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Âñòóï
Íåõàé I � âiäêðèòèé iíòåðâàë äiéñíî¨ îñiR, [a; b] ⊂

I � éîãî êîìïàêòíèé ïiäiíòåðâàë, BV [a; b] � êëàñ
ôóíêöié, îáìåæåíî¨ íà [a; b] âàðiàöi¨. ßêùî f i g ∈
BV [a; b], òî óìîâà

∆f(x)∆g(x) = 0 ∀x ∈ I, (0.1)

äå ∆f(x) i ∆g(x) � ñòðèáêè ôóíêöié f i g âiäïîâiäíî,
¹ íåîáõiäíîþ i äîñòàòíüîþ óìîâîþ iñíóâàííÿ êëàñè-
÷íîãî iíòåãðàëà Ðiìàíà-Ñòiëüòü¹ñà [1].

b∫

a

f(x) dg(x) = lim
max |xk−xk−1|→0

n∑

k=1

f(ξk) [g(xk)−g(xk−1)] .

(0.2)
ßêùî f i g � ñêàëÿðíi ôóíêöi¨, òî óìîâà (0.1) îçíà-

÷à¹ íåçáiã òî÷îê ðîçðèâiâ öèõ ôóíêöié. ßêùî æ öÿ
óìîâà íå âèêîíó¹òüñÿ, òî çíà÷åííÿ iíòåãðàëà (0.2),
âçàãàëi êàæó÷è, çàëåæèòü âiä âèáîðó ïðîìiæêîâèõ
òî÷îê ξk, ùî íàêëàäà¹ äîäàòêîâi óìîâè íà ñòðèáêè
∆f i ∆g [2].

Ó öié ðîáîòi âèâ÷à¹òüñÿ íåêëàñè÷íèé ìàòðè÷íèé
iíòåãðàë (0.2) çà óìîâè, ùî ξk=xk−1. Íà îñíîâi òàêî-
ãî îçíà÷åííÿ iíòåãðàëà âñòàíîâëþþòüñÿ âëàñòèâîñòi
ëiíiéíèõ ìàòðè÷íèõ iíòåãðàëüíèõ ðiâíÿíü òèïó Âîëü-
òåððà-Ñòiëüòü¹ñà. Ïðè öüîìó âèÿâëÿ¹òüñÿ, ùî çà óìî-
âè (0.1) ñèñòåìà ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü

Y ′ = C ′Y, Y (x0) = Y0, x0 ∈ I, (0.3)

äå C ′(x) � óçàãàëüíåíà ïîõiäíà ìàòðèöi-ôóíêöi¨ îáìå-
æåíî¨ âàðiàöi¨ C(x), åêâiâàëåíòíà iíòåãðàëüíîìó ðiâ-
íÿííþ

Y (x) = Y0 +

x∫

x0

dC(t) Y (t). (0.4)

Òàêà åêâiâàëåíòíiñòü äà¹ çìîãó îäíîçíà÷íî ââåñòè
ïîíÿòòÿ ðîçâ'ÿçêó ñèñòåìè (0.3), ùî ¹ ïðèðîäíèì
óçàãàëüíåííÿì îñíîâíèõ ïîëîæåíü òåîði¨ Êàðàòåîäî-
ði [3].

I. Ìàòðè÷íèé íåêëàñè÷íèé iíòåãðàë
Ðiìàíà-Ñòiëüòü¹ñà

Íåõàé BV +
loc(I) � êëàñ íåïåðåðâíèõ ïðàâîðó÷ ôóí-

êöié îáìåæåíî¨ âàðiàöi¨ íà êîæíîìó çàìêíåíîìó ïi-
äiíòåðâàëi âiäêðèòîãî iíòåðâàëàI äiéñíî¨ îñi. Ðîçãëÿ-
íåìî ìàòðèöi-ôóíêöi¨ F (x) i G(x) ïîðÿäêiâ m × k i
k × n âiäïîâiäíî ç åëåìåíòàìè, ùî íàëåæàòü êëàñó
BV +

loc(I). Òîäi, ÿê âiäîìî [4], ñïðàâåäëèâi òàêi çîáðà-
æåííÿ:

