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Äëÿ ëiíiéíèõ ãiïåðáîëi÷íèõ ðiâíÿíü äðóãîãî ïîðÿäêó çi ñòàëèìè êîåôiöi¹íòàìè ó ñìóçi

äîñëiäæåíî îäíîçíà÷íó ðîçâ'ÿçíiñòü çàäà÷i ç óìîâàìè Äiðiõëå-Íåéìàíà çà ÷àñîâîþ çìií-
íîþ òà óìîâàìè ïåðiîäè÷íîñòi àáî ìàéæå ïåðiîäè÷íîñòi çà ïðîñòîðîâîþ êîîðäèíàòîþ. Äëÿ
ðiâíÿííÿ âiëüíèõ êîëèâàíü ñòðóíè ó ñìóçi òàêîæ äîñëiäæåíî òðèòî÷êîâó çàäà÷ó çà ÷àñî-
âîþ çìiííîþ ç óìîâàìè Äiðiõëå àáî Íåéìàíà ó âóçëàõ iíòåðïîëÿöi¨ áåç äîäàòêîâèõ óìîâ çà
ïðîñòîðîâîþ êîîðäèíàòîþ. Âñòàíîâëåíî óìîâè îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi ðîçãëÿíóòèõ çà-
äà÷ òà êîíñòðóêòèâíî ïîáóäîâàíî ¨õíi ðîçâ'ÿçêè. Äëÿ îöiíîê çíèçó ìàëèõ çíàìåííèêiâ, ùî
âèíèêëè ïiä ÷àñ ïîáóäîâè ðîçâ'ÿçêiâ äîñëiäæóâàíèõ çàäà÷, âèêîðèñòàíî ìåòðè÷íèé ïiäõiä.

Êëþ÷îâi ñëîâà: êðàéîâà çàäà÷à, ãiïåðáîëi÷íi ðiâíÿííÿ, ìàëi çíàìåííèêè, ìåòðè÷íèé ïiäõiä,

ìiðà Ëåáåãà.

2000 MSC: 35L20

ÓÄÊ: 517.956.32

Êðàéîâi çàäà÷i ç äàíèìè íà âñié ìåæi îáëàñòi
äëÿ ãiïåðáîëi÷íèõ ðiâíÿíü i ñèñòåì ðiâíÿíü iç ÷à-
ñòèííèìè ïîõiäíèìè, âçàãàëi êàæó÷è, íåêîðåêòíi, ¨õ
ðîçâ'ÿçíiñòü ïîâ'ÿçàíà ç ïðîáëåìîþ ìàëèõ çíàìåííè-
êiâ (äèâ. [2, 3, 7�10] òà áiáëiîãðàôiþ â íèõ). Òèïîâèì
ïðèêëàäîì íåêîðåêòíî¨ êðàéîâî¨ çàäà÷i ¹ çàäà÷à òèïó
Äiðiõëå äëÿ õâèëüîâîãî ðiâíÿííÿ [7, ñ. 23].

Äëÿ çàáåçïå÷åííÿ, çà ïåâíèõ óìîâ, êîðåêòíîñòi ó
øàði ÷è ñìóçi êðàéîâèõ çàäà÷ äëÿ äèôåðåíöiàëüíèõ
ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè (êîëè ïîðóøó¹òüñÿ
óìîâà ¹äèíîñòi ðîçâ'ÿçêó) íà øóêàíèé ðîçâ'ÿçîê íà-
êëàäàþòü äîäàòêîâi óìîâè, íàïðèêëàä, óìîâè ïåði-
îäè÷íîñòi ÷è ìàéæå ïåðiîäè÷íîñòi çà ïðîñòîðîâèìè
êîîðäèíàòàìè [9, 10] àáî äîäàòêîâi óìîâè çà ÷àñîâîþ
çìiííîþ [3].

Âñòàíîâëåíî [2, 9, 10] óìîâè iñíóâàííÿ ¹äèíîãî ïå-
ðiîäè÷íîãî àáî ìàéæå ïåðiîäè÷íîãî çà ïðîñòîðîâèìè
êîîðäèíàòàìè ðîçâ'ÿçêó êðàéîâèõ çàäà÷ äëÿ ëiíiéíèõ
òà ñëàáêî íåëiíiéíèõ ãiïåðáîëi÷íèõ ðiâíÿíü òà ñèñòåì
ðiâíÿíü âèñîêîãî ïîðÿäêó. Äîñëiäæåíî [4, 6, 11, 13]
ïèòàííÿ ðîçâ'ÿçíîñòi äâîòî÷êîâèõ çàäà÷ ç óìîâàìè
Äiðiõëå òà Äiðiõëå-Íåéìàíà äëÿ ëiíiéíèõ òà íåëiíié-
íèõ ãiïåðáîëi÷íèõ ðiâíÿíü äðóãîãî ïîðÿäêó çà óìîâè
ïåðiîäè÷íîñòi øóêàíîãî ðîçâ'ÿçêó çà ÷àñîâîþ çìií-
íîþ.

Ó öié ñòàòòi, ÿêà ïðèìèêà¹ äî ïðàöü [3; 7, ãë. 3],
äëÿ ëiíiéíèõ ãiïåðáîëi÷íèõ ðiâíÿíü äðóãîãî ïîðÿäêó
çi ñòàëèìè êîåôiöi¹íòàìè ó ñìóçi äîñëiäæåíî îäíî-
çíà÷íó ðîçâ'ÿçíiñòü çàäà÷i ç óìîâàìè Äiðiõëå - Íå-
éìàíà çà ÷àñîâîþ çìiííîþ òà óìîâàìè ïåðiîäè÷íîñòi
àáî ìàéæå ïåðiîäè÷íîñòi çà ïðîñòîðîâîþ êîîðäèíà-
òîþ. Äëÿ ðiâíÿííÿ âiëüíèõ êîëèâàíü ñòðóíè ó ñìó-
çi òàêîæ äîñëiäæåíî òðèòî÷êîâó çàäà÷ó çà ÷àñîâîþ

çìiííîþ ç óìîâàìè Äiðiõëå àáî Íåéìàíà ó âóçëàõ ií-
òåðïîëÿöi¨ áåç äîäàòêîâèõ óìîâ çà ïðîñòîðîâîþ êîîð-
äèíàòîþ. Âñòàíîâëåíî óìîâè îäíîçíà÷íî¨ ðîçâ'ÿçíî-
ñòi ðîçãëÿíóòèõ çàäà÷ òà êîíñòðóêòèâíî ïîáóäîâàíî
¨õíi ðîçâ'ÿçêè. Äëÿ îöiíîê çíèçó ìàëèõ çíàìåííèêiâ,
ùî âèíèêëè ïðè ïîáóäîâi ðîçâ'ÿçêiâ äîñëiäæóâàíèõ
çàäà÷, âèêîðèñòàíî ìåòðè÷íèé ïiäõiä.

