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I. Âñòóï

ßê áóëî âñòàíîâëåíî ó [3], êîæíîìó òèõîíîâñü-
êîìó ïðîñòîðó X âiäïîâiäà¹ âiëüíèé îá'¹êò ó êàòå-
ãîði¨ âiääiëüíèõ òîïîëîãi÷íèõ ãðóï òà ¨õíiõ íåïåðåðâ-
íèõ ãîìîìîðôiçìiâ. Ïðîòå çãîäîì ç'ÿñóâàëîñü, ùî
ôóíêòîð âiëüíî¨ òîïîëîãi÷íî¨ ãðóïè íå ¹ ií'¹êòèâ-
íèì, iíøèìè ñëîâàìè, äâîì íåãîìåîìîðôíèì òîïî-
ëîãi÷íèì ïðîñòîðàì ìîæóòü âiäïîâiäàòè òîïîëî-
ãi÷íî içîìîðôíi âiëüíi òîïîëîãi÷íi ãðóïè. Òåîðiÿ
M -åêâiâàëåíòíèõ ïðîñòîðiâ âêëþ÷à¹ âèâ÷åííÿ ñïiëü-
íèõ i âiäìiííèõ âëàñòèâîñòåé áàçèñiâ âiëüíèõ òîïîëî-
ãi÷íèõ ãðóï. Ñàìå äëÿ âñòàíîâëåííÿ âiäìiííèõ âëàñ-
òèâîñòåé íàì i ïîòðiáíi çàãàëüíi ìåòîäè ïîáóäîâè
M -åêâiâàëåíòíèõ ïðîñòîðiâ, äî ÿêèõ çîêðåìà íàëå-
æàòü êîíñòðóêöi¨, ùî çáåðiãàþòü M -åêâiâàëåíòíiñòü.
ßê âiäîìî, äî òàêèõ êîíñòðóêöié íàëåæàòü ïðÿìi
òîïîëîãi÷íi ñóìè [2], äîáóòêè (çà ïåâíèõ óìîâ íà
ñïiâìíîæíèêè) [4], êîíóñè i íàäáóäîâè [4], ïîïîâíåí-
íÿ ïî Äü¹äîííå [5], ïðîñòîðè êâàçiêîìïîíåíò [8].

Íåõàé X � òèõîíîâñüêèé ïðîñòið. ×åðåç F (X)
ïîçíà÷àòèìåìî âiëüíó òîïîëîãi÷íó ãðóïó ïðîñòîðó
X ó ñåíñi Ìàðêîâà, ÷åðåç A(X) � âiëüíó àáåëåâó
òîïîëîãi÷íó ãðóïó ïðîñòîðó X ó ñåíñi Ìàðêîâà,
÷åðåç FG(X) � âiëüíó òîïîëîãi÷íó ãðóïó ïðîñòîðó
X ó ñåíñi Ãðà¹âà, ÷åðåç AG(X) � âiëüíó àáåëåâó
òîïîëîãi÷íó ãðóïó òèõîíîâñüêîãî ïðîñòîðó X ó ñåíñi
Ãðà¹âà. Òîïîëîãi÷íi ïðîñòîðè X i Y íàçèâàþòüñÿ
M -åêâiâàëåíòíèìè, ÿêùî òîïîëîãi÷íi ãðóïè F (X) i
F (Y ) ¹ òîïîëîãi÷íî içîìîðôíèìè (ïîçí. X

M∼ Y ).
Òîïîëîãi÷íi ïðîñòîðè X i Y íàçèâàþòüñÿ A-åêâi-
âàëåíòíèìè, ÿêùî òîïîëîãi÷íi ãðóïè A(X) i A(Y )
¹ òîïîëîãi÷íî içîìîðôíèìè (ïîçí. X

A∼ Y ). Äëÿ
òîïîëîãi÷íîãî ïðîñòîðó X ÷åðåç X+ ïîçíà÷àòèìåìî
ïðîñòið, îòðèìàíèé ç ïðîñòîðó X äîäàâàííÿì îäíi¹¨
içîëüîâàíî¨ òî÷êè.

Íàãàäà¹ìî îñíîâíi òâåðäæåííÿ, ÿêi íàé÷àñòiøå
âèêîðèñòîâóâàòèìåìî ó öié ðîáîòi.

Òâåðäæåííÿ 1.1. [2] Íåõàé Xs
M∼ Ys äëÿ êîæ-

íîãî s ∈ S. Òîäi ⊕
s∈S

Xs
M∼ ⊕

s∈S
Ys.

Òâåðäæåííÿ 1.2. [7] Íåõàé pi : Xi → Yi,
i = 1, 2 � R-ôàêòîðíi âiäîáðàæåííÿ, p∗i : F (Xi) →
F (Yi) � ¨õíi ãîìîìîðôíi ïðîäîâæåííÿ. ßêùî iñíó¹
òîïîëîãi÷íèé içîìîðôiçì i : F (X1) → F (X2) òàêèé,
ùî i(ker p∗1) = ker p∗2, òîäi âiäîáðàæåííÿ p1 i p2 M -
åêâiâàëåíòíi.

Ñêàæåìî, ùî içîìîðôiçì i : F (X) → F (Y ) ¹
ñïåöiàëüíèì, ÿêùî êîìïîçèöiÿ e∗Y ◦ i ¹ ïîñòiéíèì
âiäîáðàæåííÿì íà X, äå e∗Y : F (Y ) → R � ãîìî-
ìîðôiçì, ùî ïðîäîâæó¹ ôóíêöiþ eY : Y → R, ÿêà
òîòîæíî äîðiâíþ¹ 1 íà Y . Â àíàëîãi÷íèé ñïîñiá
îçíà÷ó¹òüñÿ ïîíÿòòÿ ñïåöiàëüíîãî içîìîðôiçìó ìiæ
âiëüíèìè àáåëåâèìè òîïîëîãi÷íèìè ãðóïàìè.

