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Âñòàíîâëåíî óìîâè iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i ç äâîòî÷êîâèìè íåëîêàëüíèìè

óìîâàìè çà ÷àñîâîþ çìiííîþ t ç îäíèì ïàðàìåòðîì äëÿ áåçòèïíî¨ ñèñòåìè äèôåðåíöiàëüíèõ
ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè ïåðøîãî ïîðÿäêó çà ÷àñîâîþ çìiííîþ, ÿêà ìiñòèòü çíà÷å-
ííÿ øóêàíîãî ðîçâ'ÿçêó ó òî÷êàõ, çñóíóòèõ íà ñòàëi âåëè÷èíè ξj çà ïðîñòîðîâîþ çìiííîþ
x = (x1, . . . , xp). Ðîçâ'ÿçîê øóêà¹òüñÿ ó êëàñi ïðîñòîðiâ Ñîáîë¹âà âåêòîð-ôóíêöié. Çàäà÷à ¹
íåêîðåêòíîþ i ïîâ'ÿçàíîþ ç ïðîáëåìîþ ìàëèõ çíàìåííèêiâ, äëÿ îöiíþâàííÿ ÿêèõ âèêîðè-
ñòàíî ìåòîäèêó ìåòðè÷íîãî ïiäõîäó. Äîâåäåíî îäíîçíà÷íó ðîçâ'ÿçíiñòü çàäà÷i ç éìîâiðíiñòþ
îäèíèöÿ íà ìíîæèíi çñóâiâ ξj , âñòàíîâëåíî ðiâíîìiðíi îöiíêè ðîçâ'ÿçêó, ÿêi âèêîíóþòüñÿ ç
éìîâiðíiñòþ áëèçüêîþ äî îäèíèöi.

Êëþ÷îâi ñëîâà: ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè, íåëîêàëüíi óìîâè, ïðîñòîðè Ñîáîë¹âà,
ìàëi çíàìåííèêè.

2000 MSC: 35G30

ÓÄÊ: 517.946+511.37

I. Ïîñòàíîâêà çàäà÷i

Â îáëàñòi Dp = [0, T ] × Ωp2π �äåêàðòîâîìó äîáó-
òêó âiäðiçêà [0, T ] äîâæèíè T > 0 ÷àñîâî¨ çìiííî¨ t òà
p-âèìiðíîãî òîðà Ωp2π âåêòîðà x = (x1, . . . , xp) ïðî-
ñòîðîâèõ çìiííèõ x1, . . . , xp, äå p > 1, ðîçãëÿäà¹òüñÿ
çàäà÷à ç íåëîêàëüíîþ óìîâîþ çà ÷àñîì äëÿ àíiçîòðî-
ïíî¨ ñèñòåìè ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè ïåðøî-
ãî ïîðÿäêó çà ÷àñîâîþ çìiííîþ çi çñóâàìè ïðîñòîðî-
âîãî àðãóìåíòó, à ñàìå:

∂u

∂t
= A1(D)uξ1 + · · ·+AQ(D)uξQ + f, (1)

u|t=0 − µu|t=T = φ. (2)

Òóò u = col(u1, . . . , um) òà f = col(f1, . . . , fm)� âiäïî-
âiäíî øóêàíà òà âiäîìà âåêòîð-ôóíêöi¨ â îáëàñòi Dp,
φ = col(φ1, . . . , φm)� âiäîìà âåêòîð-ôóíêöiÿ â îáëà-
ñòi Ωp2π; ôóíêöiÿ uξ ïîçíà÷à¹ ôóíêöiþ u çi çñóíóòèì
íà âåêòîð ξ ∈ Ωp2π àðãóìåíòîì x,

Aj(D) = A
(
− i

∂

∂x1
, . . . ,−i ∂

∂xp

)
−

äèôåðåíöiàëüíi çà ïðîñòîðîâèìè çìiííèìè âèðàçè çi
ñòàëèìè ìàòðè÷íèìè êîåôiöi¹íòàìè, ÷èñëî µ íàëå-
æèòü äî ìíîæèíè OM , ùî ¹ çàìêíóòèì êðóãîì ðà-
äióñà M ç öåíòðîì ó ïî÷àòêó êîîðäèíàò êîìïëåêñíî¨
ïëîùèíè C.

Öþ çàäà÷ó âèâ÷àëè ó ðîáîòi [1] äëÿ ôiêñîâàíèõ
âåêòîðíèõ çñóâiâ ξ1, . . . , ξQ i ôiêñîâàíèõ ìàòðè÷íèõ

êîåôiöi¹íòiâ ó ñèñòåìi (1). Äëÿ äîâiëüíîãî ε âñòàíîâ-
ëåíî óìîâè ðîçâ'ÿçíîñòi ç éìîâiðíiñòþ íà ìíîæèíi
OM íå ìåíøîþ, íiæ (1− ε), çàäà÷i (1), (2) òà çíàéäå-
íî îöiíêó íîðìè ðîçâ'ÿçêó u, ÿêà ¹ ðiâíîìiðíîþ çà
ïàðàìåòðîì µ íà ìíîæèíi OM .

Ó ðîáîòi äîñëiäæó¹òüñÿ çàäà÷à ïðè ôiêñîâàíîìó
çíà÷åííi ïàðàìåòðà µ ∈ OM \ {0, 1} òà ôiêñîâàíèõ
ìàòðè÷íèõ êîåôiöi¹íòàõ ñèñòåìè ðiâíÿíü ç ÷àñòèí-
íèìè ïîõiäíèìè (1). Çìiííèìè ïàðàìåòðàìè áóäóòü
âåêòîðíi çñóâè ξ1, . . . , ξQ.

Áóäåìî âèêîðèñòîâóâàòè äåÿêi ïîçíà÷åííÿ ç ðî-
áîòè [1], çîêðåìà ââåäåíå òàì ïîíÿòòÿ ðîçâ'ÿçíîñòi ç
éìîâiðíiñòþ íà ìíîæèíi.