I. Îñíîâíi ïîçíà÷åííÿ

Íàäàëi âèêîðèñòîâó¹ìî òàêi ïîçíà÷åí-
íÿ: Z+ � ìíîæèíà öiëèõ íåâiä'¹ìíèõ ÷è-
ñåë, R+ � ìíîæèíà äiéñíèõ íåâiä'¹ìíèõ ÷è-
ñåë; x ∈ R, k ∈ Z, Ωω � îäíîâèìiðíèé
òîð (R/ωZ), Q=

{
(t, x) ∈ R2 : 0 < t < T, x ∈ R

}
,

Dω=
{
(t, x) ∈ R2 : 0 < t < T, x ∈ Ωω

}
;

Hω
q (Ω

ω), q∈R, ω∈R+,� ïðîñòið, îòðèìàíèé øëÿ-
õîì ïîïîâíåííÿ ìíîæèíè ñêií÷åííèõ òðèãîíîìåòðè-

÷íèõ ïîëiíîìiâ υ (x)=
∞∑

k=−∞
υk exp (ikx2π/ω) ç ïåðiî-

äîì ω çà çìiííîþ x ùîäî íîðìè

∥∥υ;Hω
q ( Ωω )∥ :=

√√√√ω
∞∑

k=−∞

(1 + k2)
q |υk|2;

Cn
(
[0, T ] , Hω

q ( Ωω )), q∈R, ω∈R+, � ïðî-
ñòið ôóíêöié υ (t, x) òàêèõ, ùî äëÿ êîæíîãî
t∈ [0, T ] ôóíêöi¨ ∂rυ (t, x) /∂tr, r∈{0, 1, . . . , n}, íà-
ëåæàòü ïðîñòîðó Hω

q (Ω
ω) òà ¹ íåïåðåðâíèìè çà

t ó íîðìi Hω
q (Ω

ω);
∥∥υ;Cn ( [0, T ] ,Hω

q (Ωω) )∥ :=
n∑
r=0

max
0≤t≤T

∥∥∂rυ/∂tr;Hω
q (Ωω) ∥ ; cj , j=1, 2, . . ., � äî-

äàòíi ñòàëi, ÿêi íå çàëåæàòü âiä k.
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Çàäà÷à äiðiõëå-íåéìàíà äëÿ ëiíiéíèõ ãiïåðáîëi÷íèõ ðiâíÿíü äðóãîãî ïîðÿäêó ó ñìóçi

II. Ðîçâ'ÿçíiñòü ó êëàñi 2π-ïåðiîäè÷íèõ
ôóíêöié

1. Ðiâíÿííÿ êîëèâàíü ñòðóíè. Â îáëàñòi Q
ðîçãëÿíåìî çàäà÷ó

L[u] :=
∂2u (t, x)

∂t2
− ∂2u (t, x)

∂x2
= 0, (1)


U1[u] := u (t, x)|t=0 = φ1 (x) ,

U2[u] :=
∂u (t, x)

∂t

∣∣∣∣
t=T

= φ2 (x) .
(2)

Ó ïðàöi [9] âñòàíîâëåíî, ùî ðîçâ'ÿçîê çàäà÷i (1),
(2) íå áóäå ¹äèíèì, ÿêùî íà íüîãî íå íàêëàñòè ïåâíi
äîäàòêîâi óìîâè, ùî, çâè÷àéíî, çâóæó¹ êëàñè äîïó-
ñòèìèõ ðîçâ'ÿçêiâ òà âèõiäíèõ äàíèõ.

Ùîá çà ïåâíèõ óìîâ çàáåçïå÷èòè êîðåêòíiñòü
çàäà÷i (1), (2), øóêàòèìåìî ¨¨ ðîçâ'ÿçîê ó êëàñi
ôóíêöié, 2π-ïåðiîäè÷íèõ çà çìiííîþ x. Ïðè öüî-
ìó ââàæàòèìåìî, ùî ôóíêöi¨ φ1 (x) òà φ2 (x) ¹ 2π-
ïåðiîäè÷íèìè çà çìiííîþ x. Îòæå, âèâ÷àòèìåìî çà-
äà÷ó (1), (2) â îáëàñòi D2π.

Íåõàé φj (x)∈Hq

(
Ω2π

)
, φj (x) =

∞∑
k=−∞

φjk exp (ikx),

φjk = (2π)
−1

2π∫
0

φj (x) exp (−ikx) dx, j ∈ {1, 2}.

Îçíà÷åííÿ. Ðîçâ'ÿçêîì çàäà÷i (1), (2) ç ïðîñòîðó
C2
(
[0, T ] , Hq

(
Ω2π

))
íàçèâàòèìåìî ôóíêöiþ u(t, x),

ÿêà çàäîâîëüíÿ¹ òàêi óìîâè:

∥L[u];C ([0, T ] , Hq−2 (Ω)) ∥ = 0,

∥Ui[u]− φi; Hq (Ω) ∥ = 0, i ∈ {1, 2} .

Ðîçâ'ÿçîê çàäà÷i (1), (2) ç ïðîñòîðó
C2
(
[0, T ] ,Hq

(
Ω2π

))
øóêà¹ìî ó âèãëÿäi ðÿäó

u (t, x) =
∞∑

k=−∞

uk (t) exp (ikx) . (3)

Êîæíà ç ôóíêöié uk (t), k ∈ Z, â (3) ¹ ðîçâ'ÿçêîì
òàêî¨ êðàéîâî¨ çàäà÷i:

d2uk (t)

dt2
+ uk (t) k

2 = 0. (4)

uk (0) = φ1k, u′k (T ) = φ2k. (5)

Ïîðÿä ç óìîâàìè (2) i (5), ðîçãëÿäàòèìåìî âiäïî-
âiäíi ¨ì îäíîðiäíi óìîâè

U1[u] := 0, U2[u] := 0 (2′)

òà
uk (0) = 0, u′k (T ) = 0. (5′)

ßêùî k=0, òî ðiâíÿííÿ (4) ìà¹ òàêó ôóíäàìåí-
òàëüíó ñèñòåìó ðîçâ'ÿçêiâ: {1, t}, à õàðàêòåðèñòè÷íèé
âèçíà÷íèê çàäà÷i (4), (5)

∆(0, T ) =

∣∣∣∣ 1 0
0 1

∣∣∣∣ = 1.

Äëÿ êîæíîãî k∈Z\ {0} ôóíäàìåíòàëüíà
ñèñòåìà ðîçâ'ÿçêiâ ðiâíÿííÿ (4) ¹ òàêîþ:
{exp (ikt) ; exp (−ikt)}, à õàðàêòåðèñòè÷íèé âèçíà÷-
íèê çàäà÷i (4), (5)

∆(k, T ) =

∣∣∣∣ 1 1
ik exp (ikT ) −ik exp (−ikT )

∣∣∣∣ =
= −2ik cos (kT ) .

Âiäîìî [5], ùî çàäà÷à (4), (5) äëÿ êîæíîãî k ∈ Z
íå ìîæå ìàòè äâîõ ðiçíèõ ðîçâ'ÿçêiâ òîäi i ëèøå òî-
äi, êîëè ∆(k, T ) ̸= 0. Òîìó íà ïiäñòàâi âèðàçiâ äëÿ
∆(0, T ) òà ∆(k, T ), k ∈ Z\ {0} îòðèìó¹ìî òàêå òâåð-
äæåííÿ.

