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Äîñëiäæåíî îáëàñòü çáiæíîñòi ïåðåòâîðåííÿ Åéëåðà çáiæíîãî â îäèíè÷íîìó êðóçi ñòåïå-
íåâîãî ðÿäó àíàëiòè÷íî¨ ôóíêöi¨. Ïîêàçàíî, ùî ïåðåòâîðåííÿ ïðîäîâæó¹ ðÿä çà ìåæó éîãî
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ãî ðîçòàøóâàííÿ ùîäî êîîðäèíàòíèõ îñåé îñîáëèâèõ òî÷îê.
Êëþ÷îâi ñëîâà: ïåðåòâîðåííÿ Åéëåðà, ñòåïåíåâèé ðÿä, àíàëiòè÷íà ôóíêöiÿ.
2000 MSC: 42C15
ÓÄÊ: 517.53.57

Âñòóï
Ñòåïåíåâèé ðÿä àíàëiòè÷íî¨ ôóíêöi¨ f (z) =

∞∑
n=0

anzn ïåðåãðóïóâàííÿì éîãî ÷ëåíiâ (çà Åéëåðîì
[2]) ìîæíà ïåðåòâîðèòè ó òàêèé ðÿä:
f (z) =

∞∑
n=0

1
(g+1)n+1

n∑
k=0

Ck
nakgn−kzk, äå g � êîìï-

ëåêñíèé ïàðàìåòð. Öåé ðÿä ¹ [1] ðîçâèíåííÿì
ôóíêöi¨ f (z) çà ñèñòåìîþ ïîëiíîìiâ òèïó Ìåëëiíà{

Pn (z) =
n∑

k=0

Ck
nakgn−kzk

}∞

n=0

, i éîãî ìîæíà òàêîæ
îäåðæàòè ç âèêîðèñòàííÿì ôîðìóëè Êîøi

f (z) =
1

2πi

∫

Γ

f (t) dt

t− z
=

1
2πi

∫

Γ

f (t) dt

t (1 + g)
(
1− gt+z

(1+g)t

) =

=
1

2πi

∫

Γ

∞∑
n=0

1
(1 + g)n+1

n∑

k=0

Ck
ngn−kzk

tk+1
f (t) dt =

=
∞∑

n=0

1
(1 + g)n+1

n∑

k=0

Ck
nakgn−kzk,

äå Γ � çàìêíåíà êóñêîâî-ãëàäêà ëiíiÿ, ùî îõîïëþ¹
ïî÷àòîê êîîðäèíàò i ëåæèòü â îáëàñòi àíàëiòè÷íîñòi
ôóíêöi¨.

Îáëàñòü çáiæíîñòi ïåðåòâîðåííÿ Åéëåðà çáiæíî-
ãî â îäèíè÷íîìó êðóçi ñòåïåíåâîãî ðÿäó àíàëiòè-
÷íî¨ ôóíêöi¨ âèçíà÷à¹òüñÿ óìîâîþ ðîçâèíåííÿ â ðÿä
âiäïîâiäíîãî âèðàçó ïðè ïåðåòâîðåííi ôîðìóëè Êî-
øi i çàäà¹òüñÿ íåðiâíiñòþ max

t∈L
|t̄ z + g| < |1 + g|, äå

|g| < |1 + g|; L � çàìêíåíà êóñêîâî-ãëàäêà ëiíiÿ ó
êîìïëåêñíié ïëîùèíi t, ùî îõîïëþ¹ îñîáëèâi òî÷êè
ôóíêöi¨ f

(
1
t̄

)
.

Ó ðîáîòi äîñëiäæó¹òüñÿ îáëàñòü çáiæíîñòi ïåðå-
òâîðåííÿ Åéëåðà ðÿäó àíàëiòè÷íî¨ ôóíêöi¨ çàëåæíî
âiä ðîçòàøóâàííÿ (ùîäî îñåé êîîðäèíàò) îñîáëèâèõ
òî÷îê ôóíêöi¨.

I. Ôîðìóëþâàííÿ çàäà÷i. Îáëàñòü çái-
æíîñòi ïåðåòâîðåííÿ

Ââåäåìî ó êîìïëåêñíié ïëîùèíi ïîëÿðíó ñèñòåìó
êîîðäèíàò
x = rcosϕ, y = rsinϕ (−π < ϕ ≤ π, 0 ≤ r < ∞), i
çàïèøåìî ïàðàìåòð g = r0e

iϕ0 òà ïàðàìåòðè÷íå ðiâ-
íÿííÿ ëiíi¨ L, t = ρeiψ, äå

ρ = ρ (ψ) (−π < ψ ≤ π) . (1)
Îáëàñòü çáiæíîñòi ïåðåòâîðåííÿ Åéëåðà ïîçíà÷è-

ìî ÷åðåç D i çàïèøåìî íåðiâíiñòü, ùî âèçíà÷à¹ öþ
îáëàñòü, ó ïîëÿðíié ñèñòåìi êîîðäèíàò

max
t∈L

[
(rρ)2 + 2r0rρcos (ϕ− ψ − ϕ0) + r2

0

]
≤ R2, (2)

äå R =
√

r2
0 + 2r0cosϕ0 + 1.