II. Ïîçíà÷åííÿ òà îçíà÷åííÿ

Íåõàé T �ëiíiéíèé ïðîñòið òðèãîíîìåòðè÷íèõ
2π-ïåðiîäè÷íèõ ìíîãî÷ëåíiâ, çàëåæíèõ âiä p çìiííèõ
x1, . . . , xp, à T ′ ïîçíà÷à¹ ñïðÿæåíèé ç T ïðîñòið �
ïðîñòið óçàãàëüíåíèõ 2π-ïåðiîäè÷íèõ ôóíêöié, àáî
ïðîñòið ôîðìàëüíèõ òðèãîíîìåòðè÷íèõ ðÿäiâ [2].

ßêùî âåêòîð-ôóíêöiÿ φ íàëåæèòü ïðîñòîðó
(T ′)m, äå (T ′)m � ñòåïiíü (äåêàðòîâèé äîáóòîê) ïðî-
ñòîðiâ T ′, òî

φ =
∑
k∈Zp

φke
i(k,x), ⟨xφ,ψ⟩ =

∑
k∈Zp

ψ∗
kφk,

⟨xψ,ψ⟩ =
∑
k∈Zp

ψ∗
kψk =

∑
k∈Zp

∥ψk∥2,
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Ðîçâ'ÿçíiñòü íåëîêàëüíî¨ çàäà÷i äëÿ ëiíiéíèõ íåîäíîðiäíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè çi çñóâàìè àðãóìåíòiâ

ïðè÷îìó φk òà ψk � âåêòîð-ñòîâïöi iç ïðîñòîðó Cm,
⟨xφ,ψ⟩ îçíà÷à¹ äiþ óçàãàëüíåíî¨ âåêòîð-ôóíêöi¨ φ íà
ìíîãî÷ëåííó âåêòîð-ôóíêöiþ ψ =

∑
k

ψke
i(k,x) ∈ T m,

ψ∗
k � åðìiòîâî ñïðÿæåíèé ç âåêòîðîì ψk âåêòîð, ∥·∥�

åâêëiäîâà íîðìà â Cm, (k, x) = k1x1+. . .+kpxp � ñêà-
ëÿðíèé äîáóòîê â Rp, k ∈ Zp, x ∈ Ωp2π. Çâiäñè âèïëè-
âà¹ ôîðìóëà φk = col

(
⟨xφ1, e

i(k,x)⟩, . . . , ⟨xφm, ei(k,x)⟩
)

äëÿ îá÷èñëåííÿ êîåôiöi¹íòà Ôóð'¹ φk âåêòîð-ôóíêöi¨
φ = col(φ1, . . . , φm).

Ñèñòåìó ðiâíÿíü (1) íà ïðîìiæêó [0, T ] òà óìîâè
(2) ðîçóìi¹ìî ÿê ðiâíîñòi âåêòîð-ôóíêöié ó ïðîñòî-
ði (T ′)m. Âiäîìî [2], ùî 2π-ïåðiîäè÷íi óçàãàëüíåíi
ôóíêöi¨ ¹ ðiâíèìè, ÿêùî çáiãàþòüñÿ ¨õ êîåôiöi¹íòè
Ôóð'¹ i íàâïàêè, iç ðiâíîñòi êîåôiöi¹íòiâ Ôóð'¹ âè-
ïëèâà¹ ðiâíiñòü ôóíêöié.

ßêùî u =
∑
k∈Zp

uk(t)e
i(k,x) íàëåæèòü (T ′)m äëÿ

âñiõ t ∈ [0, T ] i uk ∈ C1[0, T ], òî ïîõiäíà ∂u/∂t òàêîæ
íàëåæèòü (T ′)m i âèçíà÷à¹òüñÿ çà ôîðìóëîþ

∂u

∂t
=
∑
k∈Zp

u′k(t)e
i(k,x).

Ôóíêöiÿ uξ ç âåêòîðíèì çñóâîì ξ, ÿêèé íàëåæèòü
äî ìíîæèíè Ωp2π, íàëåæèòü äî ïðîñòîðó (T ′)m, ÿêùî
u ∈ (T ′)m, ïðè÷îìó

uξ =
∑
k∈Zp

ei(k,ξ)uk(t)e
i(k,x),

⟨xuξ, ψ⟩ =
∑
k∈Zp

ei(k,ξ)ψ∗
kuk(t) ≡ ⟨xu, ψ(· − ξ)⟩.

Äëÿ ãëàäêèõ çà çìiííîþ x ôóíêöié u = u(t, x)
ìà¹ìî uξ(t, x) = u(t, x+ ξ).

Ìàòðè÷íèé îïåðàòîð F (D) íà ïðîñòîði (T ′)m âè-
çíà÷à¹òüñÿ ôîðìóëîþ

F (D)φ =
∑
k∈Zp

F (k)φke
i(k,x),

äå F (k)�êâàäðàòíà ìàòðèöÿ ç êîìïëåêñíèìè åëå-
ìåíòàìè, φ =

∑
k∈Zp

φke
i(k,x).

Ïîçíà÷èìî T1 �ëiíiéíèé ïðîñòið ñêií÷åííèõ ñóì

v = v(t, x) =
∑
(k,r)

vk,re
τ(r)t+i(k,x),

T ′
1 � ñïðÿæåíèé ç T1 ïðîñòið, åëåìåíòàìè ÿêîãî ¹ ðÿ-
äè

∑
(k,r)

wk,re
τ(r)t+i(k,x), äå wk,r ∈ C,

τ(r) = (i2πr − lnµ)/T, eτ(r)t = µ−t/T ei2πrt/T ,

lnµ� ãîëîâíå çíà÷åííÿ ëîãàðèôìà

lnµ = ln |µ|+ i argµ, 0 ≤ argµ < 2π.

Äiþ ôóíêöiîíàëó f ∈ (T ′
1 )
m íà ôóíêöiþ v ∈ (T1)m

âèçíà÷à¹ìî ôîðìóëîþ

⟨f, v⟩ =
∑

(k,r)∈Zp+1

v∗k,rfk,r.

