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I. Âñòóï

Ó ñòàòòi çíàéäåíî äîñòàòíi óìîâè ðîçâ'ÿçíîñòi
ðiâíÿííÿ

u(x, t) = g(x, t)+

+

t∫
0

∫
Ω

G(x, t; y, τ)g0

(
y, τ, u(y, τ),

∂u(y, τ)

∂τ

)
dydτ

(1.1)

ó êëàñàõ ôóíêöié Ω× [0, T ] ∋ (x, t) 7−→ u(x, t), ùî íà-
ëåæàòü äî ïðîñòîðiâ áåñåëåâèõ ïîòåíöiàëiâ [1, c. 79] çà
çìiííîþ x, íåïåðåðâíî äèôåðåíöiéîâíèõ çà çìiííîþ
t, äå Ω � îáìåæåíà îáëàñòü â Rn, G(x, t; y, τ) � ôóí-
êöiÿ Ãðiíà íîðìàëüíî¨ ïàðàáîëi÷íî¨ êðàéîâî¨ çàäà÷i
äëÿ äåÿêîãî ïàðàáîëi÷íîãî çà Ïåòðîâñüêèì äèôåðåí-
öiàëüíîãî îïåðàòîðà

∂

∂t
−

∑
|γ|≤2m

aγ(x)D
γ
x , (x, t) ∈ Ω× (0, T ].

Â îêðåìîìó âèïàäêó

g0

(
y, τ, u(y, τ),

∂u(y, τ)

∂τ

)
= g1

(
y, τ, u(y, τ)

)
,

g(x, t) =

∫
Ω

G(x, t; y, 0)g2(y)dy

äî ðiâíÿííÿ âèãëÿäó (1.1) çâîäèòüñÿ íîðìàëüíà êðà-
éîâà çàäà÷à äëÿ ïiâëiíiéíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ
ç îäíîðiäíèìè êðàéîâèìè óìîâàìè òà çàäàíîþ â ïî-
÷àòêîâié óìîâi ôóíêöi¹þ Ω ∋ x 7−→ g2(x).

II. Äîïîìiæíi ïîíÿòòÿ

1. Â îáìåæåíié îáëàñòi Ω ⊂ Rn êëàñó C∞ ðîçãëÿ-
äà¹ìî ñèëüíî åëiïòè÷íèé ëiíiéíèé îïåðàòîð

L(x,D) =
∑

|γ|≤2m

aγ(x)D
γ , aγ(x) ∈ L∞(Ω)

òîáòî òàêèé, ùî äëÿ âñiõ ζ ∈ Rn\{0}, x ∈ Ω

Re a(x, ζ) = Re
∑

|γ|=2m

aγ(x)ζ
γ > 0,

äå γ = (γ1, . . . , γn)�ìóëüòèiíäåêñ, |γ| = γ1 + · · · + γn,

D γ = ∂|γ|

∂γ1 ...∂γn , ζ
γ = ζγ11 · · · · · ζγbn . Ââàæà¹ìî, ùî ôóí-

êöi¨ aγ íàëåæàòü L∞(Ω), à ïðè |γ| = 2m ¹ íåïåðåðâ-
íèìè â Ω. Íåõàé íà ìåæi ∂Ω âèçíà÷åíi îïåðàòîðè

Bj(x,D) =
∑

|γ|≤kj

bj,γ(x)D
γ ,

bj,γ ∈ C2m−kj (∂Ω), j = 1, . . . ,m.

Ïðèïóñêà¹ìî, ùî ñèñòåìà {Bj(x,D)}mj=1 íîðìàëü-
íà [2, c. 178] i ùîäî îïåðàòîðà L(x,D) âèêîíóþòüñÿ
óìîâè ïàðàáîëi÷íîñòi Àãìîíà

(Ag): • a(x, ξ) ̸= eiω äëÿ áóäü-ÿêîãî ω ∈ [−ω0 ω0],
äå ω0 ∈ (π/2, π);

• äëÿ áóäü-ÿêîãî ω ∈ [−ω0 , ω0], äîòè÷íîãî â òî÷öi
x ∈ ∂Ω âåêòîðà µx òà íîðìàëüíîãî â òî÷öi x ∈ ∂Ω âå-
êòîðà νx êîæåí ïîëiíîì C ∋ z → a(x, µx+z νx)−λ, äå
λ ∈ lω, ìà¹ m êîðåíiâ z1 , . . . , zm ç äîäàòíîþ óÿâíîþ
÷àñòèíîþ i ïîëiíîìè

{∑
|γ|=kj bj,γ(x)(µx+ z νx)

γ
}m
j=1

¹ ëiíiéíî íåçàëåæíèìè çà ìîäóëåì
∏m
j=1 (z − zj).

Íåõàé G(x, t; y, τ) � ôóíêöiÿ Ãðiíà íîðìàëüíî¨ ïà-
ðàáîëi÷íî¨ êðàéîâî¨ çàäà÷i
∂v(x, t)

∂t
= L(x,D)v(x, t) + f(x, t), x ∈ Ω, t ∈ (0, T ],

v(x, 0) = g(x), x ∈ Ω,

Bj(x,D)v(x, 0)|x∈∂Ω = 0, j = 1, . . . ,m,
(2.2)

�¨ iñíóâàííÿ òà âëàñòèâîñòi îäåðæàíî â [2].

