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The uniqueness solvability of linear normal boundary value problems for elliptic at Petrovskyy

systems of differential equations in weight spaces of generalized functions, which as a separate
case include the spaces with strong power singularities on the whole boundary of the domain is
established. The solutions’ representation is obtained.
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Introduction

The linear elliptic boundary value problems in bounded
domains were studied in Sobolev and Helder generalized
functions’ spaces [1–6], in full scales of Lizorkin-Tribel
and Nikolskyy-Besov banah spaces [7, 8], in refined
scales of banah spaces – Hermander-Volevich-Panejah
spaces [9, 10] and bibl.

In [11, 12] the linear elliptic boundary value prob-
lems were studied under strong power singularities in
right-hand sides, in the case of the strong power singu-
larities by using the regularization of given distributions
(so, with loss of the uniqueness). By Gorbachuk M.L.,
Gorbachuk V.I. ([13] and bibl.), Lions J.-L., Madjenes
E. Saylor R., Gorodetskyy V.V. the study of the differ-
ential operators were carried in Shwarz spaces and the
spaces of the analytic generalized functions.

We consider the actual problem of the extension of
the existence and uniqueness theorems to solutions of
boundary value problems for elliptic systems onto more
general classes of right-hand sides, similar to [6] and [14]
in scalar case.

I. Main definitions and lemmas

Let Ω be the domain in Rn (n ≥ 3) with the boundary S
of class C∞, ν = ν(x, t)– the unit vector of inner normal
in the point x of the surface S,

D(S) = C∞(S), D(Ω) = C∞(Ω).
We consider nicely elliptic at Petrovsky system of

differential equations

A(x,D)u ≡ (Aij(x,D))i,j=1,...,pu = F, (1.1)

under boundary conditions

B(x,D)u ≡ (Bhj(x,D))h=1,...,m;j=1,...,pu = P, (1.2)

where Aij(x,D) =
∑

|α|≤2m

aijα (x)D
α, aijα ∈ D(Ω),

Bhj(x,D) =
∑

|α|≤mh

bhjα (x)Dα, bhjα ∈ D(S), h =

1,m, i, j = 1, p, α = (α1, . . . , αn), |α| = α1 + · · ·+αn,

Dα
x = ∂|α|

∂x
α1
1 ···∂xαn

n
= Dα1

1 · · · · ·Dαn
n .

The matrix B of the boundary differential expres-
sions is called normal, and the problem (1.1)-(1.2) – the
normal elliptic boundary value problem, if the matrix B
may be complemented by new lines to Dirichlet matrix
of (2m, p)-order [3].

Let the matrix B uniformly be cover A ([3]) and be
normal.

If matrix C(x,D) complements matrix B(x,D) to
Dirihlet matrix of (2m, p)-order then there exist [3] ma-
trix B̂(x,D), Ĉ(x,D) such that Green formula∫

Ω

vT (x)Au(x)dx+
m∑
h=1

∫
S

Ĉhv(x)Bhu(x)dS =

=
∫
Ω

(A∗v(x))Tu(x)dx+
m∑
h=1

∫
S

B̂hv(x)Chu(x)dS

holds for all vector-functions u, v with the elements
from D(Ω). Here A∗ = A∗(x,D) – formally adjoint to
A matrix differential expression (elliptic at Petrovsky),
Bh, B̂h, Ch, Ĉh – the lines of the matrix B, B̂, C, Ĉ
respectively with the coefficients from D(S).

Let ϱ(x)(x ∈ Ω) be infinitely differentiable function,
positive in Ω, having the order of the distance d(x) from

x to S near S ( lim
d(x)→0+

ϱ(x)
d(x) = const). We also regard

ϱ(x) ≤ 1, x ∈ Ω.
Let N be the set of natural numbers,
[r] – the integer part of the number r ≥ 0,
Cr(Ω) – the space of functions φ with continuous

derivativesDαφ for |α| ≤ [r] and (for non-integer r) final∑
|α|=[r]

sup
x,y∈Ω,x̸=y

∆y
xD

α
xφ(x)

|x−y|r−[r] , where ∆
y
xψ(x) = ψ(y)−ψ(x).