Ôóíêöi¨ eτ(r)t+i(k,x) ¹ âëàñíèìè ôóíêöiÿìè äèôå-
ðåíöiàëüíèõ îïåðàòîðiâ [4], ùî ïîðîäæåíi äèôåðåí-
öiàëüíèìè îïåðàöiÿìè çà çìiííèìè t òà x çi ñòàëèìè
êîåôiöi¹íòàìè i îäíîðiäíèìè óìîâàìè (2). Öi ôóí-
êöi¨ óòâîðþþòü áàçó Ðiñà ó ïðîñòîði L2(Dp) i âèêîðè-
ñòîâóþòüñÿ ïiä ÷àñ äîñëiäæåííÿ íåëîêàëüíèõ çàäà÷
ç óìîâàìè (2) äëÿ ðiâíÿíü òà ñèñòåì ðiâíÿíü (1) ñêií-
÷åííîãî [4] òà íåñêií÷åííîãî [3, 5, 6] ïîðÿäêó. Çîêðå-
ìà â ðîáîòàõ [3, 5] ââåäåíî ïðîñòîðè Ñîáîë¹âà ñêií-
÷åííîãî ïîðÿäêó Wq(Dp), q ∈ R, ó ñêàëÿðíîìó òà
âåêòîðíîìó âèïàäêó âiäïîâiäíî.

Îòæå,Wq(Dp)�ïðîñòið âåêòîð-ôóíêöié u iç ïðî-
ñòîðó (T ′

1 )
m, ÿêi ìàþòü ñêií÷åííó íîðìó

∥u;Wq(Dp)∥ =
( ∑

(k,r)∈Zp+1

(
k̃ 2l + r2

)q
u∗k,ruk,r

)1/2
,

äå k̃ 2 = 1+k21+. . .+k
2
p. Ïîäiáíî âèçíà÷à¹òüñÿ ïðîñòið

Hq(Ω
p
2π) äëÿ q ∈ R, à ñàìå:

Hq(Ω
p
2π) =

{
φ ∈ (T ′)m :

∥φ;Hq(Ω
p
2π)∥2 =

∑
k∈Zp

k̃ 2q∥φk∥2 <∞
}
.

ßêùî h ¹ àáñîëþòíî iíòåãðîâíîþ íà âiäðiçêó [0, T ]
ôóíêöi¹þ, òîäi äëÿ äîâiëüíî¨ ôóíêöi¨ φ ∈ (T ′)m, äî-
áóòîê hφ íàëåæèòü äî ïðîñòîðó (T ′)m, ïðè÷îìó

⟨hφ, v⟩ = 1

T

∑
(k,r)∈Zp+1

v∗k,rφk

∫ T

0

e−τ(r)th(t) dt,

äå φ =
∑
k∈Zp

φke
i(k,x). Çîêðåìà, ó âèïàäêó ñòàëî¨ ôóí-

êöi¨ h, à ñàìå h(t) =
1

1− µ
, ìà¹ìî

⟨ φ

1− µ
, v
⟩
=

1

T

∑
(k,r)∈Zp+1

v∗k,rφk

τ(r)
=

∑
(k,r)∈Zp+1

v∗k,rφk,r,

äå φk,r =
1

T
· φk
τ(r)

.

Íåõàé ε ∈ [0, 1], ξ̄ = (ξ1, . . . , ξQ1)� âåêòîð çñóâiâ,
äå 1 ≤ Q1 ≤ Q.

Ââåäåìî íà ìíîæèíi çñóâiâ (Ωp2π)
Q1 ãåîìåòðè÷íó

éìîâiðíiñòü P çà ôîðìóëîþ

P (Ω) =
measΩ
(2π)pQ1

,

äå Ω ⊂ (Ωp2π)
Q1 � âèìiðíà ìíîæèíà, i äàìî îçíà÷åííÿ

ðîçâ'ÿçíîñòi çàäà÷i [1].

Îçíà÷åííÿ 1. Çàäà÷ó (1), (2) íàçèâà¹ìî ðîç-
â'ÿçíîþ ó ïðîñòîði Wq(Dp) ç éìîâiðíiñòþ 1 − ε íà
ìíîæèíi çñóâiâ (Ωp2π)

Q1 , ÿêùî iñíó¹ òàêà âèìiðíà ïiä-
ìíîæèíà Ω ìíîæèíè (Ωp2π)

Q1 , ùî P (Ω) ≥ 1− ε i äëÿ
êîæíîãî âåêòîðà ξ̄ ∈ Ω çàäà÷à (1), (2) ìà¹ ¹äèíèé
ðîçâ'ÿçîê ó ïðîñòîði Wq(Dp).

Mathematics 47
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Â.Ñ. Iëüêiâ

Â îçíà÷åííi âèêîðèñòàíî ìåòðè÷íèé ïiäõiä äî ïè-
òàííÿ ðîçâ'ÿçíîñòi çàäà÷i (1), (2). Óìîâè ðîçâ'ÿçíî-
ñòi çàëåæàòü âiä ε: ïðè çáiëüøåííi ε âîíè ïîñëàáëþ-
þòüñÿ, à ïðè ε = 0 âîíè ¹ íàéñèëüíiøèìè. Ðîçâ'ÿ-
çíiñòü çàäà÷i (1), (2) ëèøå äëÿ îäíîãî ôiêñîâàíîãî
ξ̄ ∈ (Ωp2π)

Q1 îçíà÷à¹ ðîçâ'ÿçíiñòü ç íóëüîâîþ éìîâið-
íiñòþ (measΩ = 0, ε = 1).