Òâåðäæåííÿ 1.3. [4] Íåõàé X i Y � ïðîñòîðè ç
òîïîëîãi÷íî içîìîðôíèìè âiëüíèìè òîïîëîãi÷íèìè
ãðóïàìè. Òîäi iñíó¹ ñïåöiàëüíèé òîïîëîãi÷íèé içî-
ìîðôiçì ìiæ âiëüíèìè òîïîëîãi÷íèìè ãðóïàìè
ïðîñòîðiâ X i Y .

Òâåðäæåííÿ 1.4. [4] ßêùî X
M∼ Y i ïðîñòið Z

¹ ëîêàëüíî êîìïàêòíèì, àáî ïðîñòið (X ⊕ Y )× Z ¹
k-ïðîñòîðîì, òî X × Z

M∼ Y × Z.

Òâåðäæåííÿ, àíàëîãi÷íi äî òâåðäæåíü 1.1�
1.4, ñïðàâåäëèâi òàêîæ i äëÿ âiëüíèõ àáåëåâèõ
òîïîëîãi÷íèõ ãðóï.

Ó äðóãîìó ðîçäiëi ìè óçàãàëüíèìî òåîðåìó Îêó-
í¹âà ïðî ñïåöiàëüíi içîìîðôiçìè âiëüíèõ àáåëåâèõ
òîïîëîãi÷íèõ ãðóï. Ó òðåòüîìó ðîçäiëi ìè ïîêàæåìî,
ùî òàêi êîíñòðóêöi¨, ÿê äæîéíè, áóêåòè, ïðèâåäåíi
äîáóòêè, G-ñèìåòðè÷íi äîáóòêè, âiëüíi (àáåëåâi) íà-
ïiâãðóïè òà ìîíî¨äè çà ïåâíèõ óìîâ, çáåðiãàþòü içî-
ìîðôiçìè âiëüíèõ (àáåëåâèõ) òîïîëîãi÷íèõ ãðóï òà
âiëüíèõ ëîêàëüíî îïóêëèõ ïðîñòîðiâ.

Ðåçóëüòàòè ðîáîòè áóëè àíîíñîâàíi ó [9] i [10].

II. Ïðî îäíå óçàãàëüíåíÿ
òåîðåìè Îêóí¹âà

Íàñòóïíå òâåðäæåííÿ óçàãàëüíþ¹ ðåçóëüòàò Î. Îêó-
í¹âà [4] ïðî ñïåöiàëüíi içîìîðôiçìè i áóäå äàëi âèêî-
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Êîíñòðóêöii, ùî çáåðiãàþòü Ì-åêâiâàëåíòíiñòü

ðèñòîâóâàòèñü ïðè âñòàíîâëåííi êîíñòðóêöié, ùî çáå-
ðiãàþòü A-åêâiâàëåíòíiñòü.

Òåîðåìà 2.1. Äëÿ ïðîñòîðiâ X òà Y íàñòóïíi
óìîâè åêâiâàëåíòíi:

a) âiëüíi àáåëåâi òîïîëîãi÷íi ãðóïè â ñåíñi
Ìàðêîâà ïðîñòîðiâ X òà Y òîïîëîãi÷íî içîìîðôíi;

á) äëÿ äîâiëüíèõ òî÷îê a ∈ X, b ∈ Y iñíó¹
ñïåöiàëüíèé òîïîëîãi÷íèé içîìîðôiçì h : A(X) →
A(Y ) òàêèé, ùî h(a) = b;

â) âiëüíi àáåëåâi òîïîëîãi÷íi ãðóïè â ñåíñi Ãðà¹âà
ïðîñòîðiâ X òà Y òîïîëîãi÷íî içîìîðôíi.

Äëÿ äîâåäåííÿ òåîðåìè íàì ïîòðiáíà áóäå òàêà
ëåìà.

Ëåìà 2.2. Íåõàé âiëüíi (àáåëåâi) ãðà¹âñüêi òî-
ïîëîãi÷íi ãðóïè ïðîñòîðiâ X1 i X2 ¹ òîïîëîãi÷íî içî-
ìîðôíèìè i âiëüíi (àáåëåâi) ìàðêîâñüêi òîïîëîãi÷íi
ãðóïè ïðîñòîðiâ Y1 i Y2 ¹ òîïîëîãi÷íî içîìîðôíèìè.
Òîäi âiëüíi (àáåëåâi) ãðà¹âñüêi òîïîëîãi÷íi ãðóïè
ïðîñòîðiâ X1 ⊕ Y1 i X2 ⊕ Y2 ¹ òîïîëîãi÷íî
içîìîðôíèìè.

¤ Äîâåäåííÿ. Íåõàé i : FG(X1) → FG(X2) �
içîìîðôiçì âiëüíèõ ãðà¹âñüêèõ òîïîëîãi÷íèõ ãðóï
ç âiäìi÷åíèìè òî÷êàìè ai ∈ Xi, i = 1, 2,
j : F (Y1) → F (Y2) � içîìîðôiçì âiëüíèõ ìàðêîâñüêèõ
òîïîëîãi÷íèõ ãðóï. Ðîçãëÿíåìî âiäîáðàæåííÿ k : X1⊕
Y1 → F (X2 ⊕ Y2), ïîêëàäàþ÷è k(z) = i(z), ÿêùî
z ∈ X1 i k(z) = j(z), ÿêùî z∈Y1. Àíàëîãi÷íî äî
[2, òâåðäæåííÿ 8.8] ïåðåâiðÿ¹òüñÿ, ùî ïðîäîâæåííÿ
âiäîáðàæåííÿ k äî íåïåðåðâíîãî ãîìîìîðôiçìó
k∗ : FG(X1 ⊕ Y1) → FG(X2 ⊕ Y2) ¹ içîìîðôiçìîì
âiëüíèõ ãðà¹âñüêèõ òîïîëîãi÷íèõ ãðóï FG(X1⊕Y1) i
FG(X2 ⊕ Y2) ç âiäìi÷åíèìè òî÷êàìè ai ∈ Xi ⊕ Yi. ¥