Íåðiâíiñòü |g| < |1 + g| ¹ óìîâîþ òîãî, ùî ïî÷àòîê
êîîðäèíàò ëåæèòü â ñåðåäèíi îáëàñòi çáiæíîñòi ïå-
ðåòâîðåííÿ (r0<R). Çàïèøåìî öþ íåðiâíiñòü ùå òàê:

2r0cosϕ0 + 1 > 0. (3)
Çàäà÷à ïîëÿãà¹ ó ïîáóäîâi îáëàñòi çáiæíîñòi ïå-

ðåòâîðåííÿ Åéëåðà ðÿäó àíàëiòè÷íî¨ ôóíêöi¨ òà äîñ-
ëiäæåííi ðiâíÿííÿ ãðàíèöi öi¹¨ îáëàñòi çàëåæíî âiä
ïàðàìåòðiâ ïåðåòâîðåííÿ òà ðîçòàøóâàííÿ îñîáëèâèõ
òî÷îê ôóíêöi¨.

Çíàéäåìî îáëàñòü çáiæíîñòi ïåðåòâîðåííÿ Åéëå-
ðà ðÿäó àíàëiòè÷íî¨ ôóíêöi¨ äëÿ îêðåìèõ âèïàäêiâ
ðîçìiùåííÿ îñîáëèâèõ òî÷îê ôóíêöié.

Âèïàäîê 1. Ðîçãëÿíåìî âèïàäîê çàäà÷i, êîëè
ϕ0 = 0, i ëiíiÿ L âèðîäæó¹òüñÿ ó âiäðiçîê 0 ≤ ρ ≤ 1,
ψ = ψ0. Öåé âèïàäîê õàðàêòåðíèé äëÿ ôóíêöi¨ f (z),
àíàëiòè÷íî¨ ó êîìïëåêñíié ïëîùèíi ç âèðiçàíèì ïðî-
ìåíåì 1 ≤ r < ∞, ϕ = ψ0 i, âiäïîâiäíî, çi ñòåïåíå-
âèì ðÿäîì, çáiæíèì â îäèíè÷íîìó êðóçi. Çàìêíåíó
ëiíiþ L âèáèðåìî òàê, ùî ïðè îáõîäi òî÷êè t = ρeiψ
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ñïî÷àòêó ïî íèæíüîìó, à ïîòiì ïî âåðõíüîìó <áåðå-
ãàõ> âiäðiçêà ïîëÿðíèé êóò íå çìiíþ¹òüñÿ,ψ = ψ0, à
ïàðàìåòð ρ çìiíþ¹òüñÿ ñïî÷àòêó âiä íóëÿ äî îäèíèöi,
à ïîòiì âiä îäèíèöi äî íóëÿ. Ìàêñèìàëüíå çíà÷åííÿ
ëiâî¨ ÷àñòèíè íåðiâíîñòi (2) çà óìîâèψ = ψ0 äîñÿãà-
¹òüñÿ ïðè ρ = 1. Òîìó öÿ íåðiâíiñòü íàáóäå âèãëÿäó:
r2+2r0rcos (ϕ− ψ0)+r2

0 < R2 àáî
∣∣z + r0e

iψ0
∣∣ < r0+1.

Âîíà âèçíà÷à¹ îáëàñòü çáiæíîñòi ïåðåòâîðåííÿ Åé-
ëåðà � êðóã ç öåíòðîì ó òî÷öi −r0e

iψ0 i ðàäióñîì
r0 + 1. Î÷åâèäíî öåíòð öüîãî êðóãà, ïî÷àòîê êîîð-
äèíàò i îñîáëèâà òî÷êà eiψ0 ôóíêöi¨ f (z) ëåæàòü íà
îäíié ïðÿìié i, âiäïîâiäíî, êðóã ìiñòèòü ïðè r0 > 0
îäèíè÷íèé êðóã çáiæíîñòi ñòåïåíåâîãî ðÿäó ôóíêöi¨
f (z).

Âèïàäîê 2. Ðîçãëÿíåìî âèïàäîê çàäà÷i, êîëè
ϕ0 = 0, i ëiíiÿ L âèðîäæó¹òüñÿ ó äâà âiäðiçêè
0 ≤ ρ ≤ 1, ψ = ψ1 i 0 ≤ ρ ≤ 1, ψ = ψ2 (ψ1 < ψ2).
Öi âèìîãè çàäîâîëüíÿ¹ ôóíêöiÿ f (z), àíàëiòè÷íà ó
êîìïëåêñíié ïëîùèíi ç âèðiçàíèìè äâîìà ïðîìåíÿìè
1 ≤ r < ∞, ϕ = ψ1 i 1 ≤ r < ∞, ϕ = ψ2. Òîäi çà-
ìêíåíó ëiíiþ L âèáåðåìî òàê, ùî òî÷êà t = ρeiψ ïðî-
áiãà¹ ñïî÷àòêó íèæíié i âåðõíié <áåðåãè> ïåðøîãî
âiäðiçêà ïðè ψ = ψ1, à ïîòiì íèæíié i âåðõíié <áå-
ðåãè> äðóãîãî âiäðiçêà ïðè ψ = ψ2. Îáëàñòü çáiæíî-
ñòi ïåðåòâîðåííÿ îäåðæèìî ÿê ïåðåòèí äâîõ êðóãiâ∣∣z + r0e

iψ1
∣∣ < r0 + 1 i

∣∣z + r0e
iψ2

∣∣ < r0 + 1 (r0 > 0),
êîæíèé ç ÿêèõ ìiñòèòü êðóã çáiæíîñòi ðÿäó. Î÷åâè-
äíî ïåðåòèí ïîáóäîâàíèõ êðóãiâ ìiñòèòü òàêîæ îäè-
íè÷íèé êðóã (çáiæíîñòi ñòåïåíåâîãî ðÿäó ôóíêöi¨).

Îäåðæàíi ðåçóëüòàòè ìîæíà óçàãàëüíèòè.