We introduce next functional spaces:

Dr(Ω) = {φ ∈ Cr(Ω) (D(Ω) for integer r):
ϱ|α|−rDαφ ∈ C(Ω), |α| ≤ [r]},
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D∗
r(Ω) = {φ ∈ Cr+2m(Ω) (D(Ω) for integer r):

A∗φ ∈ Dr(Ω)},

Xr(Ω) = {φ ∈ D∗
r(Ω) : B̂jφ = 0, j = 1,m}.

We say that φk → 0, k → ∞ in Dr(Ω) if
ϱ|α|−rDαφk → 0, k → ∞ for all |α| ≤ [r] evenly in Ω

and (for non-integer r)
∑

|α|=[r]

sup
x,y∈Ω,x̸=y

∆y
xD

α
xφk(x)

|x−y|r−[r] → 0,

k → ∞.

Let S ⊂ ∪Mj=1Vj with bounded Vj , j = 1,M . Then

we get the covering of the part of Ω near S by ∪Mj=1Uj
with bounded Uj ⊂ Ω, called the boundary coordi-
nate vicinity, conformable to coordinate vicinity Vj ,
j = 1,M .

Lemma 1. For arbitrary coordinate vicinity Vj ⊂
S, vector-functions φ0, φ1, . . . , φ2m−1 ∈ C∞(Vj), num-
ber r ∈ N ∪ {0} there exist the vector-functions
φ2m, . . . , φ2m+r−1 ∈ C∞(Vj) and the infinitely differen-
tiable and bounded in boundary coordinate vicinity Uj,
conformable to Vj (j = 1,M), vector-function φ such
that in local coordinate (ξ1, . . . , ξn) = (ξ′, ξn)

A(
2m+r−1∑
k=0

ξknφk(ξ
′)) = ξrnφ(ξ

′, ξn).

Proof. Since

Aij(x,D) = Q̃ij0 (ξ)D
2m
n +

2m∑
t=1

Q̃ijt (ξ,
∂
∂ξ′ )D

2m−t
n ,

where Q̃ij0 (ξ) ̸= 0, Q̃ijt (ξ,
∂
∂ξ′ ) – tangent differential op-

erators of the order t, i, j = 1, p, then

A(x,D)
( 2m+r−1∑

k=0

ξknφk(ξ
′)
)
=

=
∑
k≥0

ξkn

[
Q̃0(ξ)(k + 2m) . . . (k + 1)φk+2m(ξ′)+

+
2m∑
t=1

Q̃t(ξ,
∂
∂ξ′ )(k + 2m− t) . . . (k + 1)φk+2m−t(ξ

′)
]

with non-degenerate matrix Q̃0(ξ) and Q̃t(ξ,
∂
∂ξ′ ) – tan-

gent differential operators of the order t, t = 1, 2m.
Writing Q̃0(ξ) and Q̃t(ξ,

∂
∂ξ′ ) in a form of matrix decays

on powers ξn and equating to zero the coefficients at
ξ0n, ξ

1
n, . . . , ξ

r−1
n , we find φ2m(ξ′), . . . , φ2m+r−1(ξ

′), the
another factors give ξrnφ(ξ

′, ξn).

Remark that φ2m+j linear depend on φk and its
derivatives of the orders 2m + j − k, k = j, 2m− 1, the
function φ(ξ′, ξn) linear depend on φj and its derivatives
of the orders 2m− j + r − 1, j = 0, 2m− 1.

Lemms 2. Let B̃(x,D) = (B̃T0 , . . . , B̃
T
2m−1)

T be
Dirihlet matrix of (2m, p)-order. For arbitrary vector-
functions φl ∈ D(S), l = 0, 2m− 1 and the number
r ∈ N ∪ {0} there exists the vector-function ψ ∈ Dr(Ω)
such that

B̃l(x,D)ψ |S = φl(x), x ∈ S, l = 0, 2m− 1.

