+

+
n(T)
2krk

=
A1r

ρ1+ε

2(k − ρ1 − ε)
+

n(T)
2krk

.

|ck(r,X(2), γ(2))| = −ck(r,X(2), γ(2)) =

= −1
2

r∫

1

(
t

r

)k
n(1, t)

t
dt+

+
1
2

∞∫

r

(r

t

)k n(1, t)
t

dt ≤ A2r
k

2

∞∫

r

tρ2+ε−k−1dt =

=
A2r

ρ2+ε

2(k − ρ2 − ε)
.

Îòæå
+∞∑

k=−∞
|ck(r,X(i), γ(i))|2 < ∞, r > 1, i = 1, 2.

Äëÿ r ≤ 1 ç ðiâíîñòi ck(r,X(i), γ(i)) =

= − 1
2k

∑

x∈X(i)

( r

x

)k

îòðèìà¹ìî

|ck(r,X(i), γ(i))| = rk|γ(i)
k |/2 ≤ rkγ∗i /k, k ≥ q+1, i = 1, 2,

äå

γ∗i =
1
2

∑

x∈X(i)

(
1
x

)qi+1

, i = 1, 2.

Çâiäñè
+∞∑

k=−∞
|ck(r,X(i), γ(i))|2 < ∞, r ≤ 1, i = 1, 2.

Çà òåîðåìîþ C iñíóþòü öiëi ôóíêöi¨ F1 òà F2 òàêi,
ùî

ck(τ, X(1), γ(1)) = ck(τ, F1), k ∈ Z, (5)

ck(r,X(2), γ(2)) = ck(r, F2), k ∈ Z. (6)

Ç ñïiââiäíîøåííü (3), âðàõîâóþ÷è òå, ùî ìîäóëü
ñóìè íå ïåðåâèùó¹ ñóìó ìîäóëiâ, ìàòèìåìî

rk

∣∣∣∣∣∣
αk +

1
k

∑

1<|aµ|<r

(
1
aµ

)k

− 1
k

∑

1<|bν |<r

(
1
bν

)k
∣∣∣∣∣∣
≤

≤ 2|ck(r, f)|+
∣∣∣∣∣∣
1
k

∑

1<|aµ|<r

(
aµ

r

)k

− 1
k

∑

1<|bν |<r

(
bν

r

)k
∣∣∣∣∣∣
+

+|α−k|r−k. (7)

Îñêiëüêè
∣∣∣∣∣∣
1
k

∑

1<|aµ|<r

(
aµ

r

)k

− 1
k

∑

1<|aµ|<r

(
bν

r

)k
∣∣∣∣∣∣
≤

≤ 1
k

(n(1, r, f) + n(1, r, 1/f)) ≤

≤ 1
k




er∫

r

n(1, t, f)
t

dt +

er∫

r

n(1, t, 1/f)
t

dt


 ≤

≤ 1
k

(N2(er, f) + N2(er, 1/f))

i

|ck(r, f)|+|ck(1/τ, f)| ≤ 2T (τ, r, f)+O(log r)+O(log τ),

òî, ïîäiëèâøè (7) íà rk, i ïåðåõîäÿ÷è äî ãðàíèöi çà
r →∞, çíàõîäèìî

αk =
1
k


 ∑

1<|bν |<∞

(
1
bν

)k

−
∑

1<|aµ|<∞

(
1
aµ

)k

 ,

k > ρ2.
Ïiäñòàâëÿþ÷è αk â (3), îòðèìà¹ìî

ck(r, f) =
1
2
α−kr−k− 1

2k





∑

|aµ|>r

(
r

aµ

)k

−
∑

|bν |>r

(
r

bν

)k

+

+
∑

1<|aµ|≤r

(
aµ

r

)k

−
∑

1<|bν |≤r

(
bν

r

)k


 , 1 < r < ∞,
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k ≥ q2 + 1.
Ìiðêóþ÷è â òàêèé ñïîñiá, ëåãêî îòðèìàòè òàêi

ðiâíîñòi:

α−k =
1
k


 ∑

0<|bν |≤1

b
k

ν −
∑

0<|aµ|≤1

ak
µ


 , k > ρ1,

ck(
1
τ

, f) =
1
2
αkτ−k − 1

2k





∑

|aµ|<1/τ

(τaµ)k−

−
∑

|bν |<1/τ

(τbν)k + +
∑

1/τ≤|aµ|≤1

(
1

τaµ

)k

−

−
∑

1/τ≤|bν |≤1

(
1

τbν

)k


 , 1 < τ < ∞, k ≥ q1 + 1.