Òâåðäæåííÿ 1. Íåõàé àíàëiòè÷íà ôóíêöiÿf (z)
ðîçâèâà¹òüñÿ ó ñòåïåíåâèé ðÿä, ùî çáiãà¹òüñÿ â îäè-
íè÷íîìó êðóçi ç öåíòðîì ó ïî÷àòêó êîîðäèíàò, îñî-
áëèâi òî÷êè ôóíêöi¨ f

(
1
t̄

)
ëåæàòü íà k âiäðiçêàõ

0 ≤ ρ ≤ 1, ψ = ψm

(
ψm−1 < ψm, m = 1, k

)
.

Òîäi ïåðåòâîðåííÿ Åéëåðà ñòåïåíåâîãî ðÿäó ôóí-
êöié f (z) çáiãà¹òüñÿ â îáëàñòi, ÿêà ¹ ïåðåòèíîì k
êðóãiâ

∣∣z + r0e
iψm

∣∣ < r0 + 1
(
m = 1, k, r0 > 0

)
i

öÿ îáëàñòü ìiñòèòü êðóã çáiæíîñòi ñòåïåíåâîãî ðÿäó
ôóíêöi¨ f (z).

II. Ðiâíÿííÿ ãðàíèöi îáëàñòi çáiæíîñòi
ïåðåòâîðåííÿ Åéëåðà

Ïîçíà÷èìî ãðàíèöþ îáëàñòi çáiæíîñòi ïåðåòâîðåí-
íÿ ÷åðåç Γ i çàïèøåìî ¨¨ ðiâíÿííÿ

max
t∈L

[
(rρ)2 + 2r0rρcos (ϕ− ψ − ϕ0) + r2

0

]
= R2. (4)

Ðiâíÿííÿ (4) çàäà¹ âíóòðiøíþ îáâiäíó Ã ñiì'¨ êië
(ÿêùî âîíà iñíó¹), çàëåæíèõ âiä ïàðàìåòðàψ,

(rρ)2 + 2r0 (rρ) cos (ϕ− ψ − ϕ0) + r2
0 = R2 (5)

àáî ó ÿâíîìó âèãëÿäi

r =
1
ρ

[√
r2
0cos

2 (ϕ− ψ − ϕ0) + 2r0cosϕ0 + 1− r0cos (ϕ− ψ − ϕ0)
]

.

Çíàéäåìî óìîâó, çà ÿêî¨ iñíó¹ îáâiäíà ñiì'¨ êië (5)
i çàïèøåìî ¨¨ ðiâíÿííÿ. Ââàæà¹ìî, ùî ëiíiÿL ¹ îïó-
êëîþ i ïîõiäíà âiä ôóíêöi¨ ρ = ρ (ψ) íåïåðåðâíà ôóí-
êöiÿ. Ïðîäèôåðåíöiþ¹ìî ðiâíÿííÿ (5) ïîψ,

rρρ′+ρr0sin (ϕ−ψ−ϕ0)+ρ′r0cos (ϕ−ψ−ϕ0)=0, (6)
äå ρ′ = dρ

dψ .
Ç ðiâíÿíü (5) i (6), âèêëþ÷èâøè ïàðàìåòðψ, îäåð-

æèìî ðiâíÿííÿ îáâiäíî¨. Çàïèøåìî éîãî ó ïàðàìå-
òðè÷íîìó âèãëÿäi (ïàðàìåòðψ). Ñïî÷àòêó, ç ðiâíÿíü
(5) i (6) âèçíà÷èìî ïîëÿðíèé ðàäióñ òî÷êè z ∈ Γ, à
òàêîæ êîñèíóñ òà ñèíóñ êóòà ϕ− ψ − ϕ0,

r =

√
r2
0 + A−

√
r2
0 −Ak2

ρ
√

1 + k2
, (7)

cos (ϕ− ψ − ϕ0) =
1
r0

√
r2
0 −Ak2

√
1 + k2

,

sin (ϕ− ψ − ϕ0) = − k

r0

√
r2
0 + A√

1 + k2
,

(8)

äå k = ρ′(ψ)
ρ(ψ) ; A = 2r0cosϕ0 + 1. Ïîòiì, ïåðåòâîðèâøè

ôîðìóëè (8), îäåðæèìî êîñèíóñ òà ñèíóñ ïîëÿðíîãî
êóòà òî÷êè z ∈ Γ

cosϕ =
1
r0

√
r2
0 −Ak2

√
1 + k2

cos (ψ + ϕ0) +
k

r0

√
r2
0 + A√

1 + k2
sin (ψ + ϕ0) ,

sinϕ =
1
r0

√
r2
0 −Ak2

√
1 + k2

sin (ψ + ϕ0)− k

r0

√
r2
0 + A√

1 + k2
cos (ψ + ϕ0) .
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Äî ïîáóäîâè îáëàñòi çáiæíîñòi ïåðåòâîðåííÿ Åéëåðà ñòåïåíåâîãî ðÿäó àíàëiòè÷íî¨ ôóíêöi¨

Çà ôîðìóëàìè x = rcosϕ, y = rsinϕ ç óðàõóâàííÿì ôîðìóëè (7) îäåðæèìî ïàðàìåòðè÷íi ðiâíÿííÿ îáâiäíî¨




x =
r

r0

√
1 + k2

[√
r2
0 −Ak2cos (ψ + ϕ0)− k

√
r2
0 + Asin (ψ + ϕ0)

]
,

y =
r

r0

√
1 + k2

[√
r2
0 −Ak2sin (ψ + ϕ0) + k

√
r2
0 + Acos (ψ − ϕ0)

]
.