III. Ïîáóäîâà ðîçâ'ÿçêó. Ìåòðè÷íi
îöiíêè

Áóäåìî âèêîðèñòîâóâàòè ôóíêöi¨ eτ(r)t+i(k,x) ïi-
ñëÿ çàìiíè u = ũ + φ/(1 − µ), ÿêà ïðèâîäèòü çàäà÷ó
(1), (2) äî çàäà÷i ç îäíîðiäíèìè íåëîêàëüíèìè óìî-
âàìè

∂ũ

∂t
=

Q∑
j=1

Aj(D)ũξj +
1

1− µ

Q∑
j=1

Aj(D)φξj + f, (3)

ũ|t=0 − µũ|t=T = 0, (4)

äå ũ = ũ(t, x)�íîâà íåâiäîìà ôóíêöiÿ.
Íåõàé uk,r, ũk,r òà φk,r, fk,r �êîåôiöi¹íòè Ôóð'¹

âiäïîâiäíî ôóíêöié u, ũ òà φ/(1− µ), f çà ñèñòåìîþ
åêñïîíåíò eτ(r)t+i(k,x). Òîäi ñïðàâäæóþòüñÿ òàêi ðiâ-
íîñòi äëÿ âñiõ (k, r) ∈ Zp+1:

uk,r = ũk,r + φk,r, τ(r)ũk,r = A(k)uk,r + fk,r,

äå

A(k) =

Q∑
j=1

Aj(k)e
i(k,ξj). (5)

Ç öèõ ðiâíîñòåé îòðèìó¹ìî ñèñòåìè ëiíiéíèõ àëãåáðè-
÷íèõ ðiâíÿíü

L(k, r)ũk,r = fk,r +A(k)φk,r,

L(k, r)uk,r = fk,r + τ(r)φk,r,
(6)

äå L(k, r) = τ(r)E −A(k), E � îäèíè÷íà ìàòðèöÿ.
Íåõàé Ω̃�ìíîæèíà òàêèõ âåêòîðiâ ξ̄ ∈ (Ωp2π)

Q1 ,
ùî õî÷à á äëÿ îäíîãî âåêòîðà (k, r) ∈ Zp+1, äå k ̸= 0,
ìà¹ìî ðiâíiñòü detL(k, r) := detL(k, r; ξ̄) = 0.

Ïîçíà÷èìî Ω(1) = (Ωp2π)
Q1 \ Ω̃, òîäi

measΩ(1) = meas (Ωp2π)
Q1 = (2π)pQ1 .

Îñòàííÿ ðiâíiñòü âèïëèâà¹ ç òîãî, ùî ìíîæèíà íó-
ëiâ Ω̃ çëi÷åííî¨ êiëüêîñòi öiëèõ ôóíêöié L(k, r; ξ̄) ìà¹
íóëüîâó ìiðó.

Äëÿ äîâiëüíîãî âåêòîðà ξ ∈ Ω(1) iñíó¹ ¹äèíèé
ðîçâ'ÿçîê ñèñòåìè ëiíiéíèõ àëãåáðè÷íèõ ðiâíÿíü (6)
äëÿ êîæíîãî âåêòîðà k ∈ Zp \ {0}, à çíà÷èòü

uk,r = L−1(k, r)
(
fk,r +

φk
T

)
,

∥uk,r∥2 ≤ 2∥L−1(k, r)∥2
(
∥fk,r∥2 +

1

T 2
∥φk∥2

)
. (7)

Îñêiëüêè L(k, r) = τ(r)
(
E − A(k)

τ(r)

)
i

∥A(k)∥ ≤
Q∑
j=1

∥Aj(k)∥ ≤ ηk̃ l,

äå ∥ · ∥� åâêëiäîâà íîðìà ìàòðèöi,

η = sup
k∈Zp

(
∥A1(k)∥+ · · ·+ ∥AQ(k)∥

)
/k̃ l,

òî iç íåðiâíîñòi |τ(r)| ≥ 2ηk̃ l âèïëèâà¹ îöiíêà

∥L−1(k, r)∥ = |τ(r)|−1
∥∥∥(E − A(k)

τ(r)

)−1∥∥∥ ≤

≤ |τ(r)|−1
∞∑
j=0

(∥∥A(k)∥∥
|τ(r)|

)j
≤ 2

|τ(r)|
. (8)

Äàëi âñòàíîâëþ¹ìî îöiíêó çâåðõó âåëè÷èíè íîð-
ìè îáåðíåíî¨ ìàòðèöi ∥L−1(k, r)∥ ó âèïàäêó

|τ(r)| < 2ηk̃ l. (9)

Ëåìà 1. Íåõàé ñïðàâäæó¹òüñÿ íåðiâíiñòü
(9) i âèêîíó¹òüñÿ óìîâà

η1 := sup
k∈Zp

k̃ l min
j=1,...,Q1

∥∥A−1
j (k)

∥∥ <∞. (10)

Ïîçíà÷èìî L1(k, r) = −A−1
j (k)L(k, r), äå (k, r)�

ðîçâ'ÿçîê íåðiâíîñòi (9), j = j(k) òå çíà÷åííÿ ií-
äåêñà, çà ÿêîãî äîñÿãà¹òüñÿ ìiíiìóì ó ôîðìóëi (10).
Òîäi ìiðà ìíîæèíè Ω(k, r) âåêòîðiâ ξ̄ ∈ (Ωp2π)

Q1 , äëÿ
ÿêèõ

| detL1(k, r)| < εk, 0 < εk < 1, (11)

ìà¹ äëÿ k ̸= 0 îöiíêó çãîðè

measΩ(k, r) <
3m

2
(2π)Q1ppp/2ωp−1ε

1/m
k , (12)

äå ωp−1 � îá'¹ì (p− 1)-âèìiðíî¨ êóëi îäèíè÷íîãî äià-
ìåòðà.