Òåîðåìà 1. Äëÿ ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i
(1), (2) ó ïðîñòîði C2

(
[0, T ] ,Hq

(
Ω2π

))
íåîáõiäíî i

äîñèòü, ùîá ñïðàâäæóâàëèñü óìîâè

(∀k ∈ Z\ {0} , ∀m ∈ Z)
T

π
̸= 2m+ 1

2k
. (6)

� Äîâåäåííÿ. Ñêîðèñòà¹ìîñÿ ñõåìîþ äîâåäåííÿ
òåîðåìè 2.1 ç [7, ñò. 97].

Íåîáõiäíiñòü. Ïðèïóñòèìî, ùî äëÿ äåÿêèõ
k=k0∈Z\ {0} òà m=m0∈Z, ñïðàâäæó¹òüñÿ ðiâíiñòü
T/π=(2m0 + 1) / (2k0). Òîäi iñíóþòü íåòðèâiàëüíi
ðîçâ'ÿçêè çàäà÷i (1), (2′),

u0 (t, x)=A sin ((2m0 + 1)πt/(2T )) exp(ik0x)

äå A � äîâiëüíà ñòàëà. Òîìó ðîçâ'ÿçîê çàäà÷i (1), (2),
ÿêùî âií iñíó¹, íå áóäå ¹äèíèì.

Äîñòàòíiñòü. Ïðèïóñòèìî, ùî çàäà÷à
(1), (2) ìà¹ äâà ðiçíi ðîçâ'ÿçêè u1 (t, x),
u2 (t, x)∈C2n

(
[0, T ] , Hq

(
Ω2π

))
. Òîäi ôóíêöiÿ

u1 (t, x)−u2 (t, x)=ū (t, x)∈C2n
(
[0, T ] ,Hq

(
Ω2π

))
¹ íå-

òðèâiàëüíèì ðîçâ'ÿçêîì çàäà÷i (1), (2′), ïðè÷îìó
ôóíêöi¨ ū (t, x), L [ū], U1 [ū], U2 [ū] ðîçâèâàþòüñÿ ó
ðÿäè Ôóð'¹ âèãëÿäó (3) çà çìiííîþ x, ïðè÷îìó öi
ðÿäè ñïiâïàäàþòü ç ðÿäàìè, îòðèìàíèìè øëÿõîì
çàñòîñóâàííÿ îïåðàòîðiâ L, U1, U2 äî ðÿäó Ôóð'¹
ôóíêöi¨ ū (t, x). Iç ðiâíîñòi Ïàðñåâàëÿ äëÿ ôóíêöié
L [ū], U1 [ū], U2 [ū] âèïëèâà¹, ùî êîæåí êîåôiöi¹íò
Ôóð'¹ ūk (t), k ∈ Z\ {0}, ôóíêöi¨ ū (t, x) ¹ ðîçâ'ÿçêîì
çàäà÷i (4), (5′), âèçíà÷íèê ÿêî¨ äîðiâíþ¹ ∆(k, T ).
Îñêiëüêè äëÿ êîæíîãî ÷èñëà k∈Z ∆(k, T ) ̸= 0, òî
ūk (t) ≡ 0, k ∈ Z. Òîäi çãiäíî ç ðiâíiñòþ Ïàðñåâàëÿ
(çà çìiííîþ x) äëÿ ôóíêöi¨ ū (t, x), âðàõîâóþ÷è, ùî
ū (t, x) ∈ C2n

(
[0, T ] ,Hq

(
Ω2π

))
, ū (t, x) = 0 äëÿ ìàé-

æå âñiõ òî÷îê x ∈ Ω2π i äëÿ êîæíîãî t ∈ [0, T ], òîáòî∥∥u1 (t, x)− u2 (t, x) ;C2n
(
[0, T ] ,Hq

(
Ω2π

))∥∥ = 0. �

Çàóâàæåííÿ 1. Iç òåîðåìè 1 âèïëèâà¹, ùî
äëÿ ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i (1), (2) ó ïðîñòîði
C2
(
[0, T ] ,Hq

(
Ω2π

))
äîñòàòíüî, ùîá ÷èñëî T/π, áóëî

iððàöiîíàëüíèì.
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Ðåïåòèëî Ñ.Ì.

Íàäàëi áóäåìî ââàæàòè, ùî ñïðàâäæó¹òüñÿ óìîâà
(6). Òîäi ôîðìàëüíèé ðîçâ'ÿçîê çàäà÷i (1), (2) çîáðà-
æà¹ ðÿä

u (t, x) = φ1,0 + φ2,0t+

+
∑

|k|>0

φ1kk cos (k (t− T )) + φ2k sin (kt)

k cos (kT )
exp (ikx) .

(7)
Ïèòàííÿ iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (1), (2) ç

ïðîñòîðó C2
(
[0, T ] ,Hq

(
Ω2π

))
ïîâ'ÿçàíå, âçàãàëi, ç

ïðîáëåìîþ ìàëèõ çíàìåííèêiâ, áî ìîäóëi âèðàçiâ
cos (kT ), ùî âõîäÿòü çíàìåííèêàìè ó ðÿä (7), áóäó÷è
âiäìiííèìè âiä íóëÿ, ìîæóòü ñòàâàòè ÿê çàâãîäíî ìà-
ëèìè äëÿ íåñêií÷åííî¨ êiëüêîñòi çíà÷åíü k ∈ Z\ {0}.

Ëåìà 1. Äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëå-

áåãà â R) ÷èñåë T îöiíêà |cos (kT )| > 2 |k|−(1+ε)
, ε>0,

ñïðàâäæó¹òüñÿ äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi)
çíà÷åíü k ∈ Z\ {0}.

Äîâåäåííÿ ãðóíòó¹òüñÿ íà âèêîðèñòàííi åëåìåí-
òàðíî¨ íåðiâíîñòi sinx ≥ 2x/π, x ∈ [0, π/2], òà òåîðå-
ìè 32 ç [12, ñ. 87].

Òåîðåìà 2. ßêùî φj∈Hγj

(
Ω2π

)
, γj =

q + 4− j + ε, ε > 0, j ∈ {1, 2}, òî äëÿ ìàé-
æå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â R) ÷èñåë
T∈ (0,+∞) iñíó¹ ðîçâ'ÿçîê çàäà÷i (1), (2) ç ïðîñòîðó
C2
(
[0, T ] ,Hq

(
Ω2π

))
, ÿêèé íåïåðåðâíî çàëåæèòü âiä

ôóíêöié φ1 (x) òà φ2 (x).