¤ Äîâåäåííÿ. [Äîâåäåííÿ òåîðåìè.] Äîâåäåìî
iìïëiêàöiþ (a =⇒ b). Çà òâåðäæåííÿì I. iñíó¹
ñïåöiàëüíèé òîïîëîãi÷íèé içîìîðôiçì j : A(X) →
A(Y ). Íåõàé A = λ1x1 + λ2x2 + ... + λnxn =
j−1(b). Îñêiëüêè j ¹ ñïåöiàëüíèì içîìîðôiçìîì, òî
n∑

i=1

λi = 1. Ðîçãëÿíåìî âiäîáðàæåííÿ f, g : X → A(X),
îçíà÷åíi ÿê f(x) = x + A − a, g(x) = x − A + a.
Íåõàé f∗, g∗ : A(X) → A(X) � ¨õíi ãîìîìîðôíi
ïðîäîâæåííÿ.

Òîäi

f∗ ◦ g∗(x) = f∗(x−A + a) =
= (x + A− a)− [λ1(x1 + A− a)+

+λ2(x2 + A− a) + ... + λn(xn + A− a)]+
+(a + A− a)=x+A−a−[λ1x1 + λ2x2 + ... + λnxn]−

−(
n∑

i=1

λi)× (A− a) + A =

= x + A− a−A− 1× (A− a) + A = x.

Îòæå, f∗ ◦g∗ = g∗ ◦f∗ = 1A(X). Ó òàêèé ñïîñiá f∗

¹ ñïåöiàëüíèì àâòîìîðôiçìîì ãðóïè A(X) òàêèì, ùî
f∗(a) = A. Tîäi h = j◦f∗ ¹ ñïåöiàëüíèì òîïîëîãi÷íèì
içîìîðôiçìîì i h(a) = j ◦ f∗(a) = j(A) = b.

Äîâåäåìî iìïëiêàöiþ (b =⇒ c). Íåõàé i : A(X) →
→ A(Y ) � ñïåöiàëüíèé òîïîëîãi÷íèé içîìîðôiçì
òàêèé, ùî i(a) = b. Òîòîæíå âiäîáðàæåííÿ
X → → X ïðîäîâæó¹òüñÿ äî íåïåðåðâíîãî
ãîìîìîðôiçìó fx : A(X) → AG(X, a) ó âiëüíó
àáåëåâó ãðà¹âñüêó òîïîëîãi÷íó ãðóïó ïðîñòîðó X ç
îäèíèöåþ â òî÷öi a. Òàê ñàìî, òîòîæíå âiäîáðàæåííÿ
Y→Y ïðîäîâæó¹òüñÿ äî íåïåðåðâíîãî ãîìîìîðôiç-
ìó fy : A(Y ) → AG(Y, b) ó âiëüíó àáåëåâó ãðà¹âñüêó
òîïîëîãi÷íó ãðóïó ïðîñòîðó Y ç îäèíèöåþ â òî÷öi
b. Íåïåðåðâíå âiäîáðàæåííÿ sx : X → AG(Y, b),
îçíà÷åíå ÿê s(x) = fy ◦ i|X , ìà¹ òó âëàñòèâiñòü,
ùî sx(a) = b, îòæå, ïðîäîâæó¹òüñÿ äî íåïåðåðâíîãî
ãîìîìîðôiçìó jx : AG(X, a) → AG(Y, b). Àíàëîãi÷íî
íåïåðåðâíå âiäîáðàæåííÿ sy : Y → AG(X, a),
îçíà÷åíå ÿê s(y) = fx ◦ i−1|Y , ìà¹ òó âëàñòèâiñòü,
ùî sy(b) = a, îòæå, ïðîäîâæó¹òüñÿ äî íåïåðåðâíîãî
ãîìîìîðôiçìó jy : AG(Y, b) → AG(X, a). Ìà¹ìî, ùî
jy ◦ jx(x) = fx ◦ i ◦ i−1(x) = x äëÿ óñiõ x ∈ X.
Àíàëîãi÷íî jx ◦ jy(y) = fy ◦ i−1 ◦ i(y) = y äëÿ óñiõ
y ∈ Y . Îòæå, jx � òîïîëîãi÷íèé içîìîðôiçì âiëüíèõ
àáëåâèõ ãðà¹âñüêèõ ãðóï AG(X, a) i AG(Y, b).

Äîâåäåìî iìïëiêàöiþ (c =⇒ a). Íåõàé âiëüíi
àáåëåâi ãðà¹âñüêi òîïîëîãi÷íi ãðóïè ïðîñòîðiâ X i
Y ¹ òîïîëîãi÷íî içîìîðôíèìè. Òîäi çà ëåìîþ II.
âiëüíi àáåëåâi ãðà¹âñüêi òîïîëîãi÷íi ãðóïè ïðîñòîðiâ
X+ i Y + ¹ òàêîæ òîïîëîãi÷íî içîìîðôíèìè. ßê
çàçíà÷àëîñü â [1], âiëüíà (àáåëåâà) ãðà¹âñüêà òî-
ïîëîãi÷íà ãðóïà ïðîñòîðó X+ ïðèðîäíî içîìîðôíà
âiëüíié (àáåëåâié) ìàðêîâñüêié òîïîëîãi÷íié ãðóïi
ïðîñòîðó X, ùî i äîâîäèòü íàøå òâåðäæåííÿ. ¥

Íàñëiäîê 2.3. Íåõàé X+ A∼ Y +. Òîäi X
A∼ Y .

