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The uniqueness solvability of linear normal boundary value problems for elliptic at Petrovskyy
systems of differential equations in weight spaces of generalized functions, which as a separate
case include the spaces with strong power singularities on the whole boundary of the domain is
established. The solutions’ representation is obtained.
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Introduction

The linear elliptic boundary value problems in bounded
domains were studied in Sobolev and Helder generalized
functions’ spaces [1-6], in full scales of Lizorkin-Tribel
and Nikolskyy-Besov banah spaces [7, 8], in refined
scales of banah spaces — Hermander-Volevich-Panejah
spaces [9, 10] and bibl.

In [11, 12] the linear elliptic boundary value prob-
lems were studied under strong power singularities in
right-hand sides, in the case of the strong power singu-
larities by using the regularization of given distributions
(so, with loss of the uniqueness). By Gorbachuk M.L.,
Gorbachuk V.I. ([13] and bibl.), Lions J.-L., Madjenes
E. Saylor R., Gorodetskyy V.V. the study of the differ-
ential operators were carried in Shwarz spaces and the
spaces of the analytic generalized functions.

We consider the actual problem of the extension of
the existence and uniqueness theorems to solutions of
boundary value problems for elliptic systems onto more
general classes of right-hand sides, similar to [6] and [14]
in scalar case.

I. Main definitions and lemmas

Let Q be the domain in R™ (n > 3) with the boundary S
of class C*°, v = v(z, t)— the unit vector of inner normal
in the point x of the surface S,

D(8S) = C>=(S), D(Q) = C>=(Q).

We consider nicely elliptic at Petrovsky system of
differential equations

Az, Dyu = (Aij (2, D))ij=1...pu = F, (1.1)
under boundary conditions
B(z, D)u = (Bhj(x,D))h=1,....mij=1,..pu = P, (1.2)
where A;;(z, D) = | ‘Z: a¥(z)D a¥d € D(Q),
a|<2m
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Byj(x,D) = 3 b(x)D*, b7 € D(S), h =
la|<mp
17mai7j:1,p, a:(al,...,an),\a\:a1+...+an’
glel
Dg:W:D?l eeee DO

The matrix B of the boundary differential expres-
sions is called normal, and the problem (1.1)-(1.2) — the
normal elliptic boundary value problem, if the matrix B
may be complemented by new lines to Dirichlet matrix
of (2m, p)-order [3].

Let the matrix B uniformly be cover A ([3]) and be
normal.

If matrix C(z, D) complements matrix B(z,D) to
Dirihlet matrix of (2m, p)-order then there exist [3] ma-
trix B(z, D), C(x, D) such that Green formula

fv x)Au(z)dx + Z [ Co(z)Byu(x)dS =
h=15
= [(A*v(z))Tu(z)dz + Z [ Bro(z)Chu(z)dS
Q h=135

holds foL all vector-functions u,v with the elements
from D(Q). Here A* = A*(x, D) — formally adjoint to
A matrix differential expression (elliptic at Petrovsky)
By, Bh, Ch, Cy, — the lines of the matrix B, B C, C
respectively with the coefficients from D(S).

Let o(z)(xz € Q) be infinitely differentiable function,

positive in €2, having the order of the distance d(z) from

i o(@) _
x to S near S (d(ml)lgOJr ) = const).

olx) <1,z €Q.

Let N be the set of natural numbers,

[r] — the integer part of the number r > 0,

C"(Q) — the space of functions ¢ with continuous
derivatives D%y for |a| < [r] and (for non-integer r) final

> sup TR where ALy (x) = ¥(y) — ().

la|=[r] 2,y €Q,a7y

We introduce next functional spaces:

D, () = {p € C"(Q) (D(Q) for integer r):
d*Im DYy € C(Q), lal < [1]},

We also regard
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D:(Q) = {p € O™ (Q) (D(Q) for integer r):
A*p € D,.(Q)},

X(Q) ={p € D}(Q): Bjp =0, j=Tm}.