(9)

Óìîâà âèçíà÷åíîñòi âiäïîâiäíèõ àíàëiòè÷íèõ âè-
ðàçiâ r2

0 − k2 (ψ)A ≥ 0 i íåðiâíiñòü (3) ñòàíîâëÿòü
óìîâè iñíóâàííÿ îáâiäíî¨ ñiì'¨ êië. Çàïèøåìî ¨õ òàê:

2r0cosϕ0 + 1 > 0, r2
0 − k2 (ψ) (2r0cosϕ0 + 1) ≥ 0. (10)

Ïðèéìàþ÷è â äðóãié óìîâi (10)k = kmax, îäåðæè-
ìî êâàäðàòíå ðiâíÿííÿ äëÿ âèçíà÷åííÿ íàéìåíøîãî
çíà÷åííÿ ïàðàìåòðà r0, çà ÿêîãî iñíó¹ îáâiäíà,

r2
0 − k2

max (2r0cosϕ0 + 1) = 0, (11)

äå kmax = max
−π<ψ≤π

∣∣∣ρ′(ψ)
ρ(ψ)

∣∣∣.
Ç öüîãî ðiâíÿííÿ çíàéäåìî âèðàç íàéìåíøîãî çíà-

÷åííÿ öüîãî ïàðàìåòðà

r0(min)=kmax

(
kmaxcosϕ0+

√
k2

maxcos2ϕ0+1
)

,

2r0(min)cosϕ0+1>0.
(12)

Ïðèêëàä 1. Çàïèøåìî ðiâíÿííÿ îáâiäíî¨ Γ äëÿ
âèïàäêó, êîëèL îäèíè÷íå êîëî ρ = 1 (−π < ψ ≤ π).
Ïðèéìàþ÷è ó ôîðìóëàõ (7) i (9) ρ = 1, k = 0, îäåð-
æèìî òàêi ïàðàìåòðè÷íi ðiâíÿííÿ îáâiäíî¨:





x =
(√

r2
0 + 2r0cosϕ0 + 1− r0

)
cos (ψ + ϕ0) ,

y =
(√

r2
0 + 2r0cosϕ0 + 1− r0

)
sin (ψ + ϕ0) .

Âèêëþ÷èâøè òóò êóò (ψ + ϕ0), îäåðæèìî ðiâíÿííÿ
êîëà

x2 + y2 =
(√

r2
0 + 2r0cosϕ0 + 1− r0

)2

.

Äëÿ âèïàäêó äiéñíèõ äîäàòíèõ çíà÷åíü ïàðàìåò-
ðà g = r0 (ϕ0 = 0) îáâiäíîþ âiäïîâiäíî¨ ñiì'¨ êië ¹
îäèíè÷íå êîëî, ðiâíÿííÿ ÿêîãî x2 + y2 = 1.

III. Ðiâíÿííÿ ãðàíèöi îáëàñòi çáiæ-
íîñòi ïåðåòâîðåííÿ äëÿ âåëèêèõ
çíà÷åíü ïàðàìåòðà r0

Ñïðîñòèìî ôîðìóëè (9) çà óìîâè, ùî ïàðàìåòð r0

ïðèéìà¹ äîñòàòíüî âåëèêi çíà÷åííÿ. Ïåðåõîäÿ÷è ó
ïðàâèõ ÷àñòèíàõ öèõ ôîðìóë äî ãðàíèöi ïðèr0 →∞

ç óðàõóâàííÿì ôîðìóëè (7), îäåðæèìî òàêi ïàðàìåò-
ðè÷íi ðiâíÿííÿ îáâiäíî¨:





x=
cosϕ0

ρ (ψ)
[cos (ψ+ϕ0)−k (ψ) sin (ψ+ϕ0)] ,

y=
cosϕ0

ρ (ψ)
[sin (ψ+ϕ0) +k (ψ) cos (ψ+ϕ0)] .

(13)

Ëåãêî ïåðåêîíàòèñÿ, ùî äëÿ äîñòàòíüî âåëèêèõ
çíà÷åíü ïàðàìåòðà r0 óìîâè (10) âèêîíóþòüñÿ, ÿêùî
òiëüêè cosϕ0 ≥ 0 i ôóíêöiÿ k = k (ψ) íå ïåðåòâî-
ðþ¹òüñÿ ó íåñêií÷åííiñòü íi â îäíié òî÷öi ïðîìiæêó
(−π < ψ ≤ π).

Ðîçãëÿíåìî îáâiäíi äëÿ îêðåìèõ âèïàäêiâ ðiâíÿí-
íÿ (1).

Ïðèêëàä 1. Ðîçãëÿíåìî çàäà÷ó âiäøóêàííÿ îá-
ëàñòåé çáiæíîñòi ïåðåòâîðåíü Åéëåðà çáiæíèõ â îäè-
íè÷íîìó êðóçi ñòåïåíåâèõ ðÿäiâ àíàëiòè÷íèõ ôóíê-
öié f± (z), ÿêùî îñîáëèâi òî÷êè ôóíêöié F± (t) =
= f±

(
1
t

)
çíàõîäÿòüñÿ ó ñåðåäèíi åëiïñiâ L±, ðiâíÿí-

íÿ ÿêèõ

ρ =
1− ε

1± εcosψ
(−π < ψ ≤ π) , (14)

äå 0 < ε < 1.
Îáëàñòü çáiæíîñòi ïåðåòâîðåííÿ âèçíà÷à¹òüñÿ íåðiâ-
íiñòþ (2) çà óìîâè (3). Çíàéäåìî óìîâè, çà ÿêèõ
iñíó¹ îáâiäíà ñiì'¨ êðèâèõ (5). Ôîðìóëè äëÿ ôóíêöié
k± = k± (ψ) i ¨õ ìàêñèìàëüíi çíà÷åííÿ, ùî äîñÿãàþ-
òüñÿ ó òî÷êàõ ψ± = arccos (∓ε), òàêi:

k± =
±εsinψ

1± εcosψ
, kmax =

ε√
1− ε2

. (15)

Íàéìåíøå çíà÷åííÿ ïàðàìåòðàr0, çà ÿêîãî iñíó¹ îáâi-
äíà, çíàéäåìî çà ôîðìóëîþ (12),

r0(min) =
ε2

1− ε2

(
1
ε

+ cosϕ0

)
, 2r0(min)cosϕ0+1 > 0.

