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Abstract: The calculation of the spatial changes of
the amplitude and phase of the order parameter was
performed in the Python environment with the use of the
Skipy and JiTCODE libraries.

In [N(CH;)4],CuCly crystals, there is an incommen-
surate phase /; at the small values of the magnitude of
long-range interaction (7<0.6) and an incommensurate
phase [, at 7>1.0. This is the same incommensurate
phase, although the behavior of the amplitude and phase
functions in it is different under the different conditions
mentioned above. At T = 0.6 ~ 1.0, the coexistence of
these two phases is observed which is manifested in the
absence of anomalous changes of q during the transition
from the sinusoidal mode of IC modulation to the soliton
regime.
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superstructure; surface energy, backward differentiation
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In the group of [N(CHj)4],MeCl, crystals, the
[N(CHj3),4]2CuCl, crystals deserve special attention, since
the results of theoretical studies [1] and experimental
studies [2] indicate the appearance of a commensurate
ferroelectric region in an incommensurate phase (IC).
The density of the thermodynamic potential of the
[N(CHj3)4]2CuCl, crystals can be written as follows:
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where p and ¢ are the amplitude and phase of a two-
component parameter of order 7, & o = o, is shear
stress; E=E, is an electric field. The shear deformation
u = uy, and the polarization P=P, are determined from
(1) with the use of the relations u=-0®/0c, P=-0D/0F. In

addition to the initial phase Cy, potential (1) corresponds
to two other commensurate phases: C; being stable at

(1)

v'> 0, with spontaneous value of u, and C, which is
stable at y' <0, with spontaneous value of P (6=0, £=0).

The IC phase is described by the constant amplitude
approximation Op/0z=0. It is assumed that only one
coefficient a depends on T: o=o(7— ®), and the coefficients
B,v', 9, c, > 0.

Under normal conditions, only the ferroelastic
commensurate phase is observed in the crystal
[N(CHj3)4]2CuCl, with the following sequence of phases:
initial — paraphase — (7=297K) — IC — (T, = 291K) —
commensurate-ferroelastic phase.

The result corresponding to the potential (1) for the
phase diagram in the 7' — E, plane was described in [1]
and is shown in Fig. 1. The field E, induces a new
commensurate C, polar phase C2V9 —P2icn. The IC phase
(indicated by the letter / in the figure) is the same, but its
structure is different (/; and 1) in different areas of the
phase diagram. To analyze the solutions of expression
(1), let us introduce the following notation:

1/2
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The value of E is chosen so that |E| = E| at the point
O (see Fig. 1a).

At o = ay, there is a phase transition Cy — [ of the
second order. The transition temperature 7=0 + oo/a,
does not depend on E. The dimensionless parameter €
characterizes the anisotropy in the space n, &.

The question arises as to whether the appearance of
ferroelectricity is already inherent in the peculiarities of
the structure of a given crystal, and hence in the peculiarities
of the processes of nucleation of an incommensurate
superstructure. For this purpose, the magnitude of the
wave vector (g) of the incommensurate superstructure
was calculated from the spatial modulation of the amplitude
of the order parameter and Lyapunov’s exponents.

In these systems (expression (1)), the incommen-
surate superstructure appears due to the presence of the
Lifshitz invariant in the thermodynamic potential. For
these systems, the amplitude and phase of the order
parameter in polar coordinates are described by two second-
order differential equations [3]:
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Fig. 1. Phase diagram on the T — E, coordinates,
where Cy is an output phase, C; and C, are commensurate
phases in dimensionless coordinates a./oy and |E|/E,, obtained
in [1] (a); phase diagram in T — E, coordinates obtained
experimentally (b) [2].
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less parameters, 7 is an integer characterizing the symmetry
of the potential, and dimensionless variables
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The calculation of the spatial changes of the amplitude
and phase of the order parameter was performed in the
Python environment using the Skipy and JITCODE libraries

according to the method described in [4]. According to
expressions (3) and (4), as noted in [5], the parameter T
describes a long-range interaction and the parameter K is
anisotropic, which is determined by the Dzyaloshinski
invariant.