2. Íåõàé A � çàìêíåíèé ëiíiéíèé îïåðàòîð ó áà-
íàõîâîìó ïðîñòîði V0 íàä C ç îáëàñòþ âèçíà÷åííÿ
D(A) = V1, E10 : V1 # V0 � íåïåðåðâíå ùiëüíå âêëà-
äåííÿ áàíàõîâîãî ïðîñòîðó V1 ç íîðìîþ ãðàôiêà A;
lω :=

{
reiω : r > 0

}
� ïðîìiíü ç êóòîì ω ∈

[
0, 2π

]
;
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Íåëiíiéíi ðiâíÿííÿ òèïó Ãàììåðøòåéíà ó ïðîñòîðàõ áåñåëåâèõ ïîòåíöiàëiâ

ω0 ∈ (π/2, π) � ôiêñîâàíèé êóò; Λ0 :=
∪{

lω : ω ∈
[−ω0, ω0]

}
i Λ := Λ0

∪{
0
}
� âiäïîâiäíî çàìêíå-

íèé ñåêòîð â C ç âèêîëîòîþ òî÷êîþ {0} i éîãî çàìè-
êàííÿ; A � êëàñ ñåêòîðiàëüíèõ ëiíiéíèõ îïåðàòîðiâ
A ∈ L(V1;V0) òàêèõ, ùî sup

λ∈Λ

∥∥(λE10 −A
)−1∥∥

L(V0;V1)
=

K(A) < ∞, äå ñòàëà K(A) çàëåæèòü òiëüêè âiä A(
îïåðàòîðè (λE10 − A)−1 : V0 → V1 ¹ âèçíà÷åíi äëÿ
âñiõ λ ∈ Λ i íàëåæàòü äî ïðîñòîðó L(V0;V1) âñiõ íåïå-
ðåðâíèõ îïåðàòîðiâ iç V0 â V1

)
, ϱ(A) � ðåçîëüâåíòíà

ìíîæèíà A. Â çàãàëüíîìó âèïàäêó (äèâ. [3]) ëiíiéíèé
îïåðàòîð A íàä V0 íàçèâàþòü ñåêòîðiàëüíèì, ÿêùî
iñíóþòü òàêi ñòàëi ω0 ∈ (π/2, π), α ∈ R òà C > 0, ùî
α+ Λ0 ⊂ ϱ(A) i

∥R(λ,A)
∥∥
L(V0)

≤ C

|λ− α|
, ∀λ ∈ α+ Λ0.

Äîâiëüíèé ñåêòîðiàëüíèé îïåðàòîð ëiíiéíîþ çàìiíîþ
çâîäèòüñÿ äî îïåðàòîðà êëàñó A.

3. Ðîçãëÿíåìî äàëi çàìêíåíèé ëiíiéíèé îïåðàòîð

(Av)(x) = L(x,D) v(x),

çàäàíèé ó ïðîñòîði V0 = Lp(Ω) (1 < p < ∞) íà ùiëü-
íîìó ïiäïðîñòîði

V1 = H2m
p,{Bj}(Ω) :=

=
{
v ∈ H2m

p (Ω) : Bj(x,D)v | ∂Ω = 0; j = 1,m
}
.

Òóò H2m
p (Ω) � ïðîñòið áåñåëåâèõ ïîòåíöiàëiâ, ïiäïðî-

ñòið H2m
p,{Bj}(Ω) çàìêíåíèé â H

2m
p (Ω) i íàäiëåíèé éîãî

íîðìîþ. Ïðèïóñòèìî äàëi, ùî 0 < θ < 1,

Vθ = H2mθ
p,{Bj}(Ω) :=

=
{
v ∈ H2mθ

p (Ω) : Bj(x,D)v |∂Ω = 0; j = 1,m
}

ç íîðìîþ ïðîñòîðó áåñåëåâèõ ïîòåíöiàëiâ H2mθ
p (Ω)

ïîðÿäêó 2mθ. Öå ùiëüíèé â Lp(Ω) ïiäïðîñòið, çà-
ìêíåíèé â H2mθ

p (Ω).
Êðàéîâà çàäà÷à (2.2), ÿêà äîäàòêîâî çàäîâîëüíÿ¹

ïðèïóùåííÿ (Ag), ¹ ïàðàáîëi÷íîþ â ñåíñi îçíà÷åííÿ
[4], îñêiëüêè îïåðàòîð A : V1 −→ V0 ïîðîäæåíèé (2.2)
¹ ñåêòîðiàëüíèì i çàäàíèì íàä ïðîñòîðîì V0 iç ùiëü-
íîþ îáëàñòþ âèçíà÷åííÿ D(A) = V1, ÿêèé ãåíåðó¹
àíàëiòè÷íó ïiâãðóïó ëiíiéíèõ îáìåæåíèõ îïåðàòîðiâ
0 ≤ t 7−→ etA ∈ L(V0).