We say that o5, — 0, kK — oo in D,.(Q) if
0l®="D¥py — 0, k — oo for all |a| < [r] evenly in Q

AiDzen(@)
)

and (for non-integer ) > sup TR

lo|=[r] z,yeQ,a7y
k — oo.

Let S C U?LIVJ with bounded V;, j = 1, M. Then
we get the covering of the part of {2 near S by UinlUj
with bounded U; C €, called the boundary coordi-
nate vicinity, conformable to coordinate vicinity Vj,
j =1,

Lemma 1. For arbitrary coordinate vicinity V; C
S, wvector-functions @g, 1, .., Pam—1 € C(V;), num-
ber v € N U {0} there exist the wvector-functions
©oms -y P2mtr—1 € CF(V;) and the infinitely differen-
tiable and bounded in boundary coordinate vicinity Uj,
conformable to V; (j = 1,M), vector-function ¢ such
that in local coordinate (&1,...,&,) = (€,&,)

2m~+r—1

AC YD Gerl€) = (e )
k=0

Proof. Since
oy 2m ..
Ay, D) = QEODZ" + 5 QP (¢, %) D2,
i=1

where ng (&) # 0, Q;J (&, a%,) — tangent differential op-
erators of the order ¢, 7,57 = 1, p, then

A D)(E honle)) =

= 3 €5 |Qu€)(k - 2m) . (k+ Diphsam (€)+

2m
3 QuE (k4 2m 1) (k+ Dpiomo(€)

with non-degenerate matrix Qq(¢) and Q (¢, a%/) — tan-

gent differential operators of the order ¢, t = 1,2m.
Writing Qo (€) and Q4 (¢, 8%,) in a form of matrix decays
on powers &, and equating to zero the coefficients at

27 rlm cee 7577;_17 we find ‘P2m(£/)7 SRR @2m+rfl(€/)7 the
another factors give £ (&', &,).

Remark that ¢s,,4; linear depend on ¢j, and its
derivatives of the orders 2m + j — k, k = j,2m — 1, the
function (&', &) linear depend on ¢; and its derivatives
of the orders 2m —j+r —1, 5 =0,2m — 1.

Lemms 2. Let B(z,D) = (BE,...,BL 7T be
Dirihlet matriz of (2m,p)-order. For arbitrary vector-
functions ¢; € D(S), 1 = 0,2m —1 and the number
r € N U{0} there exists the vector-function 1 € D,(Q)
such that

By(z, D)1 ls =wi(z), z€ S, 1=0,2m — 1.

Proof. Tt is known [?] that

- l -
Dil = Ep(%)l = Z nk(an)Bk(an)a T e Sv

k=0

1=0,2m — 1, where E, — unit p x p matrix, Ty (x, D) —
tangent p x p-matrix differential operators of the order
< | — k with non-degenerating T;; = Ty;(z). Hence it is
sufficiently to prove the existence of the vector-function
¥ € D(Q) such that o~"A*(-, D)y € C(Q) and

~ l
Diﬂﬁ ‘Szgal(x): an($7D)Qﬁk($), .%'ES,
k=0

1=0,2m— 1.

We apply the operators Dﬁl to vector-function @,
which in arbitrary boundary coordinate vicinity U in
conformable local coordinate system £ has the form

2m~+r—1 s
¢ = kZ Enpr(€),
=0
where ¢y, (&') — for the present unknown infinitely differ-
entiable vector-functions in V= U N S. We have

Dﬁﬂ’ |v = (%)lfb ‘gn;o =
2m+r—1

=X R (L DET ) ey =

= (D'G(¢)). Hence, &i(&') = &L, 1=0,2m — 1.

Choosing the vector-functions @oy,, - . ., Pamtr—1 DY
lemma 1 (using that A*(x, D) is also elliptic at Petro-
vskyy matrix differential expression), we get

A*(z, D)®(x) = £,0(E', &n)-

Using resolution of identity conformable to covering
of the surface S by the system Uj]‘ile we find the vector-
function 1, which in each boundary coordinate vicinity
U is equal to ®;, I =1, M.