� Äîâåäåííÿ. Îñêiëüêè zj(k) = ei(k,ξj), äå
j = 1 . . . , Q, � îäèíè÷íi âåêòîðè,

L1(k, r) = zj(k)− τ(r)A−1
j (k)+

+

Q∑
α=1,α̸=j

zα(k)A
−1
j (k)Aα(k),

∥τ(r)A−1
j (k)∥ = |τ(r)| · ∥A−1

j (k)∥ ≤

≤ 2ηk̃ l∥A−1
j (k)∥ ≤ 2ηη1,

∥∥∥ Q∑
α=1,α ̸=j

zα(k)A
−1
j (k)Aα(k)

∥∥∥ ≤

≤ ∥k̃ lA−1
j (k)∥ ·

Q∑
α=1,α̸=j

∥∥∥Aα(k)
k̃ l

∥∥∥ ≤ ηη1,
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Ðîçâ'ÿçíiñòü íåëîêàëüíî¨ çàäà÷i äëÿ ëiíiéíèõ íåîäíîðiäíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè çi çñóâàìè àðãóìåíòiâ

òî ìàòðèöÿ L1(k, r) ìà¹ ðiâíîìiðíî îáìåæåíi çãî-
ðè çà çìiííèìè k òà r åëåìåíòè, à, îòæå, é íîð-
ìó, ÿê i ¨¨ ñóïðîâîäæóþ÷à ìàòðèöÿ L∨

1 (k, r) :=
detL1(k, r)L

−1
1 (k, r):

∥L1(k, r)∥ ≤ m+ 3ηη1,

∥L∨
1 (k, r)∥ ≤ ∥L1(k, r)∥m−1 ≤ (m+ 3ηη1)

m−1.

Îáìåæåíèìè ¹ òàêîæ ÷èñëà λ1(k, r), . . . , λm(k, r)�
âëàñíi çíà÷åííÿ ìàòðèöi L1(k, r):

|λj(k, r)| ≤ m+ 3ηη1, j = 1, . . . ,m.

Íåõàé Ωα(k, r), äå α = 1, . . . ,m, ïîçíà÷à¹ ìíîæè-
íó òèõ ξ̄ ∈ (Ωp2π)

Q1 , äëÿ ÿêèõ

|zj(k)− λα(k, r)| < ε
1/m
k , (13)

à Ωαξ̄j (k, r)�ìíîæèíó âåêòîðiâ ξj ∈ Ωp2π, äëÿ ÿêèõ
âèêîíó¹òüñÿ íåðiâíiñòü (13) äëÿ âñiõ iíøèõ ôiêñîâà-
íèõ âåêòîðiâ ξα, α ̸= j.

Êîæíèé âåêòîð ξj ∈ Ωαξ̄j (k, r) ïîðîäæó¹ ÷èñëî

zj(k) ç êîëà |z| = 1, ùî íàëåæèòü êðóãó ðàäióñà ε1/mk

ç öåíòðîì ó òî÷öi λα(k, r). Íåõàé M1 òà M2 òî÷êè
ïåðåòèíó öüîãî îäèíè÷íîãî êîëà i êîëà ðàäióñà ε1/mk

ç öåíòðîì ó òî÷öi λα(k, r). Òàêi òî÷êè iñíóþòü i íå
çáiãàþòüñÿ òîäi i òiëüêè òîäi, êîëè λα(k, r) íàëåæèòü
êiëüöþ

1− ε
1/m
k < |λα(k, r)| < 1 + ε

1/m
k . (14)

Âiäñòàíü âiä ïî÷àòêó êîîðäèíàò äî ñåðåäèíè M õîð-
äè M1M2 äîðiâíþ¹ ÷èñëó

1 + |λα(k, r)|2 − ε
2/m
k

2|λα(k, r)|
.

Çâiäñè îá÷èñëþ¹ìî äîâæèíó äóãè M1

⌣
M2 îäèíè÷íîãî

êîëà:

2 arccos
1 + |λα(k, r)|2 − ε

2/m
k

2|λα(k, r)|
.

Äîâæèíà öi¹¨ äóãè íà ìíîæèíi (14) ïðè

|λα(k, r)| =
√
1− ε

2/m
k

äîñÿãà¹ ñóïðåìóìó

2 arccos

√
1− ε

2/m
k = 2arcsin

(
ε
1/m
k

)
,

ïðè÷îìó

argM1,2 = arg λα(k, r)± arcsin
(
ε
1/m
k

)
.

Îñêiëüêè 2 arcsin y ≤ πy, òî øóêàíà äîâæèíà äóãè íå
ïåðåâèùó¹ ÷èñëà πε1/mk , òîìó∣∣∣((k, ξj)− arg λα(k, r)

)
mod 2π

∣∣∣ < π

2
ε
1/m
k .

Îòæå, ÿêùî ξj ∈ Ωαξ̄j (k, r), òî òî÷êà ξj ëåæèòü ìiæ
äâîìà ãiïåðïëîùèíàìè

(k, ξj) = arg λα(k, r)− 2πG± (π/2)ε
1/m
k ,

òîáòî

arg λα(k, r)− 2πG− (π/2)ε
1/m
k < (k, ξj) <

< arg λα(k, r)− 2πG+ (π/2)ε
1/m
k

äëÿ ÿêîãîñü ÷èñëà G ∈ Z.
Îñêiëüêè äiàìåòð ìíîæèíè Ωp2π äîðiâíþ¹ 2π

√
p,

òî ìiðà ìíîæèíè òî÷îê ìiæ ãiïåðïëîùèíàìè äëÿ ôi-
êñîâàíîãî G íå ïåðåâèùó¹ ÷èñëà

π
(
2π

√
p
)p−1

ωp−1ε
1/m
k /∥k∥.

Ç íåðiâíîñòåé |(k, ξj)| ≤ ∥k∥ · ∥ξj∥ ≤ 2π
√
p · ∥k∥ âè-

ïëèâà¹, ùî êiëüêiñòü çíà÷åíü, ÿêi ìîæå íàáóâàòè G,

îöiíþ¹òüñÿ çãîðè ÷èñëîì
4π

√
p · ∥k∥
2π

+ 1 ≤ 3
√
p · ∥k∥,

òîìó

measΩαξ̄j (k, r) ≤
3

2
(2π)ppp/2ωp−1ε

1/m
k .

Iíòåãðóâàííÿì çà àðãóìåíòàìè ξ̄j îòðèìó¹ìî íåðiâ-
íiñòü

measΩα(k, r) ≤
3

2
(2π)Q1ppp/2ωp−1ε

1/m
k . (15)

Îñêiëüêè Ω(k, r) ⊂
m∪
α=1

Ωα(k, r), òî ç ôîðìóëè (15)

âèïëèâà¹ øóêàíà îöiíêà

measΩ(k, r) ≤ m ·measΩα(k, r) ≤

≤ 3m

2
(2π)Q1ppp/2ωp−1ε

1/m
k .