III. Êîíñòðóêöi¨ i ôóíêòîðè,
ùî çáåðiãàþòü åêâiâàëåíòíiñòü
òèõîíîâñüêèõ ïðîñòîðiâ

Íåõàé {Xs}s∈S � ñiì'ÿ ïðîñòîðiâ ç âiäìi÷åíèìè òî÷-
êàìè xs ∈ Xs. Òîäi ôàêòîð-ïðîñòið ∨s∈S(Xs, xs) =
= ( ⊕

s∈S
Xs)/( ⊕

s∈S
xs) íàçèâàòèìåòüñÿ áóêåòîì ñiì'¨

(Xs, xs). Íåñêëàäíî ïåðåñâiä÷èòèñü, ùî áóêåò ñiì'¨
òèõîíîâñüêèõ ïðîñòîðiâ áóäå çíîâó òèõîíîâñüêèì
ïðîñòîðîì.

Òâåðäæåííÿ 3.1. Íåõàé Xs
A∼ Ys äëÿ êîæíîãî

s ∈ S. Òîäi ∨s∈S(Xs, as)
A∼ ∨s∈S(Ys, bs).

¤ Äîâåäåííÿ. Îñêiëüêè Xs
A∼ Ys, òî ç òåîðåìè

2.1 âèïëèâà¹, ùî iñíóþòü òîïîëîãi÷íi içîìîðôiçìè
is : A(Xs) → A(Ys) òàêi, ùî i(as) = bs. Îçíà÷èìî
içîìîðôiçì i : A( ⊕

s∈S
Xs)→A( ⊕

s∈S
Ys), ïîêëàâøè i(x) =

= is(x), ÿêùî x ∈ Xs. Íåõàé pX : ⊕
s∈S

Xs →
∨s∈S(Xs, as), pY : ⊕

s∈S
Ys → ∨s∈S(Ys, bs) � ôàê-

òîð âiäîáðàæåííÿ, p∗X , p∗Y � ¨õíi ãîìîìîðôíi ïðî-
äîâæåííÿ. Äîâåäåìî, ùî i(ker p∗X) = ker p∗Y . Öüîãî,
âèõîäÿ÷è ç òâåðäæåííÿ 1.2, áóäå äîñòàòíüî, ùîá
äîâåñòè, ùî ∨s∈S(Xs, as)

A∼ ∨s∈S(Ys, bs). Ïiäãðóïà
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ker p∗X ïîðîäæåíà åëåìåíòàìè âèäó as−at, äå t, s ∈ S.
Òîäi i(as − at) = bs − bt ∈ ker p∗Y , ùî i äîâîäèòü íàøå
òâåðäæåííÿ. ¥

Òâåðäæåííÿ 3.2. [7]. Íåõàé X
M∼ Y i òîïîëîãi÷-

íèé ïðîñòið (X⊕Y )n ¹ k-ïðîñòîðîì. Òîäi Xn M∼ Y n.

¤ Äîâåäåííÿ. Ç òîãî, ùî (X ⊕ Y )n ¹ k-
ïðîñòîðîì, âèïëèâà¹, ùî Xm × Y n−m ¹ k-ïðîñòîðîì
äëÿ óñiõ m = 0..n. Òîìó çà òâåðäæåííÿì I. Xm ×
Y n−m M∼ Xm+1×Y n−m−1 äëÿ óñiõ m = 0, ..., n. Îòæå,
Xn M∼ Y n. Ó òàêèé ñïîñiá ìè çà êîæíèì òîïîëîãi÷íèì
içîìîðôiçìîì i : F (X) → F (Y ) ìîæåìî ïîáóäóâàòè
òîïîëîãi÷íèé içîìîðôiçì in : F (Xn) → F (Y n). ¥

Ïîçíà÷èìî ÷åðåç S(X) âiëüíó òîïîëîãi÷íó íàïiâ-
ãðóïó ïðîñòîðó X. Îñêiëüêè S(X) =

∞⊕
n=1

Xn [6], òî
ôóíêòîð âiëüíî¨ òîïîëîãi÷íî¨ íàïiâãðóïè ïåðåâîäèòü
òèõîíîâñüêi ïðîñòîðè ó òèõîíîâñüêi ïðîñòîðè.

Òâåðäæåííÿ 3.3. Íåõàé X
M∼ Y i òîïîëîãi÷íèé

ïðîñòið S(X⊕Y ) ¹ k-ïðîñòîðîì. Òîäi S(X) M∼ S(Y ).

¤ Äîâåäåííÿ. Îñêiëüêè S(X⊕Y )=
∞⊕

n=1
(X⊕Y )n

i S(X⊕Y ) ¹ k-ïðîñòîðîì, òî (X⊕Y )n ¹ k-ïðîñòîðîì
äëÿ óñiõ íàòóðàëüíèõ n, îòæå, çà òâåðäæåííÿì I.
ìà¹ìî, ùî Xn M∼ Y n äëÿ óñiõ íàòóðàëüíèõ n. Îòæå,
çà òâåðäæåííÿì I. ìà¹ìî, ùî S(X) M∼ S(Y ). ¥

Òâåðäæåííÿ, àíàëîãi÷íi äî òâåðäæåíü 3.2�3.3,
ñïðàâåäëèâi i äëÿ âiäíîøåííÿ A-åêâiâàëåíòíîñòi.