Proof. It is known [?] that

D̃l
n = Ep(

∂
∂ν )

l =
l∑

k=0

Tlk(x,D)B̃k(x,D), x ∈ S,

l = 0, 2m− 1, where Ep – unit p× p matrix, Tlk(x,D) –
tangent p × p-matrix differential operators of the order
≤ l − k with non-degenerating Tll = Tll(x). Hence it is
sufficiently to prove the existence of the vector-function
ψ ∈ D(Ω) such that ϱ−rA∗(·, D)ψ ∈ C(Ω) and

D̃l
nψ |S = φ̃l(x) =

l∑
k=0

Tlk(x,D)φk(x), x ∈ S,

l = 0, 2m− 1.
We apply the operators D̃l

n to vector-function Φ,
which in arbitrary boundary coordinate vicinity U in
conformable local coordinate system ξ has the form

Φ =
2m+r−1∑
k=0

ξkn ˜̃φk(ξ
′),

where ˜̃φk(ξ
′) – for the present unknown infinitely differ-

entiable vector-functions in V = U ∩ S. We have

D̃l
nΦ |V = ( ∂

∂ξn
)lΦ |ξn=0 =

=
2m+r−1∑
k=0

k(k − 1) . . . (k − l + 1)ξk−ln
˜̃φk(ξ

′) |ξn=0 =

= (l)! ˜̃φl(ξ
′). Hence, ˜̃φl(ξ

′) = φ̃l(ξ
′)

(l)! , l = 0, 2m− 1.

Choosing the vector-functions φ̃2m, . . . , φ̃2m+r−1 by
lemma 1 (using that A∗(x,D) is also elliptic at Petro-
vskyy matrix differential expression), we get

A∗(x,D)Φ(x) = ξrnφ(ξ
′, ξn).

Using resolution of identity conformable to covering
of the surface S by the system ∪Mj=1Vj we find the vector-
function ψ, which in each boundary coordinate vicinity
Ul is equal to Φl, l = 1,M .

II. The existence and uniqueness theo-
rem.

Let V ′(Ω) be the space of linear continuous function-
als onto V (Ω) (generalized vector-functions fromD′(Rn)
with supports in Ω [15], p. 27),

(φ,F ) =
p∑
j=1

(φj , Fj) – the value of the generalized

vector-function F = (F1, . . . , Fp) ∈ V ′(Ω) on the basic
vector-function φ = (φ1, . . . , φp) ∈ V (Ω),

< φ,F >=
p∑
j=1

< φj , Fj > – the value of the gen-

eralized vector-function F ∈ V ′(S) on the basic vector-
function φ ∈ V (S).

For the matrix Φ with the elements Φij ∈ V (Ω) we
have

(Φ, F ) = (
p∑
j=1

(Φ1j , Fj), . . . ,
p∑
j=1

(Φpj , Fj)).

We denote by s(F ) the order of the singularities of
generalized function F [16, p. 46]shylov,

s(F ) = max
1≤j≤p

s(Fj) for F = (F1, . . . , Fp),

also |g|p = |g1|+ · · ·+ |gp| for g = (g1, . . . , gp).
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Elliptic boundary value problems in weight spaces of generalized functions

Supposition (F):
P = (P1, . . . , Pm) ∈ D′(S), s(Pj) ≤ sj , j = 1,m,
r ≥ r0 = max

1≤j≤m
(sj −mj)− 1, F ∈ X ′

r(Ω).

Definition. Under supposition (F) the vector-
function u ∈ D′

r(Ω) is called the solution of the problem
(1.1),(1.2) if the equality

(A∗ψ, u) = (ψ,F )+ < Ĉψ, P > ∀ψ ∈ Xr(Ω) (2.3)

holds.
Let N be the kernel of the problem (1.1),(1.2),
N ∗ – the kernel of the adjoint problem,
{ũk}qk=1 – full system of linear independent vector-

functions ũk ∈ D(Ω) from N such that∫
Ω

ũ′kũjdx = δkj , k, j = 1, q,

where δkj–Kroneker symbols,
{ψk}lk=1 – full system of linear undependent vector-

functions ψk ∈ D(Ω) from N ∗ such that

ψkψj =
∫
Ω

ψkψjdx+
∫
S

(Ĉψk)
′(Ĉψj)dS = δkj

(ψk = (ψk1, . . . , ψkp, Ĉ1ψk, . . . , Ĉpψk)) [3–5].