Çîêðåìà, ÿêùî ϕ0=0 i ε= 4
5 , òî kmax= 4

3 i çà ôîðìó-
ëîþ (12) çíàéäåìî r0(min) = ε

1−ε = 4, òîáòî, ÿêùî
ϕ0=0 i r0≥4, òî iñíóþòü îáâiäíi Γ± i (9) ¨õ ðiâíÿííÿ.
Çàïèøåìî ðiâíÿííÿ îáâiäíî¨ ó íåÿâíîìó âèãëÿäi

äëÿ âåëèêèõ çíà÷åíü ïàðàìåòðà r0. Ç ðiâíÿíü (13)
ç óðàõóâàííÿì ôîðìóëè (14) i ïåðøî¨ ôîðìóëè (15)
çíàéäåìî

x =
cosϕ0

1− ε
(cos (ψ + ϕ0)± εcosϕ0) ,
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y =
cosϕ0

1− ε
(sin (ψ + ϕ0)± εsinϕ0) .

Ç öèõ ðiâíÿíü îäåðæèìî òàêi ðiâíÿííÿ îáâiäíèõΓ±

(êië):

(
x∓ εcos2ϕ0

1− ε

)2

+
(

y ∓ εcosϕ0sinϕ0

1− ε

)2

=
cos2ϕ0

(1− ε)2
.

Ñïðàâåäëèâå
Òâåðäæåííÿ 1. Íåõàé àíàëiòè÷íi ôóíêöi¨

f± (z) òàêi, ùî ¨õ ñòåïåíåâi ðÿäè çáiãàþòüñÿ â îäèíè÷-
íîìó êðóçi i îñîáëèâi òî÷êè ôóíêöié f±

(
1
t̄

)
ìiñòÿ-

òüñÿ âñåðåäèíi åëiïñiâ, ðiâíÿííÿ ÿêèõ (14). Òîäi, ÿêùî
r0≥ ε

1−ε , ϕ0=0. 0<ε<1, òî îáëàñòi çáiæíîñòi ïåðåòâî-
ðåíü Åéëåðà ñòåïåíåâèõ ðÿäiâ ôóíêöié f± (z), ùî
îïèñóþòüñÿ ðiâíÿííÿìè

(
x∓ ε

1−ε

)2

+y2= 1
(1−ε)2

, ìiñ-
òÿòü îäèíè÷í÷é êðóã çáiæíîñòi ðÿäiâ öèõ ôóíêöié.

Ïðèêëàä 2. Ðîçãëÿíåìî çàäà÷ó âiäøóêàííÿ îá-
ëàñòi çáiæíîñòi ïåðåòâîðåííÿ Åéëåðà çáiæíîãî â îäè-
íè÷íîìó êðóçi ñòåïåíåâîãî ðÿäó (àíàëiòè÷íî¨ ôóíê-
öi¨ f (z)) äëÿ âèïàäêó, êîëè îñîáëèâi òî÷êè ôóíêöi¨
f

(
1
t̄

)
çíàõîäÿòüñÿ â ñåðåäèíi åëiïñàL, ðiâíÿííÿ ÿêîãî

â ïîëÿðíié ñèñòåìi êîîðäèíàò òàêå:

ρ =
ab√

b2cos2ψ + a2sin2ψ
(−π < ψ ≤ π) . (16)

Òóò a = 1, 0 < b ≤ 1 àáî b = 1, 0 < a ≤ 1.
Îáëàñòü çáiæíîñòi ïåðåòâîðåííÿ Åéëåðà âèçíà÷à-

¹òüñÿ íåðiâíiñòþ (2) çà óìîâè (3). Çíàéäåìî óìîâè,
çà ÿêèõ iñíó¹ îáâiäíà ñiì'¨ êië (5). Âèðàç ôóíêöi¨
k = k (ψ) i ¨¨ ìàêñèìàëüíå çíà÷åííÿ òàêi:

k = −
(
a2 − b2

)
cosψsinψ

a2sin2ψ + b2cos2ψ
, kmax =

∣∣a2 − b2
∣∣

2ab
,

ψmax = ±arctg
b

a
.

(17)
Íàéìåíøå çíà÷åííÿ ïàðàìåòðà, äëÿ ÿêîãî iñíó¹

îáâiäíà Γ, çíàéäåìî çà ôîðìóëîþ (12)

r0(min) =

∣∣a2 − b2
∣∣

4a2b2

(∣∣a2 − b2
∣∣ cosϕ0+

+
√

(a2 − b2)2 cos2ϕ0 + 4a2b2

)
, 2r0(min)cosϕ0 + 1 > 0.

Çàïèøåìî ðiâíÿííÿ îáâiäíî¨ ó íåÿâíîìó âèãëÿäi
äëÿ äîñòàòíüî âåëèêèõ çíà÷åíü ïàðàìåòðàr0. Ðiâíÿí-
íÿ (13) ç óðàõóâàííÿì ôîðìóëè (16) i ïåðøî¨ ôîðìó-
ëè (17) íàáóäóòü âèãëÿäó

x =
cosϕ0

ab

a2sinψsinϕ0 + b2cosψcosϕ0√
a2sin2ψ + b2cos2ψ

,

y =
cosϕ0

ab

a2sinψcosϕ0 − b2cosψsinϕ0√
a2sin2ψ + b2cos2ψ

.