Íåõàé (X,x0) i (Y, y0) � òîïîëîãi÷íi ïðîñòîðè
ç âiäìi÷åíèìè òî÷êàìè. Ôàêòîð-ïðîñòið
(X×Y )/((X×y0)∪(x0×Y )) íàçèâà¹òüñÿ ïðèâåäåíèì
äîáóòêîì ïðîñòîðiâ X i Y i ïîçíà÷à¹òüñÿ
(X, x0) ∧ (Y, y0). Â íàñòóïíîìó òâåðäæåííi íà ïðèâå-
äåíîìó äîáóòêó çàìiñòü ôàêòîðíî¨ ìè ðîçãëÿäà-
òèìåìî R-ôàêòîðíó òîïîëîãiþ. Îñêiëüêè ïiäïðîñòið
(X × y0)∧ (x0×Y ) çàìêíåíèé ó X ×Y , òî âiäïîâiäíî
äî [7, òâåðäæåííÿ 1.3] öå äàñòü íàì çìîãó ó ðîáîòi ç
ïðèâåäåíèìè äîáóòêàìè òèõîíîâñüêèõ ïðîñòîðiâ íå
âèõîäèòè çà ìåæi òèõîíîâñüêèõ ïðîñòîðiâ.

Òâåðäæåííÿ 3.4. Íåõàé (X, x0), (Y, y0), (Z, z0) �
òîïîëîãi÷íi ïðîñòîðè ç âiäìi÷åíèìè òî÷êàìè,
X

A∼ Y i ïðîñòið Z ¹ ëîêàëüíî êîìïàêòíèì, àáî
ïðîñòið (X ⊕ Y ) × Z ¹ k-ïðîñòîðîì. Òîäi (X, x0)∧
∧(Z, z0)

A∼ (Y, y0) ∧ (Z, z0).
¤ Äîâåäåííÿ. Íåõàé h : A(X)→A(Y ) � ñïå-

öiàëüíèé òîïîëîãi÷íèé içîìîðôiçì òàêèé, ùî
h(x0)=y0, à åëåìåíò x òàêèé, ùî h(x) = λ1y1+
+λ2y2 + ... + λnyn. Îçíà÷èìî òîïîëîãi÷íèé
içîìîðôiçì i : A(X × Z) → A(Y × Z) ìåòîäîì,
çàïðîïîíîâàíèì Î. Îêóí¹âèì ó [4], ïîêëàâøè
i(x, z) = λ1(y1, z) + λ2(y2, z) + ... + λn(yn, z).

Ïîçíà÷èìî ÷åðåç pX : X × Z → (X,x0) ∧ (Z, z0),
pY : Y × Z → (Y, y0) ∧ (Z, z0) � R-ôàêòîðíi
âiäîáðàæåííÿ, p∗X : A(X × Z) → A((X,x0) ∧ (Z, z0)),
p∗Y : A(Y ×Z) → A((Y, y0)∧(Z, z0)) � ¨õíi ãîìîìîðôíi
ïðîäîâæåííÿ. Ùîá äîâåñòè íàøå òâåðäæåííÿ íàì,
çãiäíî ç òâåðäæåííÿì 1.2, äîñòàòíüî ïîêàçàòè, ùî
i(ker p∗X) = ker p∗Y . Ïiäãðóïà ker p∗X ïîðîäæåíà
ìíîæèíîþ u − u0, äå u0 = (x0, z0), à u ïðîáiãà¹
âñåìîæëèâi çíà÷åííÿ (x, z0), x ∈ X àáî (x0, z), z ∈ Z.
Íåõàé u = (x, z0). Ïîêëàäåìî w0 = pY (y0, z0). Òîäi

i(u− u0) =
= λ1(y1, z0) + λ2(y2, z0) + ... + λn(yn, z0)− (y0, z0).

Ó òàêèé ñïîñiá p∗Y ◦ i(u−u0) = (
n∑

i=1

λi)×w0−w0 =

= w0 − w0 = 0. Îòæå, i(u − u0) ∈ ker p∗Y . Íåõàé
u = (x0, z). Òîäi i(u − u0) = (y0, z) − (y0, z0). Ó
òàêèé ñïîñiá p∗Y ◦ i(u − u0) = w0 − w0 = 0. Îòæå,
i(u− u0) ∈ ker p∗Y . ¥

Íåõàé G � ïiäãðóïà ñèìåòðè÷íî¨ ãðóïè Sn. Íà-
ãàäà¹ìî, ùî ÷åðåç SPn

G ïîçíà÷à¹òüñÿ G-ñèìåòðè÷íèé
ñòåïåíåâèé ôóíêòîð, îçíà÷åíèé òàê. Äëÿ ïðîñòîðó
X ïðîñòið SPn

GX ¹ ïðîñòîðîì îðáiò n-îãî ñòåïåíÿ
Xn çà äi¹þ ãðóïè G, îçíà÷åíî¨ ÿê (x1, x2, ...xn) 7→
7→ (xσ(1), xσ(2), ...xσ(n)), äå σ ∈ G. Îðáiòà, ùî ìiñòèòü
åëåìåíò (x1, x2, ..., xn), ïîçíà÷à¹òüñÿ [x1, x2, ..., xn]G.
Ìíîæèíà {x1, x2, ..., xn} íàçèâà¹òüñÿ íîñi¹ì åëåìåíòà
[x1, x2, ..., xn]G i ïîçíà÷à¹òüñÿ supp([x1, x2, ..., xn]G).
ßêùî G = Sn, òî ìè ñêîðî÷åíî ïèñàòèìåìî SPnX
çàìiñòü SPn

GX.

Òâåðäæåííÿ 3.5. Íåõàé X
A∼ Y i òîïîëîãi÷íèé

ïðîñòið (X ⊕ Y )n ¹ k-ïðîñòîðîì, G � ïiäãðóïà
ñèìåòðè÷íî¨ ãðóïè Sn. Òîäi SPn

GX
A∼ SPn

GY .