Ïðèïóùåííÿ (L): Íåõàé

0 < η < 1, kj < 2mη − 1

p
, ∀j = 1,m. (2.3)

Âiäîìî (äèâ. [5, òåîðåìà Ñiëi, c. 400]), ùî, ÿêùî äëÿ
íîðìàëüíî¨ ñèñòåìè {Bj(x,D)}mj=1 âèêîíóþòüñÿ íå-
ðiâíîñòi (2.3), òî ðåàëiçó¹òüñÿ içîìîðôiçì áàíàõîâèõ
ïðîñòîðiâ

H2mη
p,{Bj}(Ω) ≃

[
Lp(Ω),H

2m
p,{Bj}(Ω)

]
η
,

äå ïðàâîðó÷ ïðîìiæíèé ïðîñòið ç ïîêàçíèêîì η, ïî-
ðîäæåíèé ìåòîäîì êîìïëåêñíî¨ iíòåðïîëÿöi¨ áàíàõî-
âî¨ ïàðè

{
Lp(Ω), H

2m
p,{Bj}(Ω)

}
. Ïðè öüîìó

H2mη
p,{Bj}(Ω) = D(Jη)

� îáëàñòü âèçíà÷åííÿ äðîáîâîãî ñòåïåíÿ îïåðàòîðà

J =
[
E10 − (−∆)1/2

]2m
: H2m

p,{Bj}(Ω) −→ Lp(Ω)

(äèâ. [5, 2.5.3]). Öå äîçâîëÿ¹ äî îïåðàòîðà A çàñòîñó-
âàòè ðåçóëüòàòè [6] ïðî iíòåðïîëÿöiþ äðîáîâèìè ñòå-
ïåíÿìè îïåðàòîðiâ.

III. Ðîçâ'ÿçîê iíòåãðî - äèôåðåíöiàëü-
íîãî ðiâíÿííÿ

1. Íåõàé C
(
[0, T ];H2mη

p,{Bj}(Ω)
)
� ïðîñòið íåïåðåðâ-

íèõ âåêòîð - ôóíêöié v : [0, T ] ∋ t 7−→ v(t, ·) ∈
H2mη
p,{Bj}(Ω), ïîðîäæåíèõ êîìïëåêñíèìè ôóíêöiÿìè

[0, T ] × Ω ∋ (t, x) 7−→ v(t, x) ùî çà ïðîñòîðî-
âîþ çìiííîþ x ∈ Ω íàëåæàòü ïðîñòîðó H2mη

p,{Bj}(Ω),
i ÿêèé íàäiëåíèé ðiâíîìiðíîþ íîðìîþ ∥v∥2mη =
max
t∈[0,T ]

∥∥v(t, ·)∥∥
H2mη

p,{Bj}
(Ω)

. Ðîçãëÿíåìî ïðîñòið W1,η =

C
(
[0, T ];H

2m(1+η)
p,{Bj} (Ω)

)∩
C1
(
[0, T ];H2mη

p,{Bj}(Ω)
)

ç íîð-

ìîþ ∥v∥1,η = max
{
∥v∥2m(η+1), ∥v′t∥2mη

}
âåêòîð -

ôóíêöié êëàñó Wη := C
(
[0, T ];H

2m(1+η)
p,{Bj} (Ω)

)
, ÿêi ¹

ñèëüíî íåïåðåðâíî äèôåðåíöiéîâàíèìè çà çìiííîþ
t ∈ [0, T ] çi çíà÷åííÿìè ïîõiäíî¨ v′t â H

2mη
p,{Bj}(Ω). Íå-

õàé W1,η;C = {v ∈W1,η : ∥v∥1,η ≤ C} i H2mη
p,{Bj},C(Ω) ={

v ∈ H2mη
p,{Bj}(Ω) : ∥v∥H2mη

p (Ω) ≤ C
}
� çàìêíåíi êóëi.

Ïðèïóùåííÿ (G): Íåõàé
• 0 < η < ϑ < 1,
• ôóíêöiÿ g íàëåæèòü ïðîñòîðó W1,η,
• äëÿ äîâiëüíî¨ âåêòîð-ôóíêöi¨ v ∈W1,η çíà÷åííÿ

âåêòîð - ôóíêöiîíàëó

g0 : [0, T ]×H
2m(1+η)
p,{Bj} (Ω)×H2mη

p,{Bj}(Ω) ∋ (t, v, v′) 7−→

7−→ g0
(
·, t, v(·, t), v′t(·, t)

)
çà ïðîñòîðîâîþ çìiííîþ x ∈ Ω íàëåæàòü H2mϑ

p,{Bj}(Ω),
äî òîãî æ ñàì âåêòîð-ôóíêöiîíàë g0 íàëåæèòü
êëàñó íåïåðåðâíèõ âåêòîð-ôóíêöiîíàëiâ âèãëÿäó

C
(
Ω×[0, T ]×H2m(1+η)

p,{Bj} (Ω)×H2mη
p,{Bj}(Ω); H

2mθ
p,{Bj}(Ω)

)
.