� Äîâåäåííÿ. Íà ïiäñòàâi ôîðìóëè (7) òà ëåìè 1
äëÿ ðîçâ'ÿçêó çàäà÷i (1), (2) îòðèìó¹ìî òàêó îöiíêó:

∥∥u;C2 ([0, T ] ,Hq (Ω))
∥∥ ≤ 2∑

r=0

√√√√2π

∞∑
k=−∞

max
0≤t≤T

∣∣∣u(r)k (t)
∣∣∣2 (1 + k2)

q ≤

≤
√
2π

2∑
r=0

√√√√ max
0≤t≤T

∣∣∣u(r)0 (t)
∣∣∣2 + ∑

|k|>0

(1 + k2)
q
∣∣∣1/2(|k|r+1+ε

φ1k + |k|r+ε φ2k

)∣∣∣2 ≤
≤
√
2π3/2

 max
0≤r≤2, 0≤t≤T

∣∣∣u(r)0 (t)
∣∣∣+√∑

|k|>0

(1 + k2)
q+3+ε |φ1k|2 +

√∑
|k|>0

(1 + k2)
q+2+ε |φ2k|2

 ≤
≤ 3/2

(√
2π max

0≤r≤2, 0≤t≤T

∣∣∣u(r)0 (t)
∣∣∣+ ∥φ1;Hγ1 (Ω)∥+ ∥φ2;Hγ2 (Ω)∥

)
, ε > 0,

äå u0 (t) = φ1,0+φ2,0t. Ç îòðèìàíî¨ íåðiâíîñòi âèïëè-
âà¹ äîâåäåííÿ òåîðåìè. �

2. Ðiâíÿííÿ ç ìîëîäøèìè ÷ëåíàìè. Íàÿâ-
íiñòü ó ðiâíÿííi ìîëîäøèõ ÷ëåíiâ ìîæå ïîêðàùèòè
ïðèðîäó çàäà÷i ç óìîâàìè (2), ùî ðîçãëÿäà¹òüñÿ â
îáëàñòi D2π. Ïîêàæåìî öå íà ïðèêëàäi ðiâíÿííÿ(

∂

∂t
− ∂

∂x
− a1

)(
∂

∂t
+

∂

∂x
− a2

)
u (t, x) = 0, (8)

äå a1 ≥ 0, a2 ≥ 0, a1 ̸= a2.

Ó âèïàäêó çàäà÷i (2), (8) âiäïîâiäíèé õàðàêòåðè-
ñòè÷íèé âèçíà÷íèê ∆1 (k, T ) âèçíà÷à¹òüñÿ ôîðìóëîþ

∆1 (k, T ) = (−ik + a2) exp (−ikT + a2T )−

− (ik + a1) exp (ikT + a1T ) .
(9)

Çàóâàæèìî, ùî

∆1 (0, T )=a2 exp (a2T )−a1 exp (a1T ) ̸=0.

Ëåìà 2. ßêùî k ∈ Z\ {0}, òî äëÿ äîâiëüíîãî
T∈ (0,+∞) ñïðàâäæó¹òüñÿ îöiíêà |∆1 (k, T )| ≥c1 |k|,
äå c1 = |exp (a2T )− exp (a1T )| .

� Äîâåäåííÿ. Íà ïiäñòàâi ôîðìóëè (9) îòðèìó¹ìî

|∆1 (k, T )| ≥ ||−ik + a2| |exp (−ikT + a2T )| −

− |ik + a1| |exp (ikT + a1T )|| =
=
∣∣∣√k2 + a22 exp (a2T )−

√
k2 + a21 exp (a1T )

∣∣∣ ≥
≥
√
k2 + a2 |exp (a2T )− exp (a1T )| =

= c1
√
k2 + a2c1 |k| ≥ c1 |k| ,

äå c1 = |exp (a2T )− exp (a1T )|, a=max {a1, a2}, äëÿ
äîâiëüíèõ k ∈ Z\ {0}, T ∈ (0,+∞). �

Îòæå, çàäà÷à (2), (8) íå ìîæå ìàòè äâîõ ðiçíèõ
ðîçâ'ÿçêiâ; äëÿ äîâiëüíîãî T ∈ (0,+∞) ôîðìàëü-
íèé ðîçâ'ÿçîê çàäà÷i (2), (8) ó êëàñi ôóíêöié, 2π-
ïåðiîäè÷íèõ çà çìiííîþ x, çîáðàæà¹ ðÿä

u (t, x) =
∞∑

k=−∞
∆−1

1 (k, T ) exp (ikx)×

×{φ1k [(−ik + a2) exp (ik (t− T ) + a1t+ a2T ) −

− (ik + a1) exp (ik (T − t) + a1T + a2t)]−

−φ2k [exp (t (ik − a1))− exp (−t (ik + a2))]} .
(10)
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Çàäà÷à äiðiõëå-íåéìàíà äëÿ ëiíiéíèõ ãiïåðáîëi÷íèõ ðiâíÿíü äðóãîãî ïîðÿäêó ó ñìóçi

Òåîðåìà 3. ßêùî φj ∈ Hγj

(
Ω2π

)
, γj = q +

3 − j, j ∈ {1, 2}, òî äëÿ äîâiëüíîãî T ∈ (0,+∞)
iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (2), (8) ç ïðîñòîðó
C2
(
[0, T ] ,Hq

(
Ω2π

))
, ÿêèé íåïåðåðâíî çàëåæèòü âiä

φ1 (x) òà φ2 (x).
Äîâåäåííÿ ïðîâîäèòüñÿ çà ñõåìîþ äîâåäåííÿ òåî-

ðåìè 2.

III. Ðîçâ'ÿçíiñòü ó êëàñi ìàéæå ïåðiî-
äè÷íèõ ôóíêöié

Äîñëiäèìî ïèòàííÿ îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi çà-
äà÷ (1), (2) òà (2), (8) ó êëàñi ôóíêöié, ìàéæå ïå-
ðiîäè÷íèõ çà Áåçiêîâè÷åì çà çìiííîþ x çi ñïåêòðîì
M = {µk ∈ R : µ−k = −µk, µ0 = 0, d1 |k|σ ≤ |µk| ≤
d2 |k|σ , σ > 0, d2 ≥ d1 > 0, k ∈ Z}.

1. Ðiâíÿííÿ êîëèâàíü ñòðóíè. Ðîçãëÿíåìî çà-
äà÷ó (1), (2) â îáëàñòi Q. Íåõàé ôóíêöi¨ φj (x), j ∈
{1, 2}, ¹ ìàéæå ïåðiîäè÷íèìè çà x çi ñïåêòðîì M i
äîïóñêàþòü ðîçâèíåííÿ ó ðÿäè Ôóð'¹ âèãëÿäó

φj (x) =
∞∑

k=−∞

φjk exp (iµkx) , (11)

φjk = lim
h→∞

1

h

h∫
0

φj (x) exp (−iµkx) dx, j ∈ {1, 2} .