The obtained spectrum of Lyapunov’s exponents is
shown in Fig. 2 when changing the parameters 7 and K
in the interval 0.0—-1.0.

According to Fig. 1, the first Lyapunov’s exponent
is the positive one, the second takes both negative and
positive values with a slight deviation of its value. The
third and fourth indicators are negative. It should be
noted that the first, second and fourth Lyapunov’s exponents
are abnormal in nature with a pronounced periodicity. At
K and T <1, this system is characterized by one positive
value of the Lyapunov’s exponent and three negative
ones. The third exponent takes a negative value, the modulo
of which significantly exceeds other exponents. Therefore,
the sum of all Lyapunov’s exponents is a negative value,
so the system has an attractor.

It should also be noted that the third Lyapunov’s
exponent is anomalous at 7’ <0.6 and K <1. This is indicated
in particular by the spectrum of A;. The presence of an
anomalous periodic nature of the behavior of A, A, is
indicated by the spectra of their quantities (Fig. 2).

The map of the spectrum of Lyapunov’s exponents
is characterized by an implicit line, which divides it into
two regions with different behavior of the values of the
exponents. This is especially evident for amplitude and
phase function. The nature of the behavior of the Lyapunov’s
exponents (especially A; and A4) indicate that structurally
these regions of the IC superstructure are different, although
they belong to the same IC phase. That is, the amplitude
and the phase functions in these two areas are different.

Let us consider the change of the incommensurate
wave vector in the range from 0 to 1.2. This range was
chosen for 7" and K changes according to [6], where the
dependence of Lyapunov’s exponents showed a transition to
a chaotic state (K > 1.2). It should also be noted that in
[7], the value of the parameter T for the phase IC was
chosen equal to 1 for reasons of realizing the minimum
effective potential. At small values of the parameters T’
and K, as noted in [8], the transition to an undeveloped
chaotic state was observed. This range of parameters T
and K was associated with the origin of the superstructure.
The phase diagram of the dependence of the magnitude
of the IC modulation wave vector on the parameters T
and K is shown in Fig.3. In the process of nucleation of
the superstructure caused by the growth of long-range
interaction (parameter 7) there is an increase in the
magnitude of the wave vector of the superstructure due
to a decrease in the wavelength of the modulation.
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Fig. 2. Dependence of Lyapunov’s exponents (a),
the spectrum of their values (b) when the parameters T and K
were changed in the interval 0.0+1.0.

Such behavior of g indicates that in the spatial
regions of the correlated motion of tetrahedral groups the
modulation wavelength is smaller than in the formation
of the IC superstructure. Under these conditions, considering
the increase in the value of the anisotropic interaction
(parameter K), the region of occurring the chaotic
undeveloped state with sharp peaks of the g value exists
in a rather narrow range of parameters 7, K (Fig. 4).

A further change of 7 and K is characterized by a
monotonic increase in ¢ at constant K and increasing 7,
and a monotonic decrease in g at a constant 7 and
increasing K. As it is known [9], in the IC phase anisotropic
interaction K decreases, indicating the increase in the
modulation wavelength. In our case, there is also an

increase in the wavelength of IC modulation (decrease in
the value of ¢) (Fig. 3, Fig. 4).
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Fig. 3. Dependence of the wave vector (q) of incommensurate
modulation on the magnitude of the long-range interaction T
and the anisotropic interaction K, which is described by the

Dzyaloshinsky invariant.
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Fig. 4. Evolution of the wave vector of the incommensurate
superstructure from the value of the anisotropic interaction K
at a constant value of T=1.0, n=3, where T; is the temperature
of transition to the incommensurate phase; T, is the transition
to the soliton mode of the superstructure; T, is the transition to
stochastic mode of the superstructure; Ty is a phase transition

to the commensurate phase.