Ïðèïóùåííÿ (G1): Iñíóþòü òàêi äîäàòíi ñòàëi
K1 > 0, M1 > 0, ùî äëÿ áóäü-ÿêèõ t ∈ [0, T ] òà äëÿ
áóäü-ÿêèõ v1, v2 ∈W1,η âèêîíó¹òüñÿ íåðiâíiñòü∥∥g0(·, t, v1(t, ·), v′1(t, ·))−g0(·, t, v2(t, ·), v′2(t, ·))∥∥H2mϑ

p (Ω)

≤ K1 ∥v1(t, ·)− v2(t, ·)∥H2m(1+η)
p (Ω)

+

+M1 ∥v′1(t, ·)− v′2(t, ·)∥H2mη
p (Ω) ,

äå íîðìè âçÿòî çà ïðîñòîðîâîþ çìiííîþ x ∈ Ω.

Mathematics 41
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À.Î. Ëîïóøàíñüêèé

Ïðèïóùåííÿ (G2): Iñíóþòü òàêi äîäàòíi ñòàëi K1,
M1, K2, M2, q, r, C, ùî äëÿ áóäü-ÿêèõ t ∈ [0, T ] òà
äëÿ áóäü-ÿêèõ v, v1, v2 ∈W1,η∥∥g0(·, t, v(t, ·), v′(t, ·))∥∥H2mϑ

p (Ω)
≤

≤ K1∥v(t, ·)∥q
H

2m(1+η)
p (Ω)

+M1∥v′(t, ·)∥rH2mη
p (Ω)

,

∥∥g0(·, t, v1(t, ·), v′1(t, ·))−g0(·, t, v2(t, ·), v′2(t, ·))∥∥H2mϑ
p (Ω)

≤ K2∥v1(t, ·)− v2(t, ·)∥q
H

2m(1+η)
p (Ω)

+

+M2∥v′1(t, ·)− v′2(t, ·)∥
q

H2mη
p (Ω)

i íîðìè âçÿòî çà ïðîñòîðîâîþ çìiííîþ x ∈ Ω.
Çàóâàæèìî, ùî ïðèïóùåííÿ (G1) âèêîíó¹òüñÿ,

ÿêùî iñíóþòü òàêi äîäàòíi ñòàëi K1,M1 > 0, ùî

∥g0(x, t, z1, ξ1)− g0(x, t, z2, ξ2)∥H2mθ
p (Ω) ≤

≤ K1∥z1 − z2∥H2m(1+η)
p (Ω)

+M1∥ξ1 − ξ2∥H2mη
p (Ω),

∀x ∈ Ω, t ∈ [0, T ], z1, z2 ∈ H
2m(1+η)
p,{Bj} (Ω),

ξ1, ξ2 ∈ H2mη
p,{Bj}(Ω),

à ïðèïóùåííÿ (G2) âèêîíó¹òüñÿ, çîêðåìà, ÿêùî iñíó-
þòü òàêi äîäàòíi ñòàëi K1, M1, K2, M2, q, r, C, ùî

∥g0(x, t, z, ξ)∥H2mθ
p (Ω) ≤

≤ K1∥z∥q
H

2m(1+η)
p (Ω)

+M1∥ξ∥rH2mη
p (Ω)

,

∥g0(x, t, z1, ξ1)− g0(x, t, z2, ξ2)∥H2mθ
p (Ω) ≤

≤ K2||z1 − z2||q
H

2m(1+η)
p (Ω)

+M2||ξ1 − ξ2||rH2mη
p (Ω)

,

∀x ∈ Ω, t ∈ [0, T ], z1, z2 ∈ H
2m(1+η)
p,{Bj},C(Ω),

ξ1, ξ2 ∈ H2mη
p,{Bj},C(Ω).

2. Ïðèêëàä ôóíêöi¨ g0, ùî çàäîâîëüíÿ¹ ïðèïóùåí-
íÿ (G2). Íåõàé F [g] = ĝ � ïåðåòâîðåííÿ Ôóð'¹ ôóí-
êöi¨ g, F−1[g]�îáåðíåíå ïåðåòâîðåííÿ Ôóð'¹ âiä g,

l2mϑ(x) = F−1
[
(1 + |ξ|2)−mϑ

]
,

g0 =
∣∣l−2m(1+η) ∗ v

∣∣q0 ∗ l2mϑ, 0 < q0 < 1,

äå ÷åðåç g1 ∗ g2 ïîçíà÷åíî îïåðàöiþ çãîðòêè ôóí-
êöié g1, g2. Âèðàçè äëÿ ôóíêöié l2mϑ(x) îäåðæóþòü iç
ôîðìóëè (5) [7, ñ. 153], íàâåäåíi ó [8, c. 142], äå òàêîæ
âiäçíà÷åíî äåÿêi ¨õ âëàñòèâîñòi. Çîêðåìà ìà¹ìî

ls1 ∗ ls2 = ls1+s2 ,

l−2m(1+η) ∗ v = ln+2−2{mη} ∗ l−2m−2[mη]−n−2 ∗ v

= a ∗
(
1−∆

)m+[mη]+n
2 +1

v,

äå a(x) = ln+2−2{mη}(x) � îáìåæåíà ôóíêöiÿ,∆ � îïå-
ðàòîð Ëàïëàñà, [s]� öiëà ÷àñòèíà äiéñíîãî äîäàòíîãî

÷èñëà s, {s}� éîãî äðîáîâà ÷àñòèíà, à îòæå, ôóíêöiþ
g0 ìîæåìî ïîäàòè ÿê íåëiíiéíèé iíòåãðàëüíèé îïåðà-
òîð âiä v òà ¨¨ ïîõiäíèõ çà ïðîñòîðîâèìè çìiííèìè äî
ïîðÿäêó

2
(
m+ [mη] +

n

2
+ 1
)
.