F (x) = Fc(x) + Fb(x),
G(x) = Gc(x) + Gb(x), (1.1)

äå Fc(x) i Gc(x) � íåïåðåðâíi ñêëàäîâi ôóíêöié F (x)
i G(x), à Fb(x) i Gb(x) � ¨õ ôóíêöi¨ ñòðèáêiâ:

Fb(x) =
∑
y6x

[F (y)− F (y − 0)],

Gb(x) =
∑
y6x

[G(y)−G(y − 0)], y ∈ I.
(1.2)

Äëÿ äîâiëüíîãî çàìêíåíîãî iíòåðâàëà[a; b] ⊂ I âè-
çíà÷èìî iíòåãðàë

b∫

a

dF (x)G(x)
df
=

b∫

a

dFc(x)G(x) + (1.3)

+
∑

a<x6b

[F (x)− F (x− 0)]G(x− 0).

Ëåãêî ïåðåêîíàòèñÿ, ùî iíòåãðàë (1.3) ìîæíà âèçíà-
÷èòè i ÿê ãðàíèöþ iíòåãðàëüíî¨ ñóìè [4], à ñàìå:

b∫
a

dF (x)G(x)=

= lim
max |xk−xk−1|→0

n∑
k=1

[F (xk)−F (xk−1))]G(xk−1),
(1.4)

äå σ : a = x0 < x1 < . . . < xn = b � äîâiëüíå ðîçáèòòÿ
âiäðiçêà [a; b].

Âêàæåìî äåÿêi âàæëèâi âëàñòèâîñòi iíòåãðàëà
(1.3), ÷è (1.4).

Ìàòåìàòèêà c© Ì. Ñòàñþê, Ð. Òàöié, 2006
Lviv Polytechnic National University Institutional Repository http://ena.lp.edu.ua



Ì. Ñòàñþê, Ð. Òàöié

1. Äëÿ iíòåãðàëà (1.3) ñïðàâäæó¹òüñÿ áiëiíiéíå
ñïiââiäíîøåííÿ

b∫

a

[c1dF1 + c2dF2][k1G1 + k2G2] = c1k1

b∫

a

dF1G1+

+c1k2

b∫

a

dF1G2 + c2k1

b∫

a

dF2G1 + c2k2

b∫

a

dF2G2,

ÿêå âèïëèâà¹ ç îçíà÷åííÿ iíòåãðàëà (1.3), àáî (1.4).
2. Ìàòðèöÿ-ôóíêöiÿ H(x) =

x∫
a

dF (t)G(t), x ∈ I ¹
íåïåðåðâíîþ ïðàâîðó÷ ôóíêöi¹þ îáìåæåíî¨ âàðiàöi¨,
à â òî÷öi ðîçðèâó x0 ôóíêöi¨ F (x) ¨¨ ñòðèáîê ∆H(x0)
äîðiâíþ¹

∆H(x0) = ∆F (x0)G(x0 − 0). (1.5)

¤ Äîâåäåííÿ. Ââåäåìî ïîçíà÷åííÿ:
|A| = max

i

∑
i

|aij | � íîðìà ìàòðèöi A = ‖aij‖,

V b
a F (x) = sup

σ

n∑
i=1

|F (xi) − F (xi−1)| � ïîâíà âàðiàöiÿ
ìàòðèöi-ôóíêöi¨ F (x) íà iíòåðâàëi [a; b]. Òîäi äëÿ äî-
âiëüíîãî ðîçáèòòÿ σ iíòåðâàëà [a; b] ìà¹ìî

∑

i

|H(xi+1)−H(xi)| =
∑

i

∣∣∣∣∣∣

xi+1∫

xi

dF (t)G(t)