Ëåìó äîâåäåíî. �
Íåõàé Ω(2) = Ω(1) \

∪′

(k,r)

Ω(k, r), òîäi

Ω(1) ⊂ Ω(2) ∪
∪′

(k,r)

Ω(k, r)

i

measΩ(2) ≥ measΩ(1)−
∑′

(k,r)

measΩ(k, r), (16)

äå îá'¹äíàííÿ
∪′

(k,r)

òà ïiäñóìîâóâàííÿ
∑′

(k,r)

âiäáóâà¹-

òüñÿ íà ìíîæèíi ðîçâ'ÿçêiâ íåðiâíîñòi (9), ÿêà åêâi-
âàëåíòíà íåðiâíîñòi(

r − argµ

2π

)2
+
( lnµ
2π

)2
<
(ηT
π
k̃ l
)2

i ìà¹ íå áiëüøó êiëüêiñòü ðîçâ'ÿçêiâ, íiæ íåðiâíiñòü∣∣∣r − arg µ

2π

∣∣∣2 < ηT

π
k̃ l. Êiëüêiñòü ðîçâ'ÿçêiâ öi¹¨ íåðiâ-

íîñòi íå ïåðåâèùó¹
2ηT

π
k̃ l. Ôîðìóëà (12) äà¹ îöiíêó

∑′

(k,r)

measΩ(k, r) =

=
∑

k∈Zp\{0}

∑
|τ(r)|<2ηk̃ l

measΩ(k, r) ≤ 3ηmT

π
×

× (2π)Q1ppp/2ωp−1

∑
k∈Zp\{0}

k̃ lε
1/m
k = (2π)Q1pε. (17)
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Â.Ñ. Iëüêiâ

Â îñòàííié ðiâíîñòi εk âèçíà÷àþòüñÿ ðiâíiñòþ

εk = εmη−m2 k̃ (θ−l)m, (18)

äå θ < −p�äîâiëüíå âiä'¹ìíå ÷èñëî,

η2 = 3ηmTζ(θ)pp/2ωp−1/π.

Îòæå, ç ôîðìóë (16), (17) âèïëèâà¹, ùî ìiðà ìíî-
æèíè Ω(2) çàäîâîëüíÿ¹ íåðiâíiñòü

measΩ(2) ≥ meas
(
Ωp2π

)Q1 −meas
∪′

(k,r)

Ω(k, r) ≥

≥ (1− ε)meas
(
Ωp2π

)Q1
,

òîáòî P
(
Ω(2)

)
≥ 1− ε, à äëÿ âñiõ òî÷îê öi¹¨ ìíîæèíè

âèêîíóþòüñÿ íåðiâíîñòi

∥L−1(k, r)∥ =
∥L∨

1 (k, r)A
−1
j (k, r)∥

| detL1(k, r)|
≤

≤ ε−mη3 · k̃ (m−1)l−mθ (19)

ïðè âèêîíàííi óìîâè (9), äå

η3 = η1η
m
2 (m+ 3ηη1)

m−1.

K1

K2

K

K ′
Re z

Im z

O

1

1+ε
1/m
k1−ε

1/m
k

λα(k, r)

λα(k, r)

M

M2

M1

M ′

2

M ′

1

zj(k)

zj(k)

Äîâæèíà äóãè îäèíè÷íîãî êîëà ç öåíòðîì ó ïî÷àòêó êîîðäèíàò O ìiæ òî÷êàìè M1 òà M2

ïåðåòèíó öüîãî êîëà i êîëà K ðàäióñà ε1/mk ç öåíòðîì ó òî÷öi λα(k, r) ¹ ìàêñèìàëüíîþ (äóãà M ′
1

⌣
M ′

2)

äëÿ êîëà K ′ i ìiíiìàëüíîþ (íóëüîâîþ) äëÿ êië K1 òà K2. Äîâæèíà äóãè M ′
1

⌣
M ′

2 íå ïåðåâèùó¹
÷èñëà πε1/mk , ÿêå ¹ äîâæèíîþ ïiâêîëà ðàäióñà ε1/mk
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Ðîçâ'ÿçíiñòü íåëîêàëüíî¨ çàäà÷i äëÿ ëiíiéíèõ íåîäíîðiäíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè çi çñóâàìè àðãóìåíòiâ

Çàëèøà¹òüñÿ îöiíèòè L−1(k, r) ïðè k = 0, à ñàìå:
L−1(0, r) ïðè |τ(r)| < 2η. Îñòàííÿ íåðiâíiñòü ìà¹ íå
áiëüøå, íiæ 2ηT/π ðîçâ'ÿçêiâ.

Îñêiëüêè

L(0, r) = τ(r)E −A(0) = τ(r)E −
Q∑
j=1

Aj(0),

òî L−1(0, r) íå çàëåæèòü âiä çñóâiâ ξj . Ñèñòåìè

L(0, r)u0,r = f0,r +
1

T
φr

ìàþòü ëèøå ïî îäíîìó ðîçâ'ÿçêó u0,r äëÿ âñiõ ïðàâèõ
÷àñòèí òîäi i òiëüêè òîäi, êîëè

detL(0, r) ̸= 0, |τ(r)| < 2η. (20)

IV. Ðîçâ'ÿçíiñòü çàäà÷i

Äëÿ ôîðìóëþâàííÿ i äîâåäåííÿ òåîðåìè iñíóâà-
ííÿ òà ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i (1), (2) âèêîðèñòî-
âó¹ìî òàêi ïîçíà÷åííÿ:

η4 = max
( 2

T 2
,

2

ln2 |µ|+ (2π − argµ)2
,

1

4η2

)
,

η5 = max
|τ(r)|<2η

∥L−1(0, r)∥2(
1 + r2

)m(1−θ/l)−1
.