Âðàõîâóþ÷è, ùî g1 ∗ g2 = F−1
[
ĝ1 · ĝ2

]
, à îòæå,

g0 = F−1
[
F
[∣∣l−2m(1+η) ∗ v

∣∣q0] · (1 + |ξ|2
)−mϑ]

,

äëÿ äîâiëüíèõ v1, v2 ∈ H
2m(1+η)
p (Ω) ìàòèìåìî

∥g0∥H2mϑ
p (Ω) =

[∫
Ω

∣∣∣F−1
[(
1 + |ξ|2

)mϑ
ĝ0

]∣∣∣p dx]1/p
=

[ ∫
Ω

∣∣∣∣F−1

[ (
1 + |ξ|2

)mϑ [
F
[∣∣l−2m(1+η) ∗ v

∣∣q0]]×
×
(
1 + |ξ|2

)−mϑ ∣∣∣∣pdx]1/p
=

[∫
Ω

∣∣F−1
[
F
[∣∣l−2m(1+η) ∗ v

∣∣q0]]∣∣p dx]1/p
=

[∫
Ω

∣∣l−2m(1+η) ∗ v
∣∣q0p dx]1/p

≤ C̃

[∫
Ω

∣∣l−2m(1+η) ∗ v
∣∣p dx] q0

p

= C̃

[∫
Ω

∣∣∣F−1
[(
1 + |ξ|2

)m(1+η)
v̂
]∣∣∣p dx] q0

p

= C̃
[
∥v∥

H
2m(1+η)
p (Ω)

] q0
p

.

Ïîäiáíî∥∥g0(x, t, v1, v′1)− g0(x, t, v1, v
′
1)
∥∥
H2mϑ

p (Ω)
=

=

[∫
Ω

∣∣∣|l−2m(1+η) ∗ v1|q0 − |l−2m(1+η) ∗ v2|q0
∣∣∣pdx]1/p

≤
[∫

Ω

|l−2m(1+η) ∗ (v1 − v2)|q0pdx
]1/p

≤ C̃

[∫
Ω

∣∣∣F−1
[
(1 + |ξ|2)m(1+η)[v̂1 − v̂2

]∣∣∣pdx] q0
p

= C̃
[
∥v1 − v2∥H2m(1+η)

p (Ω)

] q0
p

.

Îòæå, âèáðàíà ôóíêöiÿ g0 çàäîâîëüíÿ¹ ïðèïóùåííÿ
(G2) iç q = q0

p ∈ (0, 1). Òàê ñàìî ïîêàçó¹ìî, ùî

g0 =
(∣∣l−2m(1+η) ∗ v

∣∣q0 + |l−2mη ∗ v′|
r0
)
∗ l2mϑ

ïðè q0, r0 ∈ (0, 1) çàäîâîëüíÿ¹ ïðèïóùåííÿ (G2) iç
q = q0

p , r =
r0
p ∈ (0, 1).

3. Íåõàé äàëi

P := max
t∈[0,T ]

∥g(t, ·)∥
H

2m(1+η)
p (Ω)

,

P1 := max
t∈[0,T ]

∥g′(t, ·)∥H2mη
p (Ω),

P̂ := max{P, P1}.
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Íåëiíiéíi ðiâíÿííÿ òèïó Ãàììåðøòåéíà ó ïðîñòîðàõ áåñåëåâèõ ïîòåíöiàëiâ

Òåîðåìà 3.1. Íåõàé âèêîíóþòüñÿ óìîâà (2.3), ïðè-
ïóùåííÿ (Ag), (G) òà îäíå ç ïðèïóùåíü (G1), (G2).
Òîäi

(
çà äîäàòêîâèõ îáìåæåíü ùîäî K1,M1, P̂ ó âè-

ïàäêó q ≥ 1, r ≥ 1 ïðèïóùåííÿ (G2)
)
ðiâíÿííÿ (1.1)

ðîçâ'ÿçíå â êëàñi W1,η. Ó âèïàäêó ïðèïóùåííÿ (G1)
ðîçâ'ÿçîê ¹äèíèé.