∣∣∣∣∣∣
6

6
∑

i

V xi+1
xi

F sup
t∈[xi;xi+1]

|G(t)| 6 V b
a F sup

t∈[a;b]

|G(t)|,

òîáòî âàðiàöiÿ ìàòðèöi-ôóíêöi¨ H(x) � îáìåæåíà íà
äîâiëüíîìó çàìêíåíîìó ïiäiíòåðâàëi çI. Íåõàé x ∈ I,
à s < x. Òîäi

|H(x)−H(s)| 6 V x
s F sup

t∈[s;x]

|G(t)|,

à îñêiëüêè F (x) � íåïåðåðâíà ïðàâîðó÷, òî
lim

x→s+0
V x

s F = 0, òîáòî ìàòðèöÿ H(x) ìà¹ åëåìåíòè
ç êëàñó BV +

loc(I). Ñïiââiäíîøåííÿ (1.5) âèïëèâà¹ ç
îçíà÷åííÿ iíòåãðàëà (1.3), ÷è (1.4), ùî é çàâåðøó¹
äîâåäåííÿ âëàñòèâîñòi 2. ¥

3. Ôîðìóëà iíòåãðóâàííÿ ÷àñòèíàìè. Äëÿ iíòåãðà-
ëà (1.3) àáî (1.4) âîíà ìà¹ âèãëÿä

b∫

a

dFG+

b∫

a

FdG = FG

∣∣∣∣
b

a

−
∑

a<x6b

∆F (x)∆G(x). (1.6)

¤ Äîâåäåííÿ. Çàóâàæèìî, ùî
b∫

a

dFG =

b∫

a

dF (x)

x∫

a

dG(y) + F (b)G(a)− F (a)G(a),

b∫

a

FdG = −
b∫

a




b∫

y

dF (x)


 dG(y)−F (b)G(a)+F (b)G(b).

Òîìó ôîðìóëó (1.6) ìîæíà ïåðåïèñàòè ó âèãëÿäi
b∫

a

dF (x)

x∫

a

dG(y) =

b∫

a




b∫

y

F (x)dG(y)


−

−
∑

a<x6b

∆F (x)∆G(x). (1.7)

Çàïèøåìî ëiâó ÷àñòèíó ôîðìóëè (1.7), çîáðàçèâ-
øè ìàòðèöi-ôóíêöi¨ F i G ó âèãëÿäi ñóìè íåïåðåðâ-
íî¨ òà äèñêðåòíî¨ êîìïîíåíò, ùî ïîðîäæó¹ ÷îòèðè ií-
òåãðàëè

b∫

a

d (Fc(x)+Fb(x))

b∫

a

d (Gc(y)+Gb(y)) =

=

b∫

a

dFc(x)

x∫

a

dGc(y) +

b∫

a

dFc(x)

x∫

a

dGb(y)+

+

b∫

a

dFb(x)

x∫

a

dGc(y) +

b∫

a

dFb(x)

x∫

a

dGb(y).

(1.8)

Àíàëîãi÷íî äëÿ iíòåãðàëà â ïðàâié ÷àñòèíi (1.7)
îòðèìó¹ìî âèðàç

b∫

a




b∫

y

dFc(x)


dGc(y)+

b∫

a




b∫

y

dFc(x)


dGb(y)+

+

b∫

a




b∫

y

dFb(x)


dGc(y)+

b∫

a




b∫

y

dFb(x)


dGb(y).

(1.9)

Ïåðøi òðè iíòåãðàëè â âèðàçàõ (1.8) i (1.9) çái-
ãàþòüñÿ, îñêiëüêè öå êëàñè÷íi iíòåãðàëè Ðiìàíà-
Ñòiëüòü¹ñà i äëÿ íèõ ñïðàâäæó¹òüñÿ ôîðìóëà iíòå-
ãðóâàííÿ ÷àñòèíàìè. Çàïèøåìî ÷åòâåðòèé iíòåãðàë
ó âèðàçi (1.8):

b∫

a

dFb(x)

x∫

a

dGb(y) =
∑

a<x6b

∆Fb(x)

x−0∫

a

dGb(y) =

=
∑

a<x6b


 ∑

a6y6x−0

∆Fb(x)∆Gb(y)


 =

∑
a<x6b
a<y<x

∆Fb(x)∆Gb(y).