Ïîçíà÷èìî: HB
q (R), q∈R, � ïðîñòið ôóíêöié, ìàé-

æå ïåðiîäè÷íèõ çà Áåçiêîâè÷åì çà çìiííîþ x çi ñïå-

êòðîì M , υ (x)=
∞∑

k=−∞
υk exp (iµkx), çi ñêií÷åííîþ

íîðìîþ

∥∥υ;HB
q (R)

∥∥ :=

√√√√ ∞∑
k=−∞

(1 + µ2
k)
q |υk|2;

C2
(
[0, T ] ,HB

q (R)
)
, q∈R, n∈Z+, � ïðîñòið ôóí-

êöié υ (t, x) òàêèõ, ùî äëÿ êîæíîãî t∈ [0, T ] ôóíêöi¨
∂rυ (t, x) /∂tr, r∈{0, 1, 2}, íàëåæàòü ïðîñòîðó HB

q (R)
òà ¹ íåïåðåðâíèìè çà t ó íîðìi HB

q (R);

∥∥υ;C2
(
[0, T ] ,HB

q (R)
)∥∥ := 2∑

r=0

max
0≤t≤T

∥∥∂rυ/∂tr;HB
q (R)

∥∥ .
Îçíà÷åííÿ ðîçâ'ÿçêó çàäà÷i (1), (2) ç ïðîñòîðó

C2([0, T ] ,HB
q (R)) ¹ àíàëîãi÷íèì äî îçíà÷åííÿ ç ïóí-

êòó II.1.
Ìàéæå ïåðiîäè÷íèé çà x çi ñïåêòðîìM ðîçâ'ÿçîê

çàäà÷i (1), (2) øóêà¹ìî ó âèãëÿäi ðÿäó

u (t, x) =
∞∑

k=−∞

uk (t) exp (iµkx) . (12)

Êîæíà ç ôóíêöié uk (t), k ∈ Z, â (12)) ¹ ðîçâ'ÿçêîì
êðàéîâî¨ çàäà÷i ç óìîâàìè (5) äëÿ ðiâíÿííÿ

d2uk (t)

dt2
+ µ2

kuk (t) = 0. (13)

Äëÿ êîæíîãî µk ∈ M\ {0} ôóíäàìåíòàëü-
íà ñèñòåìà ðîçâ'ÿçêiâ ðiâíÿííÿ (13) ¹ òàêîþ:
{exp (iµkt) ; exp (−iµkt)}, à õàðàêòåðèñòè÷íèé âèç-
íà÷íèê çàäà÷i (5), (13) ∆2 (µk, T ) = −2iµk cos (µkT ) .

ßêùî µk=0, òî âèçíà÷íèê ∆2 (0, T ) ≡ ∆(0, T )=1.

Çàäà÷à (5), (13) äëÿ êîæíîãî µk ∈ M íå ìîæå
ìàòè äâîõ ðiçíèõ ðîçâ'ÿçêiâ òîäi i ëèøå òîäi, êîëè
∆2 (µk, T ) ̸= 0.

Òåîðåìà 4. Äëÿ ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i
(1), (2) ó ïðîñòîði C2([0, T ] ,HB

q (R)) íåîáõiäíî i äî-
ñèòü, ùîá ñïðàâäæóâàëèñü óìîâè

(∀µk ∈M\ {0} , ∀m ∈ Z)
T

π
̸= 2m+ 1

2µk
. (14)

Äîâåäåííÿ ïðîâîäèòüñÿ çà ñõåìîþ äîâåäåííÿ òåî-
ðåìè 1.

Íàäàëi ââàæàòèìåìî, ùî âèêîíó¹òüñÿ óìîâà (14).
Òîäi ôîðìàëüíèé ðîçâ'ÿçîê çàäà÷i (1), (2) çîáðàæà¹
ðÿä

u (t, x) = φ1,0 + φ2,0t+

+
∑

|k|>0

(
φ1k cos (µk (t− T )) + φ2kµ

−1
k sin (µkt)

)
×

× cos−1 (µkT ) exp (iµkx) .
(15)

Ëåìà 3. Äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëå-

áåãà â R) ÷èñåë T îöiíêà |cos (µkT )| ≥
2T

π
|k|−(1+ε)

,

äå ε > 0, ñïðàâäæó¹òüñÿ äëÿ âñiõ (êðiì ñêií÷åííî¨
êiëüêîñòi) çíà÷åíü k ∈ Z.

Äîâåäåííÿ ëåìè ãðóíòó¹òüñÿ íà âèêîðèñòàííi åëå-
ìåíòàðíî¨ íåðiâíîñòi sinx ≥ 2x/π, x ∈ [0, π/2], ëåìè 2
ç [8, ñ. 19] i íåïåðåðâíîñòi ôóíêöi¨ y = π/T ïðè T > 0.

Òåîðåìà 5. ßêùî φj ∈ HB
γj (R), γj = q+3−j+

(1+ ε)/σ, ε > 0, j ∈ {1, 2}, òî äëÿ ìàéæå âñiõ (ñòî-
ñîâíî ìiðè Ëåáåãà â R) ÷èñåë T iñíó¹ ¹äèíèé ðîçâ'ÿ-
çîê çàäà÷i (1), (2) ç ïðîñòîðó C2([0, T ] ,HB

q (R)), ÿêèé
íåïåðåðâíî çàëåæèòü âiä ôóíêöié φj (x) , j ∈ {1, 2} .

Äîâåäåííÿ ïðîâîäèòüñÿ çà ñõåìîþ äîâåäåííÿ òåî-
ðåìè 2.

2. Ðiâíÿííÿ ç ìîëîäøèìè ÷ëåíàìè. Â îáëà-
ñòi Q ðîçãëÿíåìî çàäà÷ó (2), (8) çà ïðèïóùåííÿ, ùî
ôóíêöi¨ u (t, x) òà φj (x), j ∈ {1, 2}, ¹ ìàéæå ïåðiîäè-
÷íèìè çà Áåçiêîâè÷åì çà çìiííîþ x çi ñïåêòðîì M .

Ôîðìàëüíèé ðîçâ'ÿçîê çàäà÷i (2), (8) çîáðàæà¹
ðÿä
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u (t, x) =

∞∑
k=−∞

{φ1k [(−iµk + a2) exp (iµk (t− T ) + a1t+ a2T )− (iµk + a1) exp (iµk (T − t) + a1T + a2t)] −

−φ2k [exp (t (iµk − a1))− exp (−t (iµk + a2))]}∆−1
3 exp (iµkx) ,

äå
∆3 = ∆3 (µk, T ) = (−iµk + a2) exp (−iµkT + a2T )− (iµk + a1) exp (iµkT + a1T ) .

Çàóâàæèìî, ùî ∆3 (0, T ) ≡ ∆1 (0, T ) ̸= 0.

Ëåìà 4. Äëÿ äîâiëüíîãî T∈ (0,+∞)
ñïðàâäæó¹òüñÿ îöiíêà |∆3 (µk, T )| ≥c1 |µk|,
µk∈M\ {0}, äå c1 = |exp (a2T )− exp (a1T )|.