� Äîâåäåííÿ. Ðiâíÿííÿ (1.1) çâîäèòüñÿ äî àáñòðà-
êòíîãî îïåðàòîðíîãî ðiâíÿííÿ ïðè t ∈ [0, T ]

v(·, t) =
∫ t

0

e(t−τ)Ag0
(
·, τ, v(·, τ), v′(·, τ)

)
dτ + g(·, t)

(3.4)
ó êëàñi W1,η. Ââåäåìî iíòåãðàëüíèé îïåðàòîð

H : (Hv)(t) =

∫ t

0

e(t−τ)Ag0
(
·, τ, v(·, τ), v′(·, τ)

)
dτ,

v ∈ W1,η. ßê ïðè äîâåäåííi ëåìè 1 ó [9] ïîêàçó¹ìî,
ùî iíòåãðàëüíèé îïåðàòîð

H1 : H1v = Hv + g, v ∈W1,η

äi¹ ç W1,η â W1,η. Âèêîðèñòîâóâàòèìåìî âèâåäåíó â
[6] îöiíêó, çà ÿêîþ

max
t∈[0,T ]

∥∥(Hv)(t)∥∥
2m(1+η)

≤ Kmax
t∈[0,T ]

∥∥g0(t, v(t), v′(t))∥∥2mϑ
(3.5)

òà òîòîæíiñòü ïðè t ∈ [0, T ]

(Hv)′(t) = g0
(
t, v(t), v′(t)

)
+A(Hv)(t), (3.6)

äå ñòàëà K ïðîïîðöiéíà íîðìi max
t∈[0,T ]

∥etA∥L(Vϑ,V1+ϑ).

Çà ïðèïóùåííÿ (G2) ðîçãëÿäà¹ìî âèïàäêè:
1) q, r ∈ (0, 1); 2) q ≥ 1 òà r ≥ 1.

Äëÿ äîâåäåííÿ iñíóâàííÿ íåðóõîìî¨ òî÷êè îïåðà-
òîðàH1 çàñòîñó¹ìî ïðèíöèïØàóäåðà ó âèïàäêó ïðè-
ïóùåííÿ 1 òà ïðèíöèï ñòèñíèõ âiäîáðàæåíü ó âèïàä-
êó 2. Iç (3.5) òà(3.6) äëÿ äîâiëüíî¨ v ∈W1,η,C ìà¹ìî

max
t∈[0,T ]

∥∥(H1v)(t)
∥∥
W1,η

=

= max

{
max
t∈[0,T ]

∥∥(H1v)(t)
∥∥
H

2m(1+η)
p (Ω)

,

max
t∈[0,T ]

∥∥(H ′
1v)(t)

∥∥
H2mη

p (Ω)

}
≤

≤ K̂ max
t∈[0,T ]

∥∥g0(t, v(t), v′(t)))∥∥H2mϑ
p (Ω)

≤ K̂

[
K1 max

t∈[0,T ]
∥v(t)∥q

H
2m(1+η)
p (Ω)

+

+M1 max
t∈[0,T ]

∥v′(t)∥r
H2mη

p (Ω)

]
≤ K̂

[
K1∥v∥qW1,η

+M1∥v(t)∥rW1,η

]
,

äå K̂ = max{K,C2K + C3}, ñòàëà C2 õàðàêòåðèçó¹
içîìîðôiçì D

[
(−A)1+η

]
≃ V1+η, ñòàëà C3 � íîðìà íå-

ïåðåðâíîãî âêëàäåííÿ Vϑ # Vη. Çâiäêè

∥H1v∥1,η ≤ K̂ [K1C
q +M1C

r] + P̂

= b1C
q + b2C

r + b3, ∀v ∈W1,η,C ,
(3.7)

äå b1 = K̂K1, b2 = K̂M1, b3 = P̂ .
Çà âëàñòèâîñòÿìè ôóíêöi¨ h(C) = b1C

q+b2C
r+b3

ïðè q, r ∈ (0, 1), äîâiëüíèõ äîäàòíèõ ñòàëèõ b1, b2, b2
iñíó¹ òàêà äîäàòíà ñòàëà C0, ùî ïðè âñiõ C > C0 âè-
êîíó¹òüñÿ b1Cq + b2C

r + b3 < C, à îòæå,

∥H1v∥1,η < C, ∀v ∈W1,η,C (3.8)

i H1 : Wη,C −→Wη,C . Çàóâàæèìî, ùî

b1C
q + b2C

r + b3 = (b1 + b2)C + b3

= b′C + b3 ïðè q = r = 1,

Cq + b2C
r + b3

≤ (b1 + b2)C
q + b3 ïðè C ≥ 1, q ≥ r ≥ 1.

Çà âëàñòèâîñòÿìè ôóíêöi¨ h1(C) = b′C + b3 ïðè
äîâiëüíié äîäàòíié ñòàëié b3 òà b′ < 1 iñíó¹ òàêà äî-
äàòíà ñòàëà C, ùî h1(C) < C. Òîäi ìàòèìåìî (3.8).

Iç íåðiâíîñòi

b′Cq + b3 < εC, C ≥ 1 ε ∈ (0, 1] (3.9)

âèïëèâà¹ iñíóâàííÿ ñòàëèõ C > 0, çà ÿêèõ ó âèïàä-
êó q ≥ r ≥ 1 âèêîíó¹òüñÿ (3.8). Äëÿ âèêîíàííÿ (3.9)
äîñòàòíüî [1, c. 320] iñíóâàííÿ min

C≥0
h2(C) ≤ −b3, äå

h2(C) = b′Cq − εC. ×èñëî C0 = q−1

√
ε
b′q ¹ òî÷êîþ ìi-

íiìóìó ôóíêöi¨ h2(C). Çíàõîäèìî

h2(C0) = C0

(
b′Cq−1

0 − ε
)
= C0

(
b′
ε

b′q
− ε

)
= −C0ε

(
1− 1

q

)
.