Çâiäñè

|ck(1/τ, f)| ≤ |ck(τ, F1)|+ |αk|
2τk

, k ≥ q1 + 1,

|ck(r, f)| ≤ |ck(r, F2)|+ |α−k|
2rk

, k ≥ q2 + 1.

Âðàõîâóþ÷è ðiâíîñòi äëÿ α−k, k > ρ1 òà αk,
k > ρ2, à òàêîæ òå, ùî r ≥ 1, τ ≥ 1, îòðèìà¹ìî

|ck(1/τ, f)| ≤ |ck(τ, F1)|+ γ∗2
k

, k ≥ q1 + 1,

|ck(r, f)| ≤ |ck(r, F2)|+ γ∗1
k

, k ≥ q2 + 1.

Êðiì òîãî, îñêiëüêè
∣∣∣∣a−

1
a

∣∣∣∣ = |a| − 1
|a| , ÿêùî

|a| ≥ 1, òî iç ñïiââiäíîøåííü (3) âèïëèâàþòü òàêi
íåðiâíîñòi:

|ck(1/τ, f)| ≤ |ck(τ, F1)|+ γ
(2)
k

2τk
≤ |ck(τ, F1)|+ γ

(2)
k

2
,

1 ≤ k ≤ q1,

|ck(r, f)| ≤ |ck(r, F2)|+ γ
(1)
k

2rk
≤ |ck(r, F )|+ γ

(1)
k

2
,

1 ≤ k ≤ q2.
Áåðó÷è äî óâàãè ñïiââiäíîøåííÿ òåîðåìè D,

ìîæåìî ñòâåðäæóâàòè, ùî

c0(1/τ, f) ≤ c0(τ, F1) + O(log τ), τ ≥ 1,

c0(r, f) ≤ c0(r, F2) + O(log r), r ≥ 1.

Àíàëiçóþ÷è îòðèìàíi âèùå íåðiâíîñòi äëÿ êîåôi-
öi¹íòiâ ck(r, f), òà ck(1/τ, f), îäåðæèìî

m2(1/τ, f) ≤ m2(τ, F1) + O(log τ), τ ≥ 1.

m2(r, f) ≤ m2(r, F2) + O(log r), r ≥ 1.

Ç (4) çà äîïîìîãîþ âëàñòèâîñòåé iíòåãðàëà
Ñòiëü¹ñà òà ôîðìóëè iíòåãðóâàííÿ ÷àñòèíàìè ëåãêî
îòðèìàòè òàêi ñïiââiäíîøåííÿ äëÿ k ≥ qi +1, i = 1, 2:

|ck(r, F1)|=k

2





r∫

1

(
t

r

)k
N1(t)

t
dt+

∞∫

r

(r

t

)k N1(t)
t

dt



−

−N1(r) +
n(T)
2krk

, (8)

|ck(r, F2)|=k

2





r∫

1

(
t

r

)k
N2(t)

t
dt+

∞∫

r

(r

t

)k N2(t)
t

dt



−

−N2(r), (8′)

à äëÿ 1 ≤ k ≤ qi (qi 6= 0),

0 ≤ ck(r, F1)=
1
2
γ

(1)
k rk+

k

2

r∫

1

((r

t

)k

−
(

t

r

)k
)

N1(t)
t

dt+

+N1(r) +
n(T)
2k

(rk − r−k). (9)

0 ≤ ck(r, F2) =
1
2
γ

(2)
k rk+

k

2

r∫

1

((r

t

)k

−
(

t

r

)k
)

N2(t)
t

dt+

+N2(r). (9′)

Çà ëåìîþ ïðî ïiêè Ïîéà äëÿ äîâiëüíîãî ε>0
iñíóþòü ïîñëiäîâíîñòi {τn},{rm}, τn → ∞, rm → ∞,
n,m → |∞, òàêi, ùî

N1(τ) ≤
(

τ

τn

)ρ1−ε

N1(τn), 0 ≤ τ ≤ τn,

N1(τ) ≤
(

τ

τn

)ρ1+ε

N1(τn), τn ≤ τ < ∞. (10)

N2(r) ≤
(

r

rm

)ρ2−ε

N2(rm), 0 ≤ r ≤ rm,

N2(r) ≤
(

r

rm

)ρ2+ε

N2(rm), rm ≤ r < ∞. (11)