We get from (2.3) the necessary condition of the
problems’ solvability

(ψk, F )+ < Ĉψk, P >= 0, k = 1, l, (2.4)

which may be written as

(Ψ, F ) + (ĈΨ, P ) = 0,

where Ψ – the matrix of the vector-functions ψ1, . . . , ψl.

Let G0(x, y) (x, y ∈ Ω), G(x, y) (x ∈ Ω, y ∈ S) be
such matrix that for all vector-functions f ∈ D(Ω), g ∈
D(S) the problem’s solution

Lu = f − P f, Pu = 0,

where L = (A,B), f = (f, g), P f =
l∑

k=1

(f ψk)ψk,

Pu =
r∑

k=1

∫
Ω

ũTk udy · ũk, has next impression

u(x) =

∫
Ω

G0(x, y)f(y)dy +

∫
S

G(x, y)g(y)dS, x ∈ Ω.

(2.5)
Matrix (G0, G) is called the Green matrix of the

problem (1.1)-(1.2). It follows from [4], part IX,X and
[17], §13 its existence. It follows from the definition of
Green matrix that

A(x,D)G0(x, y) = δ(x− y)Ep −Ψ(x)Ψ(y), x, y ∈ Ω,

A(x,D)G(x, y) = −Ψ(x)(Ĉ(y,D)Ψ(y))T , x ∈ Ω, y ∈ S,

B(x,D)G0(x, y) = −Ĉ(x,D)Ψ(x)Ψ(y), x ∈ S, y ∈ Ω,
(2.6)

B(x,D)G(x, y) = δ̂(x− y)Em−

Ĉ(x,D)Ψ(x)(Ĉ(y,D)Ψ(y))T , x, y ∈ S,

∫
Ω

ŨT (x)G0(x, y)dx = 0, y ∈ Ω,∫
Ω

ŨT (x)G(x, y)dx = 0, y ∈ S,

where (φ(x), δ(x− y)) = φ(y), φ ∈ D(Ω),

< φ(x), δ̂(x− y) >= φ(y), φ ∈ D(S),

Ũ – the matrix of the vector-functions ũ1, . . . , ũq.

Theorem 1. Under supposition (F) and the condi-
tions (2.4) the vector-function u ∈ D′

r(Ω), defined by the
formula

(φ, u) = (

∫
Ω

G0T (x, ·)φ(x)dx, F )+ (2.7)

+ <
∫
Ω

GT (x, ·)φ(x)dx, P > ∀φ ∈ Dr(Ω),

is the solution of the problem (1.1)-(1.2), unique in
D′
r(Ω)/N .
Proof. We use the formulas from [18], p.100 ( and

[19] for r = 0):∫
Ω

G0T (x, y)A∗ψ(x)dx = ψ(y)−

−Ψ(y)
[ ∫
Ω

Ψ(x)ψ(x)dx+
∫
S

(ĈΨ(x))T Ĉψ(x)dS
]
, y ∈ Ω,∫

Ω

GT (x, y)A∗ψ(x)T dx = Ĉψ(y)− (2.8)

−ĈΨ(y)
[ ∫
Ω

Ψ(x)ψ(x)dx+
∫
S

(ĈΨ(x))T Ĉψ(x)dS
]
,

y ∈ S, ∀ψ ∈ Xr(Ω).
Since for all φ0 ∈ Dr(Ω), satisfying the condition∫

Ω

φT0 (x)ũk(x)dx = 0, k = 1, r, (2.9)

there exists ψ ∈ Xr(Ω) such that A∗ψ = φ0, it follows
from the formulas above that for such φ0∫

Ω

G0T (x, ·)φ0(x)dx = ψ−

−Ψ
[ ∫
Ω

Ψ(x)ψ(x)dx+
∫
S

(ĈΨ(x))T Ĉψ(x)dS
]
∈ Xr(Ω),∫

Ω

GT (x, ·)φ0(x)dx = Ĉψ−

−ĈΨ
[ ∫
Ω

Ψ(x)ψ(x)dx+
∫
S

(ĈΨ(x))T Ĉψ(x)dS
]
on S.