Ç öèõ ðiâíÿíü çíàéäåìî tgψ i ïîëÿðíèé ðàäióñ
r =

√
x2 + y2 òî÷êè z ∈ Γ

tgψ =
b2

a2

xsinϕ0 + ycosϕ0

xcosϕ0 − ysinϕ0
,

r2 =
cos2ϕ0

a2b2

a4sin2ψ + b4cos2ψ

a2sin2ψ + b2cos2ψ
.

Âèêëþ÷èâøè òóò ïàðàìåòð ψ, îäåðæèìî ðiâíÿííÿ
ëiíi¨ Γ

a2 (xcosϕ0 − ysinϕ0)
2

cos2ϕ0
+

b2 (xsinϕ0 + ycosϕ0)
cos2ϕ0

= 1

Öå ðiâíÿííÿ åëiïñà, âåëèêà âiñü ÿêîãî óòâîðþ¹ êóò
ϕ0 ç âiññþ Ox.
Ïðè ϕ0 = 0 îäåðæèìî ðiâíÿííÿ: a2x2 + b2y2 = 1.

Îñêiëüêè òóò a = 1, 0 < b ≤ 1 àáî 0 < a ≤ 1, b = 1,
òî îáëàñòi çáiæíîñòi ïåðåòâîðåíü Åéëåðà ñòåïåíåâèõ
ðÿäiâ (çáiæíèõ â îäèíè÷íîìó êðóçi) âiäïîâiäíèõ àíà-
ëiòè÷íèõ ôóíêöié ìiñòÿòü îäèíè÷íèé êðóã (îáëàñòü
çáiæíîñòi öèõ ñòåïåíåâèõ ðÿäiâ).

Ñïðàâåäëèâå
Òâåðäæåííÿ 2. Íåõàé àíàëiòè÷íà ôóíêöiÿf (z)

òàêà, ùî ¨¨ ñòåïåíåâèé ðÿä çáiãà¹òüñÿ â îäèíè÷íî-
ìó êðóçi i îñîáëèâi òî÷êè ôóíêöi¨ f

(
1
t̄

)
ìiñòÿ-

òüñÿ âñåðåäèíi åëiïñà, ðiâíÿííÿ ÿêîãî (16). Òîäi,
ÿêùî r0 ≥ |a2−b2|

4a2b2

(∣∣a2 − b2
∣∣ +

√
(a2 − b2)2 + 4a2b2

)
i

ϕ0=0, òî îáëàñòü çáiæíîñòi ïåðåòâîðåííÿ Åéëåðà ñòå-
ïåíåâîãî ðÿäó ôóíêöi¨ f (z), ùî îïèñó¹òüñÿ ðiâíÿí-
íÿì a2x2 + b2y2 ≤ 1, ìiñòèòü êðóã çáiæíîñòi ðÿäó öi¹¨
ôóíêöi¨.

IV. Ðiâíÿííÿ ãðàíèöi îáëàñòi çáiæ-
íîñòi ïåðåòâîðåííÿ äëÿ ìàëèõ
çíà÷åíü ïàðàìåòðà

Ðîçãëÿíåìî ïåðåòâîðåííÿ Åéëåðà çáiæíîãî â îäè-
íè÷íîìó êðóçi ñòåïåíåâîãî ðÿäó àíàëiòè÷íî¨ ôóíêöi¨
äëÿ âèïàäêó ÷àñòêîâîãî âèêîíàííÿ óìîâ (10). Ââàæà-
¹ìî, ùî îáëàñòü çáiæíîñòi ïåðåòâîðåííÿ îïèñó¹òüñÿ
íåðiâíiñòþ (2) i ñïðàâäæó¹òüñÿ óìîâà (3). Ïðè öüîìó
çíà÷åííÿ âåëè÷èí r0 i ϕ0 âèáðàíi òàê, ùî äðóãà óìîâà
(10) íå âèêîíó¹òüñÿ â iíòåðâàëi ]ψ1, ψ2[,

r2
0 − k2 (ψ) (2r0cosϕ0 + 1) < 0, 2r0cosϕ0 + 1 > 0.

Çíà÷åííÿ êiíöåâèõ òî÷îê iíòåðâàëó ]ψ1, ψ2[, â ÿêî-
ìó íå iñíó¹ îáâiäíà âiäïîâiäíî¨ ñiì'¨ êië, çíàéäåìî ç
óìîâ
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Äî ïîáóäîâè îáëàñòi çáiæíîñòi ïåðåòâîðåííÿ Åéëåðà ñòåïåíåâîãî ðÿäó àíàëiòè÷íî¨ ôóíêöi¨

r2
0 − k2 (ψi) (2r0cosϕ0 + 1) = 0, ψ1 < ψ0 < ψ2, (18)

äå k (ψ) = ρ′(ψ)
ρ(ψ) ; k2 (ψ0) = max

−π<ψ≤π
k2 (ψ). Ïîçíà÷èìî

öþ ÷àñòèíó êðèâî¨ L ÷åðåç L2.
Ïîçíà÷èìî ÷åðåç Γ2 òó ÷àñòèíó ãðàíèöi îáëàñòi

çáiæíîñòi ïåðåòâîðåííÿ, ÿêié âiäïîâiäà¹ ëiíiÿL2, òîá-
òî r2

0 − k2 (ψ) (2r0cosϕ0 + 1) < 0 i íå iñíó¹ îáâiäíà
âiäïîâiäíî¨ ñiì'¨ êië. Iíøó ÷àñòèíó ãðàíèöi, äëÿ ÿêî¨
ñïðàâäæó¹òüñÿ óìîâà (10) i ÿêà îïèñó¹òüñÿ ðiâíÿííÿ-
ìè (9) ïîçíà÷èìî ÷åðåç Γ1. Ðiâíÿííÿ äëÿ âèçíà÷åííÿ
êiíöåâèõ òî÷îê iíòåðâàëó ]ψ1, ψ2[ îäåðæèìî ç ïåðøî¨
óìîâè (18),