Äîâåäåííÿ àíàëîãi÷íå äî äîâåäåííÿ ëåìè 2.
Îòæå, çàäà÷à (2), (8) íå ìîæå ìàòè äâà ðiçíèõ

ðîçâ'ÿçêè. Äëÿ çàäà÷i (2), (8) ñïðàâåäëèâà òåîðåìà
iñíóâàííÿ ¹äèíîãî ðîçâ'ÿçêó, àíàëîãi÷íà äî òåîðåìè
3.

IV. Òðèòî÷êîâà çàäà÷à çà ÷àñîâîþ
çìiííîþ äëÿ ðiâíÿííÿ êîëèâàíü
ñòðóíè

Äëÿ çàáåçïå÷åííÿ îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi çàäà÷i
(1), (2) â îáëàñòi Q, çàìiñòü äîäàòêîâî¨ óìîâè çà çìií-
íîþ x, íàêëàäåìî íà øóêàíèé ðîçâ'ÿçîê äîäàòêîâó
óìîâó çà çìiííîþ t.

1. Â îáëàñòi Q ðîçãëÿíåìî çàäà÷ó ç óìîâàìè

u (t, x)|t=0 = 0,
∂u (t, x)

∂t

∣∣∣∣
t=τ

= φ (x) ,
∂u (t, x)

∂t

∣∣∣∣
t=T

= 0,

(16)
0 < τ < T , äëÿ ðiâíÿííÿ (1).

Çàäà÷à (1), (16) íå ìîæå ìàòè äâà ðiçíèõ êëà-
ñè÷íèõ ðîçâ'ÿçêè òîäi i ëèøå òîäi, êîëè âiäïîâiäíà
îäíîðiäíà çàäà÷à ç óìîâàìè

u (t, x)|t=0 = 0,
∂u (t, x)

∂t

∣∣∣∣
t=τ

= 0,
∂u (t, x)

∂t

∣∣∣∣
t=T

= 0,

(17)
0 < τ < T , íå ìà¹ íåòðèâiàëüíèõ ðîçâ'ÿçêiâ.

Òåîðåìà 6. Äëÿ ¹äèíîñòi êëàñè÷íîãî ðîç-
â'ÿçêó çàäà÷i (1), (16) äîñòàòíüî, ùîá ÷èñëî τ/T áó-
ëî iððàöiîíàëüíèì.
� Äîâåäåííÿ. Ðîçâ'ÿçîê çàäà÷i (1), (16) ìà¹ âè-

ãëÿä
u (t, x) = χ (x+ t) + ψ (x− t) , (18)

äå ôóíêöi¨ χ (x) òà ψ (x) âèçíà÷àþòüñÿ iç ñèñòåìè ðiâ-
íÿíü  χ (x) + ψ (x) = 0,

χ′ (x+ τ)− ψ′ (x− τ) = 0,
χ′ (x+ T )− ψ′ (x− T ) = 0.

(19)

Ñèñòåìà ðiâíÿíü (19) ðiâíîñèëüíà ñèñòåìi ðiâíÿíü ψ (x) = −χ (x) ,
χ (x+ 2τ) + χ (x) = b1,
χ (x+ 2T ) + χ (x) = b2,

(20)

äå b1, b2 � êîíñòàíòè iíòåãðóâàííÿ.
ßêùî ôóíêöiÿ χ (x) çàäîâîëüíÿ¹ äðóãå i òðåò¹ ðiâ-

íÿííÿ ñèñòåìè (20), òî öÿ ôóíêöiÿ çàäîâîëüíÿ¹ ñè-
ñòåìó ðiâíÿíü {

χ (x+ 4τ) = χ (x) ,
χ (x+ 4T ) = χ (x) ,

(21)

ç ÿêî¨ âèäíî, ùî ôóíêöiÿ χ (x) � äâîÿêî ïåðiîäè÷íà
ç ïåðiîäàìè 4τ òà 4T .

Âiäîìî [1], ùî ÿêùî âiäíîøåííÿ τ/T ¹ iððà-
öiîíàëüíèì ÷èñëîì, òî íåïåðåðâíà ôóíêöiÿ χ (x),
ÿêà ìà¹ äâà íåñóìiðíi ïåðiîäè, ¹ êîíñòàíòîþ, òîáòî
χ (x) = b3. Òîäi ψ (x) = −b3, i çàäà÷à (1), (16) ìà¹
ëèøå òðèâiàëüíèé ðîçâ'ÿçîê. �

Êëàñè÷íèé ðîçâ'ÿçîê çàäà÷i (1), (16) çîáðàæà¹
ôîðìóëà (18), äå χ (x) òà ψ (x) ¹ äâi÷i íåïåðåðâíî
äèôåðåíöiéîâíèìè ôóíêöiÿìè, ÿêi âèçíà÷àþòüñÿ iç
ñèñòåìè ðiâíÿíü χ (x) + ψ (x) = 0,

χ′ (x+ τ)− ψ′ (x− τ) = φ (x) ,
χ′ (x+ T )− ψ′ (x− T ) = 0,

(22)

ÿêà ðiâíîñèëüíà òàêié ñèñòåìi: ψ (x) = −χ (x) ,
χ′ (x+ τ)− ψ′ (x− τ) = φ (x) ,
χ (x+ 2T ) + χ (x) = b4,

(23)

äå b4 � êîíñòàíòà iíòåãðóâàííÿ.
Òðåò¹ ðiâíÿííÿ ñèñòåìè (23) çàäîâîëüíÿþòü ôóí-

êöi¨ χ (x), ùî ¹ ïåðiîäè÷íèìè ôóíêöiÿìè ç ïåðiîäîì
4T , âèãëÿäó

χ (x) =

∞∑
k=−∞

χk exp
(
ikx

π

2T

)
.

Òîäi iç ïåðøîãî ðiâíÿííÿ ñèñòåìè (23) âè-
äíî, ùî ψ (x) áóäå 4T -ïåðiîäè÷íîþ, à îòæå, i
ôóíêöiÿ φ (x) òåæ ïîâèííà áóòè 4T -ïåðiîäè÷íîþ,

òîáòî φ (x) =
∞∑

k=−∞
φk exp

(
ikx

π

2T

)
, φk =

1

4T

4T∫
0

φ (x) exp
(
−ikx π

2T

)
dx.

Äëÿ ðîçâ'ÿçíîñòi ñèñòåìè (22) íåîáõiäíî íàêëàñòè
óìîâó

4T∫
0

φ (x) dx = 0. (24)
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Çà óìîâè (24) χk

(
ik
π

T
cos
(
kτ

π

2T

))
=φk,

k∈Z\ {0}.
Çàóâàæåííÿ 2. Äëÿ îäíîçíà÷íîãî âèçíà÷åí-

íÿ êîåôiöi¹íòiâ χk, k ∈ Z\ {0}, íåîáõiäíî i äîñèòü,
ùîá ñïðàâäæóâàëèñü óìîâè

(∀k ∈ Z\ {0} , ∀m ∈ Z)
τ

T
̸= 2m+ 1

k
. (25)

Íàäàëi ââàæàòèìåìî, ùî ñïðàâäæó¹òüñÿ óìîâà
(25). Òîäi

χ (x) = χ0 +
∑
|k|>0

φk
T

kπi cos (τkπ/ (2T ))
exp

(
ikx

π

2T

)
,

à ôîðìàëüíèé ðîçâ'ÿçîê çàäà÷i (1), (16) çîáðàæà¹ ðÿä

u (t, x) =
∑
|k|>0

φk
2T

kπ

sin (tkπ/ (2T ))

cos (τkπ/ (2T ))
exp

(
ikx

π

2T

)
.