Òåîðåìà 1. Íåõàé f ∈ Wq+m(1−θ/l)−1(Dp),
φ ∈ Hl(q+m−1/2)−mθ(Ω

p
2π) i âèêîíóþòüñÿ óìîâè (10)

òà (20), òîäi çàäà÷à (1), (2) ðîçâ'ÿçíà ó ïðîñòîði
Wq(Dp) ç éìîâiðíiñòþ 1 íà ìíîæèíi çñóâiâ (Ωp2π)

Q1

äëÿ âñiõ ÷èñåë q < 1/2. Äëÿ äîâiëüíèõ ε ∈ (0, 1) i
q < 1/2 ðîçâ'ÿçîê u çàäà÷i (1), (2) ç éìîâiðíiñòþ
1− ε ñïðàâäæó¹ îöiíêó

∥u;Wq(Dp)∥2 ≤ C1∥f ;Wq+m(1−θ/l)−1(Dp)∥2+
+ C2∥φ;Hl(q+m−1/2)−mθ(Ω

p
2π)∥2, (21)

äå
C1 = 8η4T

2 + 2ε−2mη23 + 2η5, (22)

C2 = 8η4
∑
r∈Z

(1 + r2)q−1 + 8T−2ε−2mηη23×

×
(
1 +

4η2T 2

ln2 |µ|+ (2π − argµ)2

)q
+ 2T−2η5. (23)

� Äîâåäåííÿ. Íà îñíîâi ôîðìóë (7), (20) äëÿ
êîæíîãî âåêòîðà ξ̄ ∈ Ω(1) çàïèøåìî íåðiâíiñòü

∥u;Wq(Dp)∥2 ≤ 2Vf (ξ̄) +
2

T 2
Vφ(ξ̄), (24)

äå
Vf (ξ̄) =

∑
(k,r)∈Zp+1

(
k̃ 2l + r2

)q∥L−1(k, r)∥2∥fkr∥2,

Vφ(ξ̄) =
∑

(k,r)∈Zp+1

(
k̃ 2l + r2

)q∥L−1(k, r)∥2∥φk∥2,

ÿêà ó âèïàäêó Vf (ξ̄) < ∞ òà Vφ(ξ̄) < ∞ îçíà÷à¹
ðîçâ'ÿçíiñòü çàäà÷i (1), (2) ó ïðîñòîði Wq(Dp) äëÿ
ôiêñîâàíîãî âåêòîðà ξ̄.

Âñòàíîâèìî ðiâíîìiðíi îöiíêè íà ìíîæèíi Ω(2)
âèðàçiâ Vf (ξ̄), Vφ(ξ̄) i ïåðåòâîðèìî (24) ó øóêàíó íå-
ðiâíiñòü (21).

Çàôiêñó¹ìî ÷èñëà ε ∈ (0, 1), θ < −p òà âèáåðåìî
÷èñëà εk çà ôîðìóëîþ (18), òîäi iç îöiíîê (8), (19)
îòðèìó¹ìî

Vf (ξ̄) ≤ 4
∑

|τ(r)|≥2ηk̃ l

(
k̃ 2l + r2

)q ∥fk,r∥2
|τ(r)|2

+

+
∑

|τ(r)|<2η

(
1 + r2

)q∥L−1(0, r)∥2∥f0,r∥2 +

+ε−2mη23
∑

max(|τ(r)|,2η)<2ηk̃ l

(
k̃ 2l+r2

)q ∥fk,r∥2(
k̃ 2l
)1−m(1−θ/l) .

Ç íåðiâíîñòi |τ(r)| ≥ 2ηk̃ l ìà¹ìî ïðè r ̸= 0 îöiíêó

|τ(r)|2 ≥ 4η2

1 + 4η2
(
k̃ 2l + |τ(r)|2

)
≥ k̃ 2l + |τ(r)|2

2
≥

≥ k̃ 2l

2
+

2π2

T 2

(
ln2 |µ|
4π2

+
(
r − argµ

2π

)2)
≥

≥ 1

2T 2
min

(
T 2, ln2 |µ|+ (2π − argµ)2

)(
k̃ 2l + r2

)
,

à ïðè r = 0� îöiíêó |τ(0)|2 ≥ 4η2k̃ 2l, ç ÿêèõ âèïëèâà¹
ôîðìóëà

1

|τ(r)|2
≤ η4T

2

k̃ 2l + r2
, r ∈ Z.

Òîìó ñïðàâäæó¹òüñÿ îöiíêà

Vf (ξ̄) ≤ 4η4T
2

∑
|τ(r)|≥2ηk̃ l

(
k̃ 2l + r2

)q−1∥fk,r∥2 +

+
∑

|τ(r)|<2η

(
1 + r2

)q∥L−1(0, r)∥2∥f0,r∥2 +

+ ε−2mη23
∑

max(|τ(r)|,2η)<2ηk̃ l

(
k̃ 2l + r2

)q+m(1−θ/l)−1∥fk,r∥2 ≤

≤ 1

2
C1∥f ;Wq+m(1−θ/l)−1(Dp)∥2,

äå ñòàëà C1 âèçíà÷à¹òüñÿ ôîðìóëîþ (22).
Äàëi âèêîðèñòîâó¹ìî íåðiâíiñòü

(k̃ 2l + r2
)q−1 ≤ (1 + r2

)q−1

òà íåðiâíiñòü

(k̃ 2l + r2
)q ≤ (k̃ 2l +

T 2|τ(r)|2

ln2 |µ|+ (2π − argµ)2

)q
<

<
(
1 +

4η2T 2

ln2 |µ|+ (2π − argµ)2

)q
k̃ 2lq,
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ÿêà âèêîíó¹òüñÿ ïðè |τ(r)| < 2ηk̃ l, ç ìåòîþ îòðèìàí-
íÿ òàêî¨ îöiíêè:

Vφ(ξ̄) ≤ 4η4T
2
∑
r∈Z

(1 + r2
)q−1 ∑

|τ(r)|≥2ηk̃ l

∥φk∥2 +

+
∑

|τ(r)|<2η

(
1 + r2

)q∥L−1(0, r)∥2∥φ0∥2 +

+ ε−2mη23

(
1 +

4η2T 2

ln2 |µ|+ (2π − arg µ)2

)q
×

×
∑

k∈Zp\{0}

∑
|τ(r)|<2ηk̃ l̃

k 2l(q+m(1−θ/l)−1)∥φk∥2 ≤

≤ T 2

2
C2∥φ;Hl(q+m−1/2)−mθ(Ωp2π)∥2,

äå ñòàëà C2 âèçíà÷à¹òüñÿ ôîðìóëîþ (23). Íåðiâíiñòü
(21) îòðèìó¹ìî áåçïîñåðåäíüî ç äîâåäåíèõ íåðiâíî-
ñòåé äëÿ âåëè÷èí Vf (ξ̄) i Vφ(ξ̄) òà íåðiâíîñòi (24).