Çâiäñè îòðèìó¹ìî åêâiâàëåíòíi íåðiâíîñòi

−C0ε
(
1− 1

q

)
< −b3 ⇐⇒ C0 >

b′q

ε(q − 1)
⇐⇒

⇐⇒ b′bq−1
3 <

(
ε

q

)q
(q − 1)q−1.

Óìîâà C0 ≥ 1 âèêîíó¹òüñÿ ïðè b′ ≤ r
q <

1
q . Îòæå, çà

óìîâ

K̂q(K1 +M1)P̂
q−1 <

(
1

q

)q
(q − 1)q−1,

K̂(K1 +M1) <
1

q

(3.10)

iñíó¹ òàêà ñòàëà C > 0, ùî âèêîíó¹òüñÿ (3.8) òà
H1 : W1,η,C −→W1,η,C .

Ïðè q > 1, r = 1 ôóíêöiÿ h3(C) = b1C
q + b2C −C

ìà¹ ìiíiìóì ó òî÷öi C0 = q−1

√
1−b2
b1q

, à íåðiâíiñòü

h3(C0) < −b3 ðiâíîñèëüíà ( 1−b2q )q < b1q(q− 1)−1bq−1
3 .

Àíàëîãi÷íî äëÿ äîâiëüíèõ v1, v2 ∈W1,η,C

max
t∈[0,T ]

∥∥(H1v1)(t)− (H1v2)(t)
∥∥
H

2m(1+η)
p (Ω)

≤

≤ Kmax
t∈[0,T ]

∥∥g0(t, v1(t), v′1(t))−g0(t, v2(t), v′2(t))∥∥H2mϑ
p (Ω)
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À.Î. Ëîïóøàíñüêèé

≤ K
[
K2 max

t∈[0,T ]
∥v1(t)− v2(t)∥q

H
2m(1+η)
p (Ω)

+

+M2 max
t∈[0,T ]

∥v′1(t)− v′2(t)∥rH2mη
p (Ω)

]
≤ K

[
K2∥v1 − v2∥q1,η +M2∥v1 − v2∥r1,η

]
,

à òàêîæ

max
t∈[0,T ]

∥∥(H1v1)
′(t)− (H2v2)

′(t)
∥∥
H2mη

p (Ω)
≤

≤ max
t∈[0,T ]

∥∥A[(Hv1)(t)− (Hv2)(t)]
∥∥
H2mη

p (Ω)
+

+ max
t∈[0,T ]

∥∥g0(t, v1(t), v′1(t))− g0(t, v2(t), v
′
2(t))

∥∥
H2mη

p (Ω)

≤ C2 max
t∈[0,T ]

∥∥(Hv1)(t)− (Hv2)(t)
∥∥
H

2m(1+η)
p (Ω)

+

+C3max
t∈[0,T ]

∥∥g0(t, v1(t), v′1(t))− g0(t, v2(t), v
′
2(t))

∥∥
H2mϑ

p (Ω)

≤ K̂
[
K2∥v1 − v2∥q1,η +M2∥v1 − v2∥r1,η

]
.

Çâiäñè îäåðæó¹ìî íåïåðåðâíiñòü îïåðàòîðà H íà
W1,η,C .

Ïðè q ≥ r > 1 äëÿ äîâiëüíèõ v1, v2 ∈Wη,C ìà¹ìî

∥v1 − v2∥q1,η ≤ a(q)max
{
∥v1∥q−1

1,η , ∥v2∥
q−1
1,η

}
∥v1 − v2∥1,η

≤ a(q)Cq−1∥v1 − v2∥1,η,

à òîäi ∥Hv1−Hv2∥1,η ≤ a′∥v1−v2∥1,η, äå a′ = a′(C) =

K̂ [K2a(q) +M2a(r)]C
q−1, a(q) = 22−qq ïðè q ∈ (1, 2),

a(q) = q ïðè q ≥ 2. Îñêiëüêè

a′(C0) =
[K2a(q) +M2a(r)]

K1 +M1

ε

q
,

òî âèáîðîì ÷èñëà ε äîñÿãà¹ìî íåðiâíîñòi a′(C0) < 1.
Îòæå, ó âèïàäêó q ≥ r > 1

(
òà ïðè q = r = 1,

ÿêùî b1 + b2 < 1
)
iñíó¹ òàêå C > 0, ùî îïåðàòîð

H1 ñòèñíèé íà W1,η,C i çà ïðèíöèïîì ñòèñíèõ âiä-
îáðàæåíü çà óìîâè (3.10) ó âèïàäêó q ≥ r > 1

(
òà

ïðè q = r = 1, ÿêùî b1 + b2 < 1
)
ðiâíÿííÿ (1.1) ìà¹

ðîçâ'ÿçîê ó W1,η,C .

Âèïàäîê r ≥ q > 1 àíàëîãi÷íèé.