II. The existence and uniqueness theo-
rem.

Let V'(£2) be the space of linear continuous function-
als onto V' (€2) (generalized vector-functions from D’(R")
with supports in Q [15], p. 27),

P
(p, F) = > (p4, Fj) — the value of the generalized
j=1

vector-function F' = (Fy,...,F,) € V'(Q) on the basic

vector-function ¢ = (¢1,...,pp) € V(Q),
P
< @, F >= % < ¢;, F; > — the value of the gen-
j=1

eralized vector-function F' € V'(S) on the basic vector-
function ¢ € V(9).

For the matrix ® with the elements ®;; € V() we
have

(@.F) = (X (@1, F).. o, 3 (@5, )

We denote by s(F') the order of the singularities of
generalized function F' [16, p. 46]shylov,

s(F) = max s(F;) for F = (Fy,...,Fp),
1<j<p

also [glp = |g1| + -+ gp| for g = (g1, .., 9p)-
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Elliptic boundary value problems in weight spaces of generalized functions

Supposition (F):

P = (P17...,P )GD/(S), S(Pj)SSjM]'i: 1,m,
r>rg=  max (sj —my;)—1, FeX/(Q)
<<
Definition. Under supposition (F) the vector-

function u € D.(Q) is called the solution of the problem
(1.1),(1.2) if the equality

(A", u) = (¢,

holds.

Let AV be the kernel of the problem (1.1),(1.2),

N* — the kernel of the adjoint problem,

{t}{_, — full system of linear independent vector-
functions @y, € D(Q) from A such that

F)+ <Cy,P> YpeX () (23)

[ ade = o5, k,j = 1,4,
Q

where y;—Kroneker symbols,
{¢p}h_; — full system of linear undependent vector-
functions ¢, € D(Q) from N* such that

Yty = S{ Urpidz + ! (Copr) (C;)dS = 8,

(e = D1y s Vhpy Crtogs -, Cpthr)) - [3-5).

We get from (2.3) the necessary condition of the
problems’ solvability

(W, F)+ < C, P>=0, k=11, (2.4)
which may be written as
(W, F) + (€, P) =0,
where U — the matrix of the vector-functions 1, ..., .

Let G%z,y) (z,y € Q), G(z,y) (z € Qy € S) be
such matrix that for all vector-functions f € D(2), g €
D(S) the problem’s solution

Lu=f—-Pf, Pu =0,

where L = (A,B), f = (f,9), Pf= é(?@ ¥k

.
Z fuk udy - iy, has next impression

ule) = [ )ty + [Ggas. «en
Q 5
(2.5)
Matrix (G°,G) is called the Green matrix of the
problem (1.1)-(1.2). It follows from [4], part IX,X and
[17], §13 its existence. It follows from the definition of
Green matrix that

A(z, D)GO(x,y) = 0(x — y)Ep — U (2)¥(y),

T(2)G(w,y)dz =0,y € Q,

where (p(2),d(z —y)) = ¢(y), ¢ € D(Q),
< p(x),6(x —y) >=¢(y), ¢ € D(S),
U — the matrix of the vector-functions @, ..., Ug.

Theorem 1. Under supposition (F) and the condi-
tions (2.4) the vector-function u € D..(Q), defined by the
formula

(o) = ([ & @, Yp(a)d, F)+

+ < fGT(x, Yo(x)dr, P> Yo € D.(Q),
Q

(2.7)

is the solution of the problem (1.1)-(1.2),
DL.(Q)/N.