¤Äîâåäåííÿ. Òîïîëîãi÷íèé içîìîðôiçì
h : A(X)→A(Y ) ìîæåìî �ïðîäîâæèòè� äî òîïîëîãi÷-
íîãî içîìîðôiçìó hn : A(Xn)→A(Y n) çà äîïîìîãîþ
êîíñòðóêöi¨ Îêóí¹âà, ðîçãëÿíóòî¨ ó òâåðäæåííi 3.2.
Íåõàé h(xm) =

km∑
im=1

λim × yim . Òîäi

hn(x1, x2, ...xn) =

=
k1∑

i1=1

k2∑

i2=1

....

kn∑

in=1

λi1λi2 ....λin(yi1 , yi2 ...yin).

Ïîçíà÷èìî ÷åðåç sX : Xn → SPn
GX, sY : Y n →

→ SPn
GY ôàêòîð-âiäîáðàæåííÿ, s∗X : A(Xn) →

→A(SPn
GX), s∗Y : A(Y n)→A(SPn

GY ) � ¨õíi ãîìî-
ìîðôíi ïðîäîâæåííÿ. Äîâåäåìî, ùî hn(ker s∗X) =
= ker s∗Y . Ïiäãðóïà ker s∗X ïîðîäæåíà åëåìåíòàìè
âèãëÿäó (x1, x2, ...xn)−(xσ(1), xσ(2), ...xσ(n)), äå xi∈X,
σ∈G.

Ïîäi¹ìî íà íèõ âiäîáðàæåííÿì hn. Òîäi
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Êîíñòðóêöii, ùî çáåðiãàþòü Ì-åêâiâàëåíòíiñòü

hn((x1, x2, ...xn)− (xσ(1), xσ(2), ...xσ(n))) =
k1∑

i1=1

k2∑

i2=1

....

kn∑

in=1

λi1λi2 ....λin(yi1 , yi2 ...yin)−

−
kσ(1)∑

iσ(1)=1

kσ(2)∑

iσ(2)=1

....

kσ(n)∑

iσ(n)=1

λiσ(1)λiσ(2) ....λiσ(n)(yiσ(1) , yiσ(2) ...yiσ(n)) =

=
k1∑

i1=1

k2∑

i2=1

....

kn∑

in=1

λi1λi2 ....λin
(yi1 , yi2 ...yin

)−
k1∑

i1=1

k2∑

i2=1

....

kn∑

in=1

λi1λi2 ....λin
(yiσ(1) , yiσ(2) ...yiσ(n)) =

k1∑

i1=1

k2∑

i2=1

....

kn∑

in=1

λi1λi2 ....λin × ((yi1 , yi2 ...yin)− (yiσ(1) , yiσ(2) ...yiσ(n))).

Îñêiëüêè ((yi1 , yi2 ...yin
)− (yiσ(1) , yiσ(2) ...yiσ(n))) ∈ ker s∗Y , òî

k1∑

i1=1

k2∑

i2=1

....

kn∑

in=1

λi1λi2 ....λin
× ((yi1 , yi2 ...yin

)− (yiσ(1) , yiσ(2) ...yiσ(n))) ∈ ker s∗Y .

Îòæå, çà òâåðäæåííÿì I. iñíó¹ òîïîëîãi÷íèé
içîìîðôiçì iG : A(SPn

GX) → A(SPn
GY ) òàêèé, ùî

s∗Y ◦ in = iG ◦ s∗X . ¥
Ïîçíà÷èìî ÷åðåç SA(X) � âiëüíó àáåëåâó

òîïîëîãi÷íó íàïiâãðóïó ïðîñòîðó X.

Òâåðäæåííÿ 3.6. Íåõàé X
A∼ Y i òîïîëîãi÷íèé

ïðîñòið S(X ⊕ Y ) ¹ k-ïðîñòîðîì. Òîäi SA(X) A∼
SA(Y ).

¤ Äîâåäåííÿ. Çàóâàæèìî, ùî SA(X) =

=
∞⊕

n=1
SPn(X) (äèâ. [6]). Îñêiëüêè S(X ⊕ Y ) ¹

k-ïðîñòîðîì, òî (X ⊕ Y )n ¹ k-ïðîñòîðîì äëÿ óñiõ
íàòóðàëüíèõ n, îòæå, çà òâåðäæåííÿì III. ìà¹ìî, ùî
SPn(X) A∼ SPn(Y ) äëÿ óñiõ íàòóðàëüíèõ n. Îòæå, ç
òâåðäæåííÿ I. âèïëèâà¹, ùî SA(X) M∼ SA(Y ). ¥

Íåõàé a ∈ X. Îçíà÷èìî âiäíîøåííÿ åêâiâàëåíò-
íîñòi íà âiëüíié òîïîëîãi÷íié íàïiâãðóïi S(X), ïî-
êëàâøè

(x1, x2, ., xi−1, a, xi+1, ..xn) ∼ (x1, x2, ...xi−1, xi+1, ..xn)

.
Ïîçíà÷èìî ôàêòîð-ïðîñòið S(X)/ ∼ ÷åðåç

S(X, a).

Òâåðäæåííÿ 3.7. Íåõàé X
A∼ Y , a ∈ X, b ∈ Y i

òîïîëîãi÷íèé ïðîñòið S(X⊕Y ) ¹ k-ïðîñòîðîì. Òîäi
S(X, a) A∼ S(Y, b).