(26)
ßêùî φ (x) òðèãîíîìåòðè÷íèé ìíîãî÷ëåí âèãëÿäó

φ (x) =
N∑

k=−N
φk exp

(
ikx

π

2T

)
, òî çàâæäè iñíó¹ ¹äèíèé

ðîçâ'ÿçîê çàäà÷i (1), (16), ÿêèé ¹ ñêií÷åííîþ ñóìîþ

u (t, x) =
N∑

k=−N

φk
2T

kπ

sin (tkπ/ (2T ))

cos (τkπ/ (2T ))
exp

(
ikx

π

2T

)
.

Ó çàãàëüíîìó âèïàäêó âåëè÷èíè |cos (τkπ/ (2T ))| ,
k∈Z\ {0}, áóäó÷è âiäìiííèìè âiä íóëÿ, ìîæóòü ñòàâà-
òè ÿê çàâãîäíî ìàëèìè äëÿ íåñêií÷åííî¨ êiëüêîñòi ÷è-
ñåë k∈Z\ {0}, ùî âïëèâà¹ íà çáiæíiñòü ðÿäó (26), òî-
ìó ïèòàííÿ iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (1), (16) ç ïðî-
ñòîðó C2([0, T ] , H4T

q (Ω4T )) ïîâ'ÿçàíå, âçàãàëi, ç ïðî-
áëåìîþ ìàëèõ çíàìåííèêiâ.

Îçíà÷åííÿ ðîçâ'ÿçêó çàäà÷i (1), (16) ç ïðîñòîðó
C2([0, T ] ,H4T

q (Ω4T )) ¹ àíàëîãi÷íèì äî îçíà÷åííÿ ç
ïóíêòó II.1.

Ëåìà 5. Äëÿ ìàéæå âñiõ (ñòîñîâ-
íî ìiðè Ëåáåãà â R) ÷èñåë τ/T íåðiâíiñòü
|cos (τkπ/ (2T ))| ≥c2 |k|−α1 , α1>1, âèêîíó¹òüñÿ äëÿ
âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) çíà÷åíü k ∈ Z\ {0}.

Òåîðåìà 7. ßêùî φ∈H4T
q+1+α1

(Ω4T ) i
4T∫
0

φ (x) dx=0, òî äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè

Ëåáåãà â R) ÷èñåë τ/T iñíó¹ ðîçâ'ÿçîê çàäà÷i (1),
(16) ç ïðîñòîðó C2([0, T ] , H4T

q (Ω4T )), ÿêèé íåïåðåðâ-
íî çàëåæèòü âiä ôóíêöi¨ φ (x).

Àíàëîãi÷íi ðåçóëüòàòè îòðèìàíî ó âèïàäêó çàäà÷i
ç óìîâàìè

u (t, x)|t=0 = 0, u (t, x)|t=τ = φ (x) ,
∂u (t, x)

∂t

∣∣∣∣
t=T

= 0,

(27)
äå 0 < τ < T , äëÿ ðiâíÿííÿ (1).

Äëÿ çàäà÷i (1), (27) ôîðìàëüíèé ðîçâ'ÿçîê çîáðà-
æà¹ ôîðìóëà

u (t, x) =
∑
|k|>0

φk
sin (tkπ/ (2T ))

sin (τkπ/ (2T ))
exp

(
ikx

π

2T

)
. (28)

Àíàëîãi÷íî, ÿê äëÿ çàäà÷i (1), (16), ìîæíà äîâå-
ñòè òàêi òåîðåìè.

Òåîðåìà 8. Äëÿ ¹äèíîñòi êëàñè÷íîãî ðîç-
â'ÿçêó çàäà÷i (1), (27) äîñòàòíüî, ùîá ÷èñëî τ/T áó-
ëî iððàöiîíàëüíèì.

Òåîðåìà 9. Äëÿ ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i
(1), (27) ó ïðîñòîði C2([0, T ] ,H4T

q (Ω4T )) íåîáõiäíî i
äîñèòü, ùîá ñïðàâäæóâàëèñü óìîâè

(∀k ∈ Z\ {0} , ∀m ∈ Z)
τ

T
̸= 2m

k
. (29)

Òåîðåìà 10. ßêùî φ∈H4T
q+3+ε(Ω

4T ), ε>0, òî-
äi äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â R) ÷èñåë
τ/T iñíó¹ ðîçâ'ÿçîê (28) çàäà÷i (1), (27) ç ïðîñòîðó
C2([0, T ] , H4T

q (Ω4T )), ÿêèé íåïåðåðâíî çàëåæèòü âiä
ôóíêöi¨ φ (x).

2. Ðåçóëüòàòè ïóíêòó 1 ïîøèðåíî íà âèïàäêè êðà-
éîâèõ çàäà÷ äëÿ ðiâíÿííÿ (1) ç óìîâàìè

u (t, x)|t=0 = φ1 (x) ,
∂u (t, x)

∂t

∣∣∣∣
t=τ

= φ3 (x)

∂u (t, x)

∂t

∣∣∣∣
t=T

= φ2 (x) , 0 < τ < T,
(30)

àáî u (t, x)|t=0 =φ1 (x) , u (t, x)|t=τ =φ3 (x) ,
∂u (t, x)

∂t

∣∣∣∣
t=T

=φ2 (x) , 0 < τ < T.
(31)

Ðîçâ'ÿçêè çàäà÷ (1), (30) òà (1), (31) çíàéäåíî ó
âèãëÿäi

u (t, x) = u1 (t, x) + u2 (t, x) + u3 (t, x) , (32)

äå êîæíà ç ôóíêöié ui (t, x), i ∈ {1, 2, 3}, ¹ ðîçâ'ÿç-
êîì çàäà÷i (1), (30) ÷è (1), (31), êîëè φj (x) ≡ 0,
j ∈ {1, 2, 3}, j ̸= i.

Äëÿ çàäà÷ (1), (30) òà (1), (31) âñòàíîâëåíî ñïðà-
âåäëèâiñòü òàêèõ òåîðåì.