Ó âèïàäêó q ∈ (0, 1) äîâåäåìî êîìïàêòíiñòü îïåðà-
òîðà H íàW1,η,C . Âèùå äîâåäåíà ðiâíîìiðíà îáìåæå-
íiñòü

∥∥H1v
∥∥
1,η

íà W1,η,C . Ïîêàæåìî îäíîñòàéíó íå-
ïåðåðâíiñòü ìíîæèíè W1,η,C â W1,η. Äëÿ äîâiëüíèõ
v ∈W1,η,C , s ∈ R ìà¹ìî

Q(v) = max
t∈[0,T ]

∥∥(H1v)(t+ s)− (H1v)(t)
∥∥
H

2m(1+η)
p (Ω)

= max
t∈[0,T ]

∥∥∥∥ ∫ t+s

t

e(t−τ)Ag0
(
τ, v(τ), v′(τ)

)
dτ +

+g(t+ s)− g(t)

∥∥∥∥
H

2m(1+η)
p (Ω)

≤

≤ |s|K3 max
t∈[0,T ]

∥∥g0(t, v(t), v′(t))∥∥H2mϑ
p (Ω)

+

+ max
t∈[0,T ]

∥∥g(t+ s)− g(t)
∥∥
H

2m(1+η)
p (Ω)

,

äå K3 � ïåâíà äîäàòíà ñòàëà. Îñòàííÿ íåðiâíiñòü âè-
ïëèâà¹ ç ðåçóëüòàòiâ [10] òà [6]. Âðàõîâóþ÷è ïðèïó-
ùåííÿ (G2), ìàòèìåìî

Q(v) ≤ |s|K3

(
K1C

q +M1C
r
)
+

+ max
t∈[0,T ]

∥∥g(t+ s)− g(t)
∥∥
H

2m(1+η)
p (Ω)

.

Òîäi äëÿ äîâiëüíèõ v ∈ W1,η,C , ε > 0 iñíó¹ òàêå
s1 = s1(ε, C) > 0, ùî ïðè âñiõ |s| < s1 ìàòèìåìî
Q(v) < ε. Ïîäiáíî

Q1(v) = max
t∈[0,T ]

∥∥(H1v)
′(t+ s)− (H1v)

′(t)
∥∥
H2mϑ

p (Ω)

= max
t∈[0,T ]

∥∥A[(Hv)(t+ s)− (Hv)(t)] +

+
[
g0
(
t+ s, v(t+ s), v′(t+ s)

)
− g0

(
t, v(t), v′(t)

)]
+

+
[
g′(t+ s)− g′(t)

]∥∥
H2mϑ

p (Ω)

≤ C2 max
t∈[0,T ]

∥∥(Hv)(t+ s)− (Hv)(t)
∥∥
H

2m(1+η)
p (Ω)

+

+C3 max
t∈[0,T ]

∥∥g0(t+ s, v(t+ s), v′(t+ s))−
−g0(t, v(t), v′(t))

∥∥
H2mϑ

p (Ω)
+

+ max
t∈[0,T ]

∥∥g′(t+ s)− g′(t)
∥∥
H2mη

p (Ω)
.

Òîäi äëÿ äîâiëüíèõ v ∈ W1,η,C , ε > 0 iñíó¹ òàêå
s2 = s2(ε, C) > 0, ùî ïðè âñiõ |s| < s2 ìàòèìå-
ìî Q1(v) < ε, à ïðè |s| < min{s1, s2} ìàòèìåìî
max{Q(v), Q1(v)} < ε. Çà ëåìîþ Àðöåëà îïåðàòîð H1

êîìïàêòíèé íà W1,η,C .
Çà ïðèïóùåííÿ (G1), âðàõîâóþ÷è âèùåíàâåäåíå,

äëÿ äîâiëüíèõ v1, v2 ∈W1,η îäåðæó¹ìî

max
t∈[0,T ]

∥∥(H1v1)(t)− (H1v2)(t)
∥∥
1,η

≤ K̂ [K1 +M1] ∥v1 − v2∥1,η,

à îòæå, ïðè K̂ [K1 +M1] < 1 îïåðàòîð ñòèñíèé íà
W1,η. �

Âèñíîâêè

Äîâåäåíî òåîðåìó iñíóâàííÿ ðîçâ'ÿçêó iíòåãðî-
äèôåðåíöiàëüíîãî ðiâíÿííÿ ó êëàñàõ íåïåðåðâíî äè-
ôåðåíöiéîâíèõ ôóíêöié çà îäíi¹þ çìiííîþ, ùî íàëå-
æàòü äî ïðîñòîðiâ áåñåëåâèõ ïîòåíöiàëiâ çà iíøèìè
çìiííèìè. ßê îêðåìèé âèïàäîê çâiäñè îäåðæó¹ìî äî-
ñòàòíi óìîâè ðîçâ'ÿçíîñòi íîðìàëüíî¨ êðàéîâî¨ çàäà-
÷i äëÿ íàïiâëiíiéíî¨ ïàðàáîëi÷íî¨ ñèñòåìè ðiâíÿíü ç
ïî÷àòêîâèìè äàíèìè â ïðîñòîðàõ áåñåëåâèõ ïîòåíöi-
àëiâ.
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