Âèêîðèñòîâóþ÷è (10) òà (11), ç (8), (8') òà (9), (9'),
îäåðæèìî

|ck(τn, F1)| ≤ N1(τn)
{

k(k − ε)
(k − ε)2 − ρ2

1

− 1
}

+
n(T)
2kτk

n

,

k ≥ q1 + 1,

|ck(τn, F1)| ≤ N1(τn)
{

k2

(ρ1 − ε)2 − k2
− 1

}
+

+
1
2
γ

(1)
k τk

n +
n(T)
2k

(τk
n − τ−k

n ), 1 ≤ k ≤ q1.

|ck(rm, F2)| ≤ N2(rm)
{

k(k − ε)
(k − ε)2 − ρ2

2

− 1
}

, k ≥ q2+1,

|ck(rm, F2)| ≤ N2(rm)
{

k2

(ρ2 − ε)2 − k2
− 1

}
+

1
2
γ

(2)
k rk

m,

1 ≤ k ≤ q2.
Çàóâàæèìî, ùî ç (10) òà (11) âèïëèâàþòü, çîêðå-

ìà, òàêi àñèìïòîòè÷íi ðiâíîñòi:
τ q1
n = o(N1(τn)), n →∞, rq2

m = o(N2(rm)), m →∞.
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Âðàõîâóþ÷è öå çàóâàæåííÿ i äîâiëüíiñòü ε,
çíàõîäèìî

lim sup
n→∞

|ck(1/τn, f)|
N1(τn)

≤ lim sup
n→∞

|ck(τn, F1)|
N1(τn)

≤ ρ2
1

|k2 − ρ2
1|

,

k ∈ N.

lim sup
m→∞

|ck(rm, f)|
N2(rm)

≤ lim sup
n→∞

|ck(rm, F2)|
N2(rm)

≤ ρ2
2

|k2 − ρ2
2|

,

k ∈ N.
Ç îãëÿäó íà ðiâíiñòü Ïàðñåâàëÿ

{m2(r, Fi)}2 = c2
0(r, Fi) + 2

∞∑

k=1

|ck(r, Fi)|2, i = 1, 2.

îòðèìà¹ìî íåðiâíîñòi (äèâ. íàïð. [6])

lim inf
τ→∞

m2(1/τ, f)
N1(τ)

≤
{

+∞∑

k=−∞

ρ4
1

(ρ2
1 − k2)2

}1/2

=

=
πρ√

2| sin πρ1|

(
1 +

sin 2πρ1

2πρ1

)1/2

=
1

V (ρ1)
.

lim inf
r→∞

m2(r, f)
N2(r)

≤
{

+∞∑

k=−∞

ρ4
2

(ρ2
2 − k2)2

}1/2

=

=
πρ2√

2| sin πρ2|

(
1 +

sin 2πρ2

2πρ2

)1/2

=
1

V (ρ2)
.

Çâiäñè çíàõîäèìî, ùî äëÿ áóäü-ÿêîãî ε > 0 iñíó-
þòü ïîñëiäîâíîñòi τ∗n →∞, r∗m →∞ òàêi, ùî

m2(1/τ∗n, f) ≤
(

1
V (ρ1)

+ ε

)
N1(τ∗n), n ∈ N,

m2(r∗m, f) ≤
(

1
V (ρ2)

+ ε

)
N2(r∗m), m ∈ N.

Òîäi

lim inf
τ, r→∞

m2(1/τ, f) + m2(r, f)
N(τ, r, f) + N(τ, r, 1/f)

≤

≤ lim inf
τ, r→∞

m2(1/τ, f) + m2(r, f)
N1(τ) + N2(r)

≤

≤ lim inf
n, m→∞

m2(1/τ∗n, f) + m2(r∗m, f)
N1(τ∗n) + N2(r∗m)

≤

≤ lim inf
n, m→∞

(
1

V (ρ1)
+ ε

)
N1(τ∗n) +

(
1

V (ρ2)
+ ε

)
N2(r∗m)

N1(τ∗n) + N2(r∗m)
=

= min
{

1
V (ρ1)

+ ε,
1

V (ρ2)
+ ε

}
. (12)

Ñïðàâäi, íåõàé

min
{

1
V (ρ1)

,
1

V (ρ2)

}
=

1
V (ρ1)

.