Îòæå, íåðiâíiñòü (21) âèêîíó¹òüñÿ íà ìíîæèíi
Ω(2), ìiðà ÿêî¨ çàäîâîëüíÿ¹ óìîâó

measΩ(2) ≥ (1− ε)(2π)pΘ1x,

òîáòî (21) âèêîíó¹òüñÿ ç éìîâiðíiñòþ 1− ε.

Çi çáiæíîñòi ðÿäó (17) çà ëåìîþ Áîðåëÿ�Êàíòåëëi
îòðèìó¹ìî, ùî ìiðà ìíîæèíè Q̃1 òèõ ξ ∈ Q(1), äëÿ
ÿêèõ íåðiâíiñòü (11) ìà¹ áåçëi÷ ðîçâ'ÿçêiâ, äîðiâíþ¹
íóëåâi. Òîáòî, íà ìíîæèíi Ω(3) = Ω(1) \ Q̃1 ç éìîâið-
íiñòþ P

(
Ω(3)

)
= 1 âèêîíó¹òüñÿ ïðîòèëåæíà äî (11)

íåðiâíiñòü, à îòæå i íåðiâíiñòü (19), äëÿ âñiõ (çà âè-
íÿòêîì ñêií÷åííîãî ÷èñëà) âåêòîðiâ (k, r) ∈ Zp+1.

Çâiäñè, äëÿ äîâiëüíîãî âåêòîðà ξ̄ ∈ Q(3) âèïëèâà¹
íåðiâíiñòü (21) çi ñòàëèìè C1(ξ̄) òà C2(ξ̄), ÿêi çàëå-
æàòü âiä ξ, i ðîçâ'ÿçíiñòü çàäà÷i (1), (2) ç éìîâiðíiñòþ
îäèíèöÿ íà ìíîæèíi çñóâiâ (Ωp2π)

Q1 .
Òåîðåìó äîâåäåíî. �

V. Âèñíîâêè*

Ó êëàñi ïðîñòîðiâ Ñîáîë¹âà ç îäèíè÷íîþ éìî-
âiðíiñòþ âñòàíîâëåíî óìîâè iñíóâàííÿ òà ¹äèíîñòi
ðîçâ'ÿçêó çàäà÷i ç äâîòî÷êîâèìè íåëîêàëüíèìè óìî-
âàìè çà ÷àñîâîþ çìiííîþ t äëÿ áåçòèïíî¨ ñèñòåìè äè-
ôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè ïåð-
øîãî ïîðÿäêó çà ÷àñîâîþ çìiííîþ, ÿêà ìiñòèòü çíà÷å-
ííÿ øóêàíîãî ðîçâ'ÿçêó ó òî÷êàõ, çñóíóòèõ íà ñòàëi
âåëè÷èíè ξj çà ïðîñòîðîâîþ çìiííîþ x = (x1, . . . , xp).
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Óñòàíîâëåíû óñëîâèÿ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è ñ äâóõòî÷å÷íûìè
íåëîêàëüíûìè óñëîâèÿìè ïî âðåìåííîé ïåðåìåííîé t ñ îäíèì ïàðàìåòðîì äëÿ áåñòèïíîé
ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè ïåðâîãî ïîðÿäêà ïî âðå-
ìåííîé ïåðåìåííîé, ñîäåðæàùåé çíà÷åíèÿ èñêîìîãî ðåøåíèÿ â òî÷êàõ, ñäâèíóòûõ íà ïî-
ñòîÿííûå âåëè÷èíû ξj ïî ïðîñòðàíñòâåííîé ïåðåìåííîé x = (x1, . . . , xp). Ðåøåíèå èùåòñÿ
â êëàññå ïðîñòðàíñòâ Ñîáîëåâà âåêòîð-ôóíêöèé. Çàäà÷à ÿâëÿåòñÿ íåêîððåêòíîé è ñâÿçàíà
ñ ïðîáëåìîé ìàëûõ çíàìåíàòåëåé, äëÿ îöåíèâàíèÿ êîòîðûõ èñïîëüçîâàíà ìåòîäèêà ìåòðè-
÷åñêîãî ïîäõîäà. Äîêàçàíà îäíîçíà÷íàÿ ðàçðåøèìîñòü çàäà÷è ñ âåðîÿòíîñòüþ åäèíèöà íà
ìíîæåñòâå ñäâèãîâ ξj , óñòàíîâëåíû ðàâíîìåðíûå îöåíêè ðåøåíèÿ, êîòîðûå âûïîëíÿþòñÿ
ñ âåðîÿòíîñòüþ áëèçêîé ê åäèíèöå.

Êëþ÷åâûå ñëîâà: óðàâíåíèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè, íåëîêàëüíûå óñëîâèÿ, ïðîñò-
ðàíñòâà Ñîáîëåâà, ìàëûå çíàìåíàòèëè.
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The existence and uniqueness conditions of solution for the problem of one parameter nonlocal
twopoits conditions by time variable t for typeless system of di�erential equations, which contains
the value of original solution in the points shifted to the constant value ξj for the spatial variable
x = (x1, . . . , xp) are established. The solution sought in the class of Sobolev spaces 2π-periodic
for variable x vector functions. Solvability of the problem for almost all (except for sets of
arbitrarily small measure) values of parameter µ in nonlocal conditions are proved. Established
lower bounds of small denominators that arise in studying the smoothness of the solution.
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