[
ρ′ (ψ)
ρ (ψ)

]2

=
r2
0

2r0cosϕ0 + 1
. (19)

Çà ôîðìóëàìè (9) ç óðàõóâàííÿì ðiâíÿííÿ
(19) çíàéäåìî êîîðäèíàòè ãðàíè÷íèõ òî÷îê (x1, y1),
(x2, y2) ëiíi¨ Γ2,

xi = −k (ψi)
2r0cosϕ0 + 1

r0ρ (ψi)
sin (ψi + ϕ0) ,

yi = k (ψi)
2r0cosϕ0 + 1

r0ρ (ψi)
cos (ψi + ϕ0)

(20)

Ðiâíÿííÿ (3) ïðè áóäü-ÿêîìó ôiêñîâàíîìó çíà÷åí-
íi êóòà ψ ¹ ðiâíÿííÿì êîëà. Òîìó ëiíiÿΓ2 ìîæå ñêëà-
äàòèñÿ õiáà-ùî ç äóã êië, ðiâíÿííÿ ÿêèõ îäåðæèìî ç
(4) äëÿ çíà÷åíü ψ ç iíòåðâàëó ψ1 ≤ ψ ≤ ψ2. Ðiâíÿííÿ
öèõ äóã â ïîëÿðíié ñèñòåìi êîîðäèíàò òàêå:

r =
1

ρ (ψ)

[
−r0cos (ϕ− ψ − ϕ0) +

√
r2
0cos

2 (ϕ− ψ − ϕ0) + 2r0cosϕ0 + 1
]

. (21)

Ïðèêëàä. Çíàéäåìî ãðàíèöþ îáëàñòi çáiæíîñòi
ïåðåòâîðåííÿ Åéëåðà äëÿ âèïàäêó ëiíi¨L−, ùî îïè-
ñó¹òüñÿ ðiâíÿííÿì

ρ =
1− ε

1− εcosψ
(−π < ψ ≤ π) , (22)

ϕ0 = 0, ìàëèõ çíà÷åíü ïàðàìåòðà r0 i ÷àñòêîâîãî âè-
êîíàííÿ óìîâè (10). Äëÿ ôóíêöi¨ k (ψ) îäåðæèìî òà-
êèé âèðàç:

k (ψ) =
−εsinψ

1− εcosψ
. (23)

Ìàêñèìàëüíå çíà÷åííÿ ôóíêöi¨k2 (ψ) äîñÿãà¹òüñÿ
ïðè cosψ0 = ε i äîðiâíþ¹

k2 (ψ0) =
ε2

1− ε2
. (24)

Ç ðiâíÿííÿ (19) ç óðàõóâàííÿì âèðàçó ôóíêöi¨
(23) îäåðæèìî ðiâíÿííÿ äëÿ âèçíà÷åííÿ êiíöåâèõ òî-
÷îê iíòåðâàëó ]ψ1, ψ2[,

ε2sin2ψ

(1− εcosψ)2
=

r2
0

2r0 + 1
, (25)

Ðîçâ'ÿçîê ðiâíÿííÿ (25) òàêèé:

cosψi =
1
ε




(
r0

r0 + 1

)2

±
√

1−
(

r0

r0 + 1

)2
√

ε2 −
(

r0

r0 + 1

)2

 . (26)

Ìàêñèìàëüíå çíà÷åííÿ ïàðàìåòðà r0 (−1
2 < r0 <

< r0(max)), çà ÿêîãî Γ2 âèðîäæó¹òüñÿ ó òî÷êó, øó-
êà¹ìî ç ðiâíÿííÿ (25) ç óðàõóâàííÿì óìîâè (24),

r2
0

2r0+1 = ε2

1−ε2 . Çâiäêè ìà¹ìî r0(max) = ε
1−ε . Öüîìó

çíà÷åííþ ïàðàìåòðà âiäïîâiäà¹ òàêèé ðîçâ'ÿçîê ðiâ-
íÿííÿ (25): cos (±ψ0) = ε.

ßêùî ñïðàâäæó¹òüñÿ óìîâà

ε
(√

1 + ε2 + ε
)
≤ r0 ≤ ε

1− ε
, (27)

òî ðiâíÿííÿ (25) ìà¹ äâà äîäàòíi êîðåíi, ùî âèçíà÷à-
þòü äâà iíòåðâàëè ψ1 < ψ < ψ2 i −ψ2 < ψ < −ψ1.
Öi iíòåðâàëè âiäïîâiäàþòü äâîì âiäðiçêàì ëiíi¨ Γ2,
ðiâíÿííÿ ÿêèõ ìàþòü âèãëÿä (21).