For arbitrary φ ∈ Dr(Ω) the function

φ−
r∑

k=1

∫
Ω

φT (y)ũk(y)dy · ũk

satisfies the condition (2.9):∫
Ω

φT0 ũkdx =
∫
Ω

[φT (x) −
q∑
i=1

∫
Ω

φT ũidy · ũTi (x)]ũk(x)dx =∫
Ω

φT ũkdx −
q∑
i=1

∫
Ω

φT ũidy
∫
Ω

ũTi ũkdx =
∫
Ω

φT ũkdx −∫
Ω

φT ũkdx = 0, k = 1, q. Also
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=
∫
Ω

G0T (x, y)φ(x)dx−

−
∫
Ω

φT (y)
q∑

k=1

ũk(y)dy ·
∫
Ω
G0T (x, y)ũk(x)dx =

=
∫
Ω

G0T (x, y)φ(y)dx, y ∈ Ω

(
∫
Ω

φT (y)
q∑

k=1

ũk(y)(
∫
Ω

G0T (x, y)ũk(x)dx)dy = 0 accordi-

ng to (2.6)). Therefore∫
Ω

G0T (x, ·)φ(x)dx ∈ Xr(Ω) ∀φ ∈ Dr(Ω).

Similar, for arbitrary φ = (φ1, . . . , φp)
T ∈ Dr(Ω) we

have∫
Ω

GT (x, ·)[φ(x)−
r∑

k=1

∫
Ω

φT (y)ũk(y)dy · ũk(x)]dx =

=
∫
Ω

GT (x, ·)φ0(x)dx ∈ D(S) if r ∈ N ∪ {0},∫
Ω

p∑
s=1

Gsj(x, ·)φs(x)dx ∈ C [r]+mj+1(S) if r > 0 � non-

integer and Gsj (s, j = 1, p) � the elements of G.
Since the generalized function Pj with s(Pj) ≤ sj

belongs to (Csj (S))′, j = 1,m, under supposition (F)
the formula (2.7) uniquely de�nes u ∈ D′

r(Ω).
Now we shall show that the vector-function (2.7)

satis�es the identity (2.3), that is

(
∫
Ω

G0T (x, ·)A∗ψ(x)dx, F )+ <
∫
Ω

GT (x, ·)A∗ψ(x)dx, P >=

= (ψ, F )+ < Ĉψ, P > ∀ψ ∈ Xr(Ω).

Using the formulas (2.8), we write the left part of this
equality as next one

(ψ(y)−Ψ(y)
[ ∫
Ω

Ψ(x)ψ(x)dx+

+
∫
S

(ĈΨ(x))T Ĉψ(x)dS
]
, F (y))+

+ < Ĉψ(y)− ĈΨ(y)
[ ∫
Ω

Ψ(x)ψ(x)dx+

+
∫
S

(ĈΨ(x))T Ĉψ(x)dS
]
, P (y) >=

= (ψ, F )+ < Ĉψ, P > −

−
[ ∫
Ω

Ψ(x)ψ(x)dx+
∫
S

(ĈΨ(x))T Ĉψ(x)dS
]
×

×
[
(Ψ, F )+ < ĈΨ, P >

]
= (ψ, F )+ < Ĉψ, P >.

We get the last equality from the condition (2.4).
Let u1, u2 be two problem's solutions, v = u1 − u2.

It follows from (2.3) that

(A∗ψ, v) = 0 ∀ψ ∈ Xr(Ω). (2.10)

Then for arbitrary φ0 ∈ Dr(Ω), satisfying (2.9)
(orthogonal to N ), and such that A∗ψ = φ0, we get
(φ0, v) = 0. Since for arbitrary φ ∈ Dr(Ω) the vector-
function

∫
Ω

G0T (x, ·)φ(x)dx ∈ Xr(Ω), then from (2.10)

we get
(φ, v) = 0 ∀φ ∈ Dr(Ω).

It follows from Green formula that

(A∗ψ, u0) = 0 for all u0 ∈ N and ψ ∈ Xr(Ω).