Òåîðåìà 11. ßêùî φi∈Hωi
γi (Ω

ωi), i∈{1, 2, 3},
äå ω1=2 (T − τ), γ1=q + 3 + ε1, ω2=4τ , γ2=q +
2 + ε2, ω3=4T , γ3=q + 2 + ε3, εi�0, i∈{1, 2, 3},
ω3∫
0

φ3 (x) dx=0,
ω2∫
0

φ2 (x) dx=0, òî äëÿ ìàéæå âñiõ

(ñòîñîâíî ìiðè Ëåáåãà â R) ÷èñåë τ/T iñíó¹ ¹äè-
íèé ðîçâ'ÿçîê çàäà÷i (1), (30), ÿêèé íåïåðåðâíî çà-
ëåæèòü âiä ôóíêöié φi (x), i∈{1, 2, 3}. Öåé ðîçâ'ÿ-
çîê çîáðàæà¹ ôîðìóëà (32), äå u1 (t, x) =

=
∑

|k|>0

φ1k
cos (πk (t− τ) / (T − τ))

cos (πkτ/ (T − τ))
exp

(
ikx

π

T − τ

)
,

u2 (t, x) =
2τ

π

∑
|k|>0

φ2k
sin (tkπ/ (2τ))

k cos (Tkπ/ (2τ))
exp

(
ikx

π

2τ

)
,

u3 (t, x) =
2T

π

∑
|k|>0

φ3k
sin (tkπ/ (2T ))

k cos (τkπ/ (2T ))
exp

(
ikx

π

2T

)
,

ïðè÷îìó ui∈C2([0, T ] ,Hωi
q (Ωωi)), i∈{1, 2, 3}.
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Òåîðåìà 12. ßêùî ôóíêöi¨ φi∈Hωi
γi (Ω

ωi)),
i∈{1, 2, 3}, äå ω1=4 (T − τ), γ1=q + 3 + ε1, ω2=2τ ,
γ2=q + 2 + ε2, ω3=4T , γ3=q + 3 + ε3, εi>0,

i∈{1, 2, 3},
ω2∫
0

φ2 (x) dx=0, òî äëÿ ìàéæå âñiõ (ñòî-

ñîâíî ìiðè Ëåáåãà â R) ÷èñåë τ/T iñíó¹ ¹äè-
íèé ðîçâ'ÿçîê çàäà÷i (1), (31), ÿêèé íåïåðåðâ-
íî çàëåæèòü âiä ôóíêöié φi (x), i∈{1, 2, 3} . Öåé
ðîçâ'ÿçîê çîáðàæà¹ ôîðìóëà (32), äå u1 (t, x) =∑
|k|>0

φ1k
cos (πk (T − t) /(2 (T − τ)))

cos (πkT/(2 (T − τ)))
exp

(
ikx

π/2

(T − τ)

)
,

u2 (t, x) =
τ

π

∑
|k|>0

φ2k
sin (tkπ/τ)

k cos (Tkπ/τ)
exp

(
ikx

π

τ

)
,

u3 (t, x) =
∑
|k|>0

φ3k
sin (tkπ/ (2T ))

sin (τkπ/ (2T ))
exp

(
ikx

π

2T

)
,

ïðè÷îìó ui∈C2([0, T ] ,Hωi
q (Ωωi)), i∈{1, 2, 3}.

Çàóâàæåííÿ 3. ßêùî φi (x), i∈{1, 2, 3},
¹ òðèãîíîìåòðè÷íèìè ìíîãî÷ëåíàìè âèãëÿäó

φi (x)=
N∑

k=−N
φik exp (ikx2π/ωi), à ÷èñëî τ/T iðàöiî-

íàëüíå, òî çàâæäè iñíóþòü ðîçâ'ÿçêè çàäà÷ (1), (30)
òà (1), (31), ÿêi ¹ ñêií÷åííèìè òðèãîíîìåòðè÷íèìè
ñóìàìè çà çìiííîþ x.

Ðåçóëüòàòè ðîáîòè ìîæíà ïîøèðèòè íà âèïàäîê
ãiïåðáîëi÷íèõ ðiâíÿíü âèñîêîãî ïîðÿäêó ç áàãàòüìà
ïðîñòîðîâèìè çìiííèìè.
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ÇÀÄÀ×È ÄÈÐÈÕËÅ-ÍÅÉÌÀÍÀ ÄËß ËÈÍÅÉÍÛÕ
ÃÈÏÅÐÁÎËÈ×ÅÑÊÈÕ ÓÐÀÂÍÅÍÈÉ
ÂÒÎÐÎÃÎ ÏÎÐßÄÊÀ Â ÏÎËÎÑÅ

Ðåïåòèëî Ñ. Ì.

Íàöèîíàëüíûé óíèâåðñèòåò �Ëüâèâñüêà ïîëèòýõíèêà�,
óë. Ñ. Áàíäåðû, 12, Ëüâîâ, 79013, Óêðàèíà

Äëÿ ëèíåéíûõ ãèïåðáîëè÷åñêèõ óðàâíåíèé âòîðîãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôè-
öèåíòàìè â ïîëîñå èññëåäîâàíî îäíîçíà÷íóþ ðàçðåøèìîñòü çàäà÷è ñ óñëîâèÿìè Äèðèõëå-
Íåéìàíà ïî âðåìåííîé ïåðåìåííîé è óñëîâèÿìè ïåðèîäè÷íîñòè èëè ïî÷òè ïåðèîäè÷íîñòè
ïî ïðîñòðàíñòâåííîé êîîðäèíàòå. Äëÿ óðàâíåíèÿ ñâîáîäíûõ êîëåáàíèé ñòðóíû â ïîëîñå
òàêæå èññëåäîâàíî òðåõòî÷å÷íóþ çàäà÷ó ïî âðåìåííîé ïåðåìåííîé ñ óñëîâèÿìè Äèðèõëå
èëè Íåéìàíà â óçëàõ èíòåðïîëÿöèè áåç äîïîëíèòåëüíûõ óñëîâèé ïî ïðîñòðàíñòâåííîé êî-
îðäèíàòå. Óñòàíîâëåíû óñëîâèÿ îäíîçíà÷íîé ðàçðåøèìîñòè ðàññìîòðåííûõ çàäà÷ è êîí-
ñòðóêòèâíî ïîñòðîåíû èõ ðåøåíèÿ. Äëÿ îöåíîê ñíèçó ìàëûõ çíàìåíàòåëåé, âîçíèêøèõ
ïðè ïîñòðîåíèè ðåøåíèé èññëåäóåìûõ çàäà÷, èñïîëüçîâàíî ìåòðè÷åñêèé ïîäõîä.

Êëþ÷åâûå ñëîâà: êðàåâàÿ çàäà÷à, ãèïåðáîëè÷åñêèå óðàâíåíèÿ, ìàëûå çíàìåíàòåëè, ìåòðè-

÷åñêèé ïîäõîä, ìåðà Ëåáåãà.
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We investigate the condition for the unique solvability in a strip of the problem with Dirichlet-
Neumann conditions with respect to time variable and conditions periodicity or almost peri-
odicity with respect to spatial coordinate for second order linear hyperbolic equations with
constant coe�cients. For the equation of free vibrations of the string in the strip also investi-
gated three-point problem with respect to time variable with Dirichlet or Neumann conditions
at the interpolation nodes without additional conditions with respect to spatial coordinate. For
the considered problems the conditions of the unique solvability are established and its solutions
are structurally constructed. For estimations from below of small denominators that appeared
during construction of solutions study tasks the metric approach is used.
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Lebesque measure.
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