Äëÿ çíà÷åíü ïàðàìåòðà r0 òàêèõ, ùî 0 < r0 < ε
(√

1 + ε2 + ε
)
, ðiâíÿííÿ (25) ìà¹ îäèí äîäàòíèé êîðiíü

cos (±ψ1) =
1
ε




(
r0

r0 + 1

)2

+

√
1−

(
r0

r0 + 1

)2
√

ε2 −
(

r0

r0 + 1

)2

 ,

i òîìó ëiíi¨ Γ2 âiäïîâiäà¹ îäèí iíòåðâàë çìiíè ïàðàìåòðàψ, ]ψ1, π]∪ ]−π, π]. Òîäi ðiâíÿííÿ ëiíi¨ Γ2 çàïèøåìî
ç óðàõóâàííÿì ôîðìóë (21) ó âèãëÿäi
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r =
1

ρ (ψ)

[
−r0cos (ϕ− ψ) +

√
r2
0cos

2 (ϕ− ψ) + 2r0 + 1
]

, ψ ∈ ]ψ1, π] ∪ ]−π, π]

Ðîçãëÿíåìî ãðàíè÷íèé âèïàäîê çàäà÷i, êîëè îáâi-
äíà Γ1 çáiãà¹òüñÿ ç ãðàíèöåþ Γ i ëiíiÿ Γ2 âèðîäæó¹-
òüñÿ ó òî÷êè, òîáòî, r0 = r0(max) = ε

1−ε . Ó öüîìó âè-
ïàäêó ãðàíèöÿ îáëàñòi çáiæíîñòi ïåðåòâîðåííÿ îïè-
ñó¹òüñÿ ðiâíÿííÿìè (9). Çà ôîðìóëàìè (26), (22) çíà-
éäåìî cosψi = ε (àáî cos (±ψ1) = ε), ρ (±ψ1) = 1

1+ε i
çà ôîðìóëîþ (20) ç óðàõóâàííÿì âèðàçó (23) çíàéäå-
ìî òî÷êè (x1, y1), (x2, y2), ó ÿêi âèðîäæó¹òüñÿ êðèâà
Γ2,

x1,2 = k (±ψ1)
2r0 + 1
r0ρ (ψ1)

sin (±ψ1) = − (1 + ε)2 , (28)

y1,2 = k (±ψ1)
2r0 + 1
r0ρ (ψ1)

cosψ1 = ±ε (1 + ε)

√
1 + ε

1− ε
.

ßêùî ïðèéíÿòè ε = 1
2 , òî r0(max) = 1 i ìàòèìå-

ìî cos (±ψ1) = 0, 5, ψ1 = 600 i òàêi ãðàíè÷íi òî÷êè:(
− 9

4 , ± 3
√

3
4

)
àáî (−2, 25; ±1, 3), â ÿêi âèðîäæó¹òüñÿ

ëiíiÿ Γ2.
Ïðè çìåíøåííi çíà÷åííÿ r0 < r0(max) = ε

1−ε

äiëÿíêè ãðàíèöi Γ2 ðîçøèðþâàòèìóòüñÿ íàâêî-
ëî òî÷îê ç êîîðäèíàòàìè (28). Íàïðèêëàä, ÿêùî

ε = 1
2 , r0(max) = 1 i ïðèéíÿòè r0 = 4

5 (óìîâà (27)
íå ñïðàâäæó¹òüñÿ), òî çà ôîðìóëîþ (26) çíàéäåìî
cos (±ψ1) = 0, 80545 (ψ1 = 36, 350). Çà ôîðìóëàìè
(20) çíàéäåìî êîîðäèíàòè êiíöåâèõ òî÷îê äâîõ ÷à-
ñòèí êðèâî¨ Γ2, x1 = −1, 14, y1 = ±1, 61.

V. Âèñíîâêè

Îáëàñòü çáiæíîñòi ïåðåòâîðåííÿ Åéëåðà ñòåïåíå-
âîãî ðÿäó ¹ ïî ñóòi ïåðåòèíîì íåñêií÷åííî¨ êiëüêî-
ñòi êðóãiâ |t̄ z + g| < |1 + g| ïðè ôiêñîâàíèõ çíà÷åí-
íÿõ t ∈ L. Òîìó îáëàñòü çáiæíîñòi ìîæíà ïîáóäóâà-
òè ãðàôi÷íî, ÿê ïåðåòèí ñêií÷åííî¨ êiëüêîñòi êðóãiâ
|t̄m z + g| < |1 + g|, êîæíîìó ç ÿêèõ âiäïîâiäà¹ ôi-
êñîâàíå çíà÷åííÿ tm ∈ L

(
m = 1, N

)
. Ïðè äîñòà-

òíüî âåëèêié ùiëüíîñòi òî÷îê tm ∈ L ãðàôiêè êië
|t̄m z + g| = |1 + g| óòâîðþþòü (çàøòðèõîâóþòü) äâî-
çâ'ÿçíó îáëàñòü, âíóòðiøíÿ ãðàíèöÿ ÿêî¨ i ¹ ãðàíèöåþ
çáiæíîñòi ïåðåòâîðåííÿ.

Ïðîâåäåíi â ðîáîòi äîñëiäæåííÿ âñòàíîâëþþòü
ìåæi çìiíè ïàðàìåòðiâ ïåðåòâîðåííÿ, çà ÿêèõ iñíó-
þòü îáâiäíi âiäïîâiäíî¨ ñiì'¨ êië. Çàïèñàíi ðiâíÿííÿ
öèõ îáâiäíèõ i äîñëiäæåíî ¨õ ãðàôiêè.
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ON THE CONSTRACTION OF CONVERGENCE DOMAIN
OF EULER'S TRANSFORMATION

OF POWER SERIES OF ANALYTICAL FUNCTION
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12 S. Banderà Str., 79013, Lviv, Ukraine

The domain of convergence of Euler's transformation, convergent in the single circle of the
power series of the analytical function is investigated in the paper. It is shown that the trans-
formation continues a series beyond the boundary of the circle of convergence on condition that
the number of the singular points of the function is �nite and they are unilateral relative to
their coordinate axes. In particular, it is shown that the series of the function singular points of
which are located on the beam is summarized by the transformation in the half-plane.
Keywords: Euler's transformation, power series, analytical function.
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