Then (φ, u0) = 0 for all φ ∈ Dr(Ω). There for v = u0.

Remark, that the formula (2.7) generalizes the
according formulas from [4] and also from [19] to case of
right-hand sides from wider spaces of generalized functi-
ons.

Resume

The solvability and uniqueness theorem of the soluti-
on to normal boundary value problem for elliptic at
Petrovskyy system of di�erential equations in new
spaces of generalized functions and the character of
strong power singularities of the solutions are establi-
shed.
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ÝËËÈÏÒÈ×ÅÑÊÈÅ ÃÐÀÍÈ×ÍÛÅ ÇÀÄÀ×È Â ÂÅÑÎÂÛÕ
ÏÐÎÑÒÐÀÍÑÒÂÀÕ ÎÁÎÁÙÅÍÍÛÕ ÔÓÍÊÖÈÉ

Ã.Ï. Ëîïóøàíñêàÿ

Ëüâîâñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Èâàíà Ôðàíêî
óë. Óíèâåðñèòåòñêàÿ, 1, Ëüâîâ, 79000, Óêðàèíà

Óñòàíîâëåíî ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèé ëèíåéíûõ íîðìàëüíûõ ãðàíè-
÷íûõ çàäà÷ äëÿ ýëëèïòè÷åñêèõ ïî Ïåòðîâñêîìó ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé â
âåñîâûõ ïðîñòðàíñòâàõ îáîáùåííûõ ôóíêöèé, ñîäåðæàùèõ ôóíêöèè ñ ñèëüíûìè ñòåïåí-
íûìè îñîáåííîñòÿìè íà âñåé ãðàíèöå îáëàñòè èëè â åå îòäåëüíûõ òî÷êàõ. Ïîëó÷åíî ïðåä-
ñòàâëåíèå ðåøåíèé.

Êëþ÷åâûå ñëîâà: ýëëèïòè÷åñêàÿ ñèñòåìà äèôôåðåíöûàëüíûõ óðàâíåíèé, íîðìàëüíàÿ ãðà-

íè÷íàÿ çàäà÷à, îáîáùåííàÿ ôóíêöèÿ, âåñîâûå ôóíêöèîíàëüíûå ïðîñòðàíñòâà, ôóíêöèÿ Ãðèíà.

2000 MSC: 35K55

ÓÄÊ: 517.95

ÅËIÏÒÈ×ÍI ÊÐÀÉÎÂI ÇÀÄÀ×I Â ÂÀÃÎÂÈÕ ÏÐÎÑÒÎÐÀÕ
ÓÇÀÃÀËÜÍÅÍÈÕ ÔÓÍÊÖIÉ

Ã.Ï. Ëîïóøàíñüêàa

aËüâiâñüêèé íàöiîíàëüíèé óíiâåpñèòåò iìåíi Iâàíà Ôðàíêà
âóë. Óíiâåðñèòåòñüêà 1, 79000, Ëüâiâ, Óêðà¨íà

Âñòàíîâëåíà îäíîçíà÷íà ðîçâ'ÿçíiñòü ëiíiéíèõ íîðìàëüíèõ êðàéîâèõ çàäà÷ äëÿ åëiïòè-
÷íèõ çà Ïåòðîâñüêèì ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü ó âàãîâèõ ïðîñòîðàõ óçàãàëüíåíèõ
ôóíêöié, ÿêi ÿê îêðåìèé âèïàäîê ìiñòÿòü ôóíêöi¨ ç ñèëüíèìè ñòåïåíåâèìè îñîáëèâîñòÿìè
íà âñié ìåæi îáëàñòi. Îäåðæàíî çîáðàæåííÿ ðîçâ'ÿçêiâ.

Êëþ÷îâi ñëîâà: åëiïòè÷íà ñèñòåìà äèôåðåíöiàëüíèõ ðiâíÿíü, íîðìàëüíà êðàéîâà çàäà÷à,

óçàãàëüíåíà ôóíêöiÿ, âàãîâèé ôóíêöiéíèé ïðîñòið, ôóíêöiÿ Ãðiíà.

2000 MSC: 2000: 35K55

UDK: 517.95
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