¤ Äîiåäåííÿ. Íåõàé i : A(X) → A(Y ) � ñïå-
öiàëüíèé òîïîëîãi÷íèé içîìîðôiçì òàêèé, ùî i(a)=b.
Òîäi âiäïîâiäíî äî òâåðäæåííÿ 3.3 ìè ìîæåìî çàäàòè
òîïîëîãi÷íèé içîìîðôiçì h : A(S(X)) → A(S(Y )),

ïðè÷îìó, ÿêùî i(xn) =
kn∑

in=1

λin × yin , òîäi

h(x1, x2, ...xn) =
k1∑

i1=1

k2∑

i2=1

....

kn∑

in=1

λi1λi2 ....λin(yi1 , yi2 ...yin).

Ïîçíà÷èìî ÷åðåç sX : S(X) → S(X, a),
sY : S(Y ) → S(Y, b) � ôàêòîð-âiäîáðàæåííÿ, ÷åðåç
s∗X : A(S(X))→A(S(X, a)), s∗Y : A(S(Y ))→A(S(Y, b))
� ¨õíi ãîìîìîðôíi ïðîäîâæåííÿ. Äîâåäåìî, ùî
h(ker s∗X) = ker s∗Y . Ïiäãðóïà ker s∗X ïîðîäæåíà
åëåìåíòàìè âèãëÿäó (x1, x2, ..., xq−1, a, xq+1, ..., xn)−
−(x1, x2, ...xq−1, xq+1, ...xn).

Ïîäi¹ìî íà íèõ âiäîáðàæåííÿì h. Îñêiëüêè
i(a) = b, òî kq = 1, λq1 = 1, òîìó

h((x1, x2, ., xq−1, a, xq+1, ..xn)− (x1, x2, ...xq−1, xq+1, ..xn)) =

=
k1∑

i1=1

k2∑

i2=1

....

kn∑

in=1

λi1λi2 ....λin(yi1 , yi2 ...., yiq−1 , b, yiq+1 , ...yin)−

−
k1∑

i1=1

k2∑

i2=1

....

kn∑

in=1

λi1λi2 ....λin(yi1 , yi2 ...., yiq−1 , yiq+1 , ...yin) =

=
k1∑

i1=1

k2∑

i2=1

....

kn∑

in=1

λi1λi2 ....λin((yi1 , yi2 ...., yiq−1 , b, yiq+1 , ...yin)−

−(yi1 , yi2 ...., yiq−1 , yiq+1 , ...yin) ∈ ker s∗Y .
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Îòæå, çà òâåðäæåííÿì 1.2, iñíó¹ òîïîëîãi÷íèé
içîìîðôiçì iM : A(S(X, a)) → A(S(Y, b)) òàêèé, ùî
s∗Y ◦ h = iM ◦ s∗X . ¥

Íåõàé a ∈ X. Îçíà÷èìî âiäíîøåííÿ åêâi-
âàëåíòíîñòi íà SA(X), ïîêëàâøè [x1, x2, ...xn] ∼
∼ [a, x1, x2, ...xn]. Ïîçíà÷èìî ôàêòîð-ïðîñòið
SA(X)/ ∼ ÷åðåç SP (X, a).

Òâåðäæåííÿ 3.8. Íåõàé X
A∼ Y , a ∈ X, b ∈ Y i

òîïîëîãi÷íèé ïðîñòið S(X⊕Y ) ¹ k-ïðîñòîðîì. Òîäi
SP (X, a) A∼ SP (Y, b).

¤ Äîâåäåííÿ. Íåõàé i : A(X) → A(Y ) � ñïå-
öiàëüíèé òîïîëîãi÷íèé içîìîðôiçì òàêèé, ùî i(a)=b.
Òîäi âiäïîâiäíî äî òâåðäæåííÿ 3.6 ìè ìîæåìî çàäàòè
òîïîëîãi÷íèé içîìîðôiçì h : A(SA(X)) → A(SA(Y )),

ïðè÷îìó ÿêùî i(xn) =
kn∑

in=1

λin × yin , òîäi

h[x1, x2, ...xn] =
k1∑

i1=1

k2∑

i2=1

....

kn∑

in=1

λi1λi2 ....λin
[yi1 , yi2 ...yin

].

Ïîçíà÷èìî ÷åðåç sX : SA(X) → SP (X, a),
sY : SA(Y ) → SP (Y, b) ôàêòîð-âiäîáðàæåííÿ, ÷åðåç
s∗X : A(SA(X)) → A(SP (X, a)), s∗Y : A(SA(Y )) →
→ A(SP (Y, b)) � ¨õíi ãîìîìîðôíi ïðîäîâæåííÿ.
Äîâåäåìî, ùî h(ker s∗X) = ker s∗Y . Ïiäãðóïà ker s∗X
ïîðîäæåíà åëåìåíòàìè âèãëÿäó [x1, x2, ...xn] −
[a, x1, x2, ...xn]. Ïîäi¹ìî íà íèõ âiäîáðàæåííÿì h.
Ìàòèìåìî

h([x1, x2, ...xn]− [a, x1, x2, ...xn]) =

=
k1∑

i1=1

k2∑

i2=1

....

kn∑

in=1

λi1λi2 ....λin [yi1 , yi2 ...yin ]−

−
k1∑

i1=1

k2∑

i2=1

....

kn∑

in=1

λi1λi2 ....λin [b, yi1 , yi2 ...yin ] =

=
k1∑

i1=1

k2∑

i2=1

....

kn∑

in=1

λi1λi2 ....λin([yi1 , yi2 ...yin ]−

−[b, yi1 , yi2 ...yin ]) ∈ ker s∗Y .