Îñêiëüêè N1(τ∗n) → ∞, n → ∞, òî ìîæåìî
âèáðàòè òàêó ïiäïîñëiäîâíiñòü {τ∗nm

}, m → ∞ òàêó,
ùî N1(τ∗nm

) > mN2(r∗m), m ∈ N. Òîäi

1
V (ρ1)

+ ε ≤ lim inf
n, m→∞

(
1

V (ρ1)
+ ε

)
N1(τ∗n) +

(
1

V (ρ2)
+ ε

)
N2(r∗m)

N1(τ∗n) + N2(r∗m)
≤

≤ lim inf
m→∞

(
1

V (ρ1)
+ ε

)
N1(τ∗nm

) +
(

1
V (ρ2)

+ ε

)
N2(r∗m)

N1(τ∗nm
) + N2(r∗m)

=
1

V (ρ1)
+ ε.

ßêùî æ

min
{

1
V (ρ1)

,
1

V (ρ2)

}
=

1
V (ρ2)

,

òî ìiðêóâàííÿ àíàëîãi÷íi. Ç îãëÿäó íà äîâiëüíiñòü
ε > 0 íåðiâíiñòü (12) äîâîäèòü íàøå òâåðäæåííÿ ó
ðàçi, êîëè ρ1 òà ρ2 íå öiëi.

2) Îäíå ç ÷èñåë ρ1, ρ2 � íàòóðàëüíå. Íåõàé
äëÿ âèçíà÷åíîñòi ρ1 � íàòóðàëüíå ÷èñëî. Îñêiëüêè
ρ2 � íå öiëå, òî ìiðêóþ÷è â ïîäiáíèé ñïîñiá, ÿê ó
ïîïåðåäíüîìó âèïàäêó, çà äîïîìîãîþ ëåìè ïðî ïiêè
Ïîéà îòðèìà¹ìî, ùî äëÿ áóäü-ÿêîãî ε > 0 iñíó¹
ïîñëiäîâíiñòü {r∗m} → ∞,m →∞ òàêà, ùî

m2(r∗m, f) ≤
(

1
V (ρ2)

+ ε

)
N2(r∗m), m ∈ N.

Íåõàé {τn}, n ∈ N � äîâiëüíà ôiêñîâàíà ïîñëiäîâ-
íiñòü äîäàòíèõ ÷èñåë òàêà, ùî {τn} → ∞, n → ∞.

Òîäi
lim inf
τ, r→∞

m2(1/τ, f) + m2(r, f)
N(τ, r, f) + N(τ, r, 1/f)

≤

≤ lim inf
τ, r→∞

m2(1/τ, f) + m2(r, f)
N1(τ) + N2(r)

≤

≤ lim inf
τ, r→∞

m2(1/τ, f) + m2(r, f)
N2(r)

≤

≤ lim inf
n, m→∞

m2(1/τn, f) + m2(r∗m, f)
N2(r∗m)

≤

≤ lim inf
n, m→∞

m2(1/τn, f) +
(

1
V (ρ2)

+ ε
)

N2(r∗m)

N2(r∗m)
≤

≤ lim inf
n→∞

m2(1/τn, f)+
(

1
V (ρ2)

+ε
)

N2(r∗mn
)

N2(r∗mn
)

=
1

V (ρ2)
+ε,
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äå {rmn
} � ïiäïîñëiäîâíiñòü ïîñëiäîâíîñòi {rm} òàêà,

ùî N2(rmn) > nm2(1/τn, f), n ∈ N. Ç îãëÿäó íà
äîâiëüíiñòü ε > 0 îäåðæèìî ïîòðiáíó íåðiâíiñòü.

3) Ó ðàçi, êîëè ρ1 òà ρ2 íàòóðàëüíi ÷èñëà, òâåðä-
æåííÿ òåîðåìè î÷åâèäíå, îñêiëüêè V (ρ1)=V (ρ2)=0.

Ó [5] ïîáóäîâàíî ïðèêëàä öiëî¨ ôóíêöi¨ f0 ç
äîäàòíèìè íóëÿìè ïîðÿäêó ρ, äå ρ � íå öiëå, äëÿ ÿêî¨

N(r, 1/f0) =
1
ρ
rρ + o(rρ), r →∞,

lim
r→∞

{
m2(r, f0)
N(r, 1/f0)

}2

= 1 + 2
∞∑

k=1

ρ4

(ρ2 − k2)2
.