Proof. We use the formulas from [18], p.100 ( and
[19] for r = 0):

{{GOT(I7y)A*¢(I)dx =(y)—

UNIQUE N

V()| [P @)+ [(CU)TCY)is] .y e D,

/ GT(x,y) A" (@) de = Cu(y)—  (28)
Q

~Cu(y)| [ V@)
y €S, VY€ X (Q).
Since for all iy € D,.(Q), satisfying the condition

dx + g(ém(x))Téw(x)ds},

(2.9)

there exists 1 € X,.(Q2) such that A*y = ¢y, it follows
from the formulas above that for such g

J GO (x,)po(z)dz = ¢—
Q

—v [f U (2) ¢
J &

)dz + f(OqJ(x))Téw(x)ds} € X, (),

Yo (z)dz = Cz/)—

_c\p[ [ W) (x)da + f(ém(x))Té¢(m)ds} on S.
Q S

For arbitrary ¢ € D,(Q) the function

o= 3 [T ()in(y)dy - ik
k=1Q

Alw, D)G(z,9) = —\I’(l‘)(é(y’D)\Il(y))T7 ze€QyeES, satisfies the condition (2.9):
0 Udr = T(x) - Tisdy - al (z)]ig(x)de =
Bl DG ) = ~Cle DIV, a€Syed b [ e = [lg7(@) = 3 [ ¢ udy - 7 (o))
2.6 - g
B(x,D)G(z,y) = 6(x — y) By — fﬂo updx ;:M{SO U;d s{ U; Ugdz J et ugdx
C(x, D)¥(2)(C(y, D)¥(y))T, @y€S, ({s@ igdr =0, k=T, Also
MATHEMATICS -
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=] " y)ple)de-
[ 9T w) 32 Ty Jy O )i () =

=§JZ’ G'T(z,y)p(y)dz, yeQ

(" é k(1) G (2, )i (w)da)dy = O accord-
ng to (2.6)). Therefore
fGOT(x, Yo(z)dr € X.(Q) Ve € D.(Q).
Sim?lar, for arbitrary ¢ = (p1,...,¢,)T € D, (Q) we
have
[ G, o) = 5 [ o )ik )y - (o)l =
—fG (z,)po(z)dx € D(S) if r € NU{0},

J Z Gsj(z,)ps(x)dr € ClIHmitl(S) if » > 0 — non-
QO s=1

integer and G (s,j = 1,p) — the elements of G.

Since the generalized function P; with s(P;) < s;
belongs to (C*(S)), j = 1,m, under supposition (F)
the formula (2.7) uniquely defines u € D.(9).

Now we shall show that the vector-function (2.7)
satisfies the identity (2.3), that is

(f G (z, VA" (z)dz, F)+ < [ GT(
Q Q

z, - )A*Y(x)dz, P >=
=W, F)+<Cy,P> YipeX ().

Using the formulas (2.8), we write the left part of this
equality as next one

()~ V()| [ O(@)(e)dot

Q

+ (@) Cv)ds] Fy)+

+ < Co(y) — CU(y) [gwx)w(x)m

+S[(C‘\If(:c))Téw(z)ds] P(y) >=
= (¥, F)+ <C’¢,P> —

f[hflll(x)w(x)dx+J(C'\If(x))TCA’1/;(x)dS x

x [(W,FH <CU, P >] = (¢, F)+ < Cop, P >.

We get the last equality from the condition (2.4).
Let w1, us be two problem’s solutions, v = uy — us.
It follows from (2.3) that
(A*p,v) =0 Vi € X.(Q). (2.10)
Then for arbitrary ¢o € D,.(Q), satisfying (2.9)
(orthogonal to N), and such that A*p = o, we get
(¢0,v) = 0. Since for arbitrary ¢ € D,(2) the vector-
function [ GT(z,-)p(z)dx € X.(2), then from (2.10)
Q

we get -
(p,v) =0 Vo €D ().

It follows from Green formula that
(A%, ul) = 0 for all u® € N and ¢ € X,.(Q).
Then (¢,u’) = 0 for all ¢ € D,.(Q). There for v = u°.

Remark, that the formula (2.7) generalizes the
according formulas from [4] and also from [19] to case of
right-hand sides from wider spaces of generalized functi-
ons.

Resume

The solvability and uniqueness theorem of the soluti-
on to normal boundary value problem for elliptic at
Petrovskyy system of differential equations in new
spaces of generalized functions and the character of
strong power singularities of the solutions are establi-
shed.
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