Îòæå, çà òâåðäæåííÿì 1.2 iñíó¹ òîïîëîãi÷íèé
içîìîðôiçì iSP : A(SP (X, a)) → A(SP (Y, b)) òàêèé,
ùî s∗Y ◦ h = iSP ◦ s∗X . ¥

Äæîéí X ∗ Y ïðîñòîðiâ X òà Y çðó÷íî óÿâèòè
ñîái, ÿê îá'¹äíàííÿ âiäðiçêiâ, ùî ç'¹äíóþòü êîæíó
òî÷êó ïðîñòîðó X ç êîæíîþ òî÷êîþ ïðîñòîðó Y .
Ôîðìàëüíî îçíà÷èòè äæîéí ìîæíà òàê: âiçüìåìî
äîáóòîê X×Y ×I i óòîòîæíèìî êîæíó òî÷êó (x, y1, 0)
ç òî÷êîþ (x, y2, 0) äëÿ äîâiëüíèõ x ∈ X òà y1, y2 ∈

Y ; àíàëîãi÷íî óòîòîæíèìî êîæíó òî÷êó (x1, y, 1) ç
òî÷êîþ (x2, y, 1) äëÿ äîâiëüíèõ x1, x2 ∈ X òà y ∈ Y .

Òâåðäæåííÿ 3.9. Íåõàé X
M∼ Y i ïðîñòið Z ¹

ëîêàëüíî êîìïàêòíèì, àáî ïðîñòið (X ⊕ Y ) × Z ¹
k-ïðîñòîðîì. Òîäi X ∗ Z

M∼ Y ∗ Z.

¤ Äîâåäåííÿ. Íåõàé X
M∼ Y , òîäi iñíó¹

ñïåöiàëüíèé òîïîëîãi÷íèé içîìîðôiçì p : F (X) →
→ F (Y ). Îçíà÷èìî òîïîëîãi÷íèé içîìîðôiçì
i : F (X × Z × I) → F (Y × Z × I) ìåòîäîì,
îïèñàíèì ó òâåðäæåííi 1.1 ðîáîòè [4]. Íåõàé
x ∈ X i p(x) = yε1

1 yε2
2 ...yεn

n . Ðîçãëÿíåìî âiäîá-
ðàæåííÿ i′ : X × Z × I → F (Y × Z × I),
ïîêëàâøè i′(x, z, r)=(y1, z, r)ε1(y2, z, r)ε2 ...(yn, z, r)εn .
Ïðîäîâæèìî âiäîáðàæåííÿ i′ äî íåïåðåðâíîãî
ãîìîìîðôiçìó i : F (X × Z × I) → F (Y × Z × I). Â
àíàëîãi÷íèé ñïîñiá ìîæíà ïîáóäóâàòè ãîìîìîðôiçì,
îáåðíåíèé äî i, òîáòî i ¹ òîïîëîãi÷íèì içîìîðôiçìîì
[4]. Ïîçíà÷èìî ÷åðåç pX : X × Z × I → X ∗ Z,
pY : Y × Z × I → Y ∗ Z R-ôàêòîðíi âiäîáðàæåííÿ,
÷åðåç p∗X : F (X × Z × I) → F (X ∗ Z), p∗Y : F (Y ×
Z × I) → F (Y ∗ Z) � ¨õíi ãîìîìîðôíi ïðîäîâæåííÿ.
Ùîá äîâåñòè íàøå òâåðäæåííÿ, íàì, çãiäíî ç òâåð-
äæåííÿì 1.2, äîñòàòíüî ïîêàçàòè, ùî i(ker p∗X) =
= ker p∗Y . Ïiäãðóïà ker p∗X ïîðîäæåíà âñåìîæëèâèìè
åëåìåíòàìè âèãëÿäó u1u

−1
2 , äå u1=(x1, z), u2=(x2, z)

àáî u1 = (x, z1), u2 = (x, z2).
Íåõàé p(x1) = yε1

1 yε2
2 ...yεn

n . Òîäi

i(u1) = i(x1, z, 0) = (y1, z, 0)ε1(y2, z, 0)ε2 ...(yn, z, 0)εn .

Îòæå

p∗Y (i(v1)) = (y, z, 0)ε1(y, z, 0)ε2 ...(y, z, 0)εn =

= (y, z, 0)
nP

i=1
εi

= (y, z, 0)1 = (y, z, 0).

Àíàëîãi÷íî p∗Y (i(v2)) = (y, z, 0). Îòæå, p∗Y (i(u1)) =
p∗Y (i(u2)), òîáòî i(u1u

−1
2 ) ∈ ker p∗Y .

Äðóãèé âèïàäîê: u1 = (x, z1, 1), u2 = (x, z2, 1),
z1 6= z2. Íåõàé p(x) = yε1

1 yε2
2 ...yεn

n , òîäi

i(u1) = i(x, z1, 1) = (y1, z1, 1)ε1(y2, z1, 1)ε2 ...(yn, z1, 1)εn .

Îòæå, p∗Y (i(u1)) = (y, z, 0)ε1(y, z, 0)ε2 ...(y, z, 0)εn =
= p∗Y (i(u2)). Ó òàêèé ñïîñiá p∗Y (i(u1)) = p∗Y (i(u2)),
òîáòî i(u1u

−1
2 ) ∈ ker p∗Y . ¥ Àíàëîãi÷íå òâåðäæåííÿ

ñïðàâåäëèâå äëÿ âiäíîøåííÿ A-åêâiâàëåíòíîñòi.
Çàóâàæåííÿ. Òîïîëîãi÷íi ïðîñòîðè X i Y íàçè-

âàþòüñÿ L-åêâiâàëåíòíèìè, ÿêùî âiëüíi ëîêàëüíî
îïóêëi ïðîñòîðè L(X) i L(Y ) [3] ¹ ëiíiéíî ãîìåîìîðô-
íèìè. Óñi òâåðäæåííÿ öi¹¨ ðîáîòè áóäóòü ñïðàâå-
äëèâèìè òàêîæ i äëÿ âiäíîøåííÿ L-åêâiâàëåíòíîñòi.
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