Íåõàé ρ1 òà ρ2 íå öiëi. ßê áóëî çàóâàæåíî âèùå,
ìîæíà ïîáóäóâàòè öiëi ôóíêöi¨ f1(z) òà f2(z) ç
äîäàòíèìè íóëÿìè ïîðÿäêiâ ρ1 òà ρ2 âiäïîâiäíî òàêi,
ùî

N(r, 1/fi) =
1
ρi

rρi + o(rρi), r →∞, i = 1, 2;

lim
r→∞

{
m2(r, fi)
N(r, 1/fi)

}2

= 1 + 2
∞∑

k=1

ρ4
i

(ρ2
i − k2)2

, i = 1, 2.

Ðîçãëÿíåìî ôóíêöiþ g(z) = f1(1/z)f2(z).
Îñêiëüêè f1(z) òà f2(z) - öiëi ôóíêöi¨ ç äîäàòíèìè
íóëÿìè, òî iñíóþòü τ0, r0 òàêi, ùî ôóíêöiÿ f1(z) íå
ìà¹ íóëiâ â êðóçi {z : |z| ≤ 1/τ0}, f2(z) íå ìà¹ íóëiâ â
êðóçi {z : |z| ≤ 1/r0}. Çâiäñè ìàòèìåìî, ùî iñíóþòü
ñòàëi C1, C2 òàêi, ùî

m2(1/r, f1) ≤ C1, r > τ0, m2(1/τ, f2) ≤ C2, τ > r0.

Îñêiëüêè

ck(t, g) = ck(1/t, f1) + ck(t, f2), 0 < t < ∞,

òî
m2(1/τ, g) = m2(τ, f1) + O(1), τ > r0,

m2(r, g) = m2(r, f2) + O(1), r > τ0.

Âðàõîâóþ÷è òàêîæ òå, ùî

N1(τ, 1/f) = N(τ, 1/f1) + O(log τ), τ ≥ 1,

N2(r, 1/f) = N(r, 1/f2) + O(log r), r ≥ 1,

îòðèìà¹ìî

lim inf
τ, r→∞

m2(1/τ, g) + m2(r, g)
N(τ, r, 1/g)

=

= lim inf
τ, r→∞

m2(τ, f1) + m2(r, f2)
N(τ, 1/f1) + N(r, 1/f2)

=

= lim inf
τ, r→∞

1
ρ1V (ρ1)

τρ1 + 1
ρ2V (ρ2)

rρ2

1
ρ1

τρ1 + 1
ρ2

rρ2
=

= min {1/V (ρ1), 1/V (ρ2)} ,

òîáòî îöiíêà (1) òî÷íà.

Äîâåäåííÿ òåîðåìè 2. Âðàõîâóþ÷è ìîíîòîí-
íiñòü mq(r, f) çà çìiííîþ q, ìàòèìåìî

m2(1/τ, f) + m2(r, f) ≥ m1(1/τ, f) + m1(r, f) =

= 2T (τ, r, f)−N(τ, r, f)−N(τ, r, 1/f)+O(log r)+O(log τ).

Òîìó

κ∗(f)
2−κ∗(f)

= lim sup
τ, r→∞

N(τ, r, f)+N(τ, r, 1/f)
2T (τ, r, f)−N(τ, r, f)−N(τ, r, 1/f)

≥

≥ lim sup
τ, r→∞

N(τ, r, f) + N(τ, r, 1/f)
m2(1/τ, f) + m2(r, f) + O(log τ) + O(log r)

=

= lim sup
τ, r→∞

N(τ, r, f) + N(τ, r, 1/f)
m2(1/τ, f) + m2(r, f)

.

Âðàõîâóþ÷è (1), ïðèõîäèìî äî íåðiâíîñòi

κ∗(f)
2− κ∗(f)

≥ | sin πρ∗|
πρ∗

{
2

1 + sin 2πρ∗
2πρ∗

}1/2

. (13)

Âèêîðèñòîâóþ÷è åëåìåíòàðíi îöiíêè (äèâ. íàï-
ðèêëàä [6], c. 64), îòðèìà¹ìî (2) ç (13).
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AN TWO-PARAMETRICAL EXTREMAL PROBLEM
FOR MEROMORPHIC FUNCTIONS IN A PUNCTURED PLANE

I.P. Kshanovskyy
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12 S. Banderà Str., 79013, Lviv, Ukraine

We obtain an estimate of

κ∗(f) := lim sup
τ, r→∞

N(τ, r, f) + N(τ, r, 1/f)

T (τ, r, f)

for meromorphic functions in a punctured plane.
Keywords: meromorphic function, Nevanlinna characteristic, de�ciency of the function, Fourier
coe�cients.
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