According to Fig. 3, it should be noted that under the
condition of a linear increase in the values of 7" and K, a
range of their values at which an increase in the value of 7’
is accompanied by a decrease in the value of the wave
vector of the superstructure can be traced. That is, according
to the authors, the IC superstructure changes from sinusoidal
to soliton mode due to the increase in the number of IC
modulation harmonics, which causes a decrease in 7 and an
increase in K. Further changes in K and T cause chaotic
behavior of ¢, indicating the transition to the stochastic
mode of the IC superstructure with the emergence of a
chaotic phase. Therefore, summarizing the results mentioned
above, the parameters 7 and K responsible for the long-range
and anisotropic interaction, respectively, well describe the
behavior of the wave vector of IC modulation and its modes.



Calculation of the Phase State of the [N(Ch;) 4], CUCL4 Crystals 31

0.400 4

0.375

0.350

0.325 4

0.300 4

0.275

0.250

0.225 4

0.0 0.2 0.4 0.6 038 1.0 12 14
K

7=0.3

Fig. 5. Evolution of the wave vector of incommensurate
superstructure from the K value and constant value of T, n = 3,
where T; is the temperature of transition to the incommensurate

phase; T, is the transition to the soliton mode of the super-
structure; T, is the transition to stochastic mode of the super-
structure; T is a phase transition to the commensurate phase.

In the first approximation, we can assume that according
to Fig. 3 the range of changing 7 from 0 to 0.6 corresponds to
the first incommensurate phase /;, where chaotic states
are manifested, namely, a sharp change in the value of g.
With increasing long-range interaction and, hence,
the parameter T>0.6, the existence of the second
incommensurate phase /, is observed, being characterized by
all modes of the incommensurate superstructure. This
fact is confirmed in particular by studies of harmonics of
the IC modulation. Figure 5 shows the evolution of the
wave vector of the incommensurate superstructure from
the value of the anisotropic interaction K at a constant
value of T, which corresponds to the condition of
coexistence of two phases (7=0.6) and only phase [
(T=0.3). In contrast to phase L, phase /; does not show a
change in the mode of existence of the incommensurate
superstructure with increasing anisotropic interaction.

Therefore, in [N(CHj3)4],CuCly crystals at small values
of the magnitude of the long-range interaction (7<0.6)
there is the incommensurate phase /; at the small values
of the magnitude of long-range interaction (7<0.6) and
the incommensurate phase /, at 7>1.0. This is the same
incommensurate phase, although the behavior of the

amplitude and phase functions in it is different under the
different conditions mentioned above. At 7= 0.6 ~ 1.0,
the coexistence of these two phases is observed which is
manifested in the absence of anomalous changes of q
during the transition from the sinusoidal mode of IC
modulation to the soliton regime.
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PO3PAXYHOK ®A3HMX CTAHIB
KPUCTAJIB [N(CH;),]2CUCL,

Cepriii Cese6a, IBan Katepunuyk,
IBan Kynrbo, IBan Kapna, Octan CemoTIOK,
Bosogumup bpuriieBuy

Po3paxyHOK IpOCTOPOBHX 3MiH CTaHIB aMIUTITYaM i da3u
napameTpis Oyi0 BUKOHaHO y cepenosuili Python 3 Buxopuc-
taHHsM Gi6uiorek Skipy ta JITCODE.

V kpuranax [N(CH;)4],CuCly icHye HecniBpo3mipHa da3za
I} ipy ManMX 3HaYeHHSIX BEJIMYMHHU JANIbHBO0I B3aemonii (7<0.6) Ta
HecriBpo3MmipHa ¢a3za [, mpu 7>1.0. Lle Ta x cama HecmiB-
po3mipHa (aza, Xxo4ya IOBEIiHKA aMIUNTYJHUX Ta (a30BHX
GbyHKUIH y Hell BiIpi3HAETBCSA 32 PI3HUX YMOB, 3raJlaHUX BHILE.
Ipu T'= 0.6 + 1.0, cocTepiraerbest CHiBiCHYBaHHS IIUX JABOX
¢ba3, 10 NPOABIAETHCS Y BIICYTHOCTI aHOMAIBHUX 3MiH ( MiJ
4ac Mepexofy BiJj CHHYCOIJHOrO PEXHMY MOAYIALIl HecriB-
PO3MipHOI (ha3u 10 PeXKUMY CONITOHA.
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