Çàóâàæèìî, ùî â îñòàííþ ñóìó íå âõîäÿòü äîáóòêè
∆Fb(x)∆Gb(x).

Àíàëîãi÷íî çàïèøåìî ÷åòâåðòèé iíòåãðàë ó âèðàçi
(1.9):

b∫

a




b∫

y

dFb(x)


 dGb(y) =

∑

a<y6b




b∫

y−0

dFb(x)


 ∆Gb(y) =

=
∑

a<y6b


 ∑

y−06x6b

∆Fb(x)∆Gb(y)


 =

=
∑

a<y6b
y<x6b

∆Fb(x)∆Gb(y) +
∑

a<x6b

∆Fb(x)∆Gb(x),
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Ìàòðè÷íi iíòåãðàëüíi ðiâíÿííÿ òà äèôåðåíöiàëüíi ñèñòåìè ç ìiðàìè

ùî é äîâîäèòü ôîðìóëó (1.7), òîáòî ôîðìóëó iíòå-
ãðóâàííÿ ÷àñòèíàìè (1.6). ¥

Ïîòðiáíî çàóâàæèòè, ùî êîëè ñóìà â (1.6) çíè-
êà¹, òî ôîðìóëà iíòåãðóâàííÿ ÷àñòèíàìè íàáóâà¹
"êëàñè÷íîãî" âèãëÿäó. Çàóâàæèìî òàêîæ, ùî ôîð-
ìóëà iíòåãðóâàííÿ ÷àñòèíàìè (1.6) äëÿ iíòåãðàëà
(1.3) ÷è (1.4) ¹ ÷àñòèííèì âèïàäêîì àíàëîãà ôîð-
ìóëè Äiðiõëå [2].

Ôîðìóëà Äiðiõëå. ßêùî (k × k) ìàòðèöÿ-
ôóíêöiÿH(x, y) îáìåæåíà â ïðÿìîêóòíèêóa 6 x 6 b,
a 6 y 6 b i ¹ íåïåðåðâíîþ ïðàâîðó÷ ôóíêöi¹þ îáìå-
æåíî¨ âàðiàöi¨ çà çìiííîþ x äëÿ äîâiëüíîãî y ∈ [a; b],
òî ñïðàâåäëèâà ôîðìóëà

b∫

a

dF (x)

x∫

a

H(x, y) dG(y) =

=

b∫

a




b∫

y

dF (x)H(x, y)


 dG(y)−

−
∑

a6x6b

∆F (x)H(x− 0, x− 0)∆G(x), (1.10)

ÿêó äîâîäèìî àíàëîãi÷íî, ÿê ôîðìóëó (1.7). Ïðèé-
íÿâøè â (1.10) H(x, y) = E, ïðèéäåìî äî (1.7).

II. Ôóíäàìåíòàëüíà ìàòðèöÿ
Ðîçãëÿíåìî iíòåãðàëüíå ðiâíÿííÿ

Y (x) = Y (x0) +

x∫

x0

dC(t) · Y (t), (2.1)

äå Y (x) � n-âèìiðíèé âåêòîð, à C(x) = {cij(x)} �
(n×n) ìàòðèöÿ-ôóíêöiÿ ç åëåìåíòàìè, ùî íàëåæàòü
êëàñó BV +

loc(I), x0 ∈ I.
ßê âiäîìî [4], öå ðiâíÿííÿ ìà¹ ¹äèíèé ðîçâ'ÿçîê

Y (x) ∈ BV +
loc i éîãî ñòðèáîê ∀x ∈ I âèçíà÷à¹òüñÿ ôîð-

ìóëîþ
∆Y (x) = ∆C(x) · Y (x− 0). (2.2)

Öå òâåðäæåííÿ åêâiâàëåíòíå òîìó, ùî iíòåãðàëüíå
ðiâíÿííÿ

Y (x) =

x∫

x0

dC(t) · Y (t), (2.3)

ìà¹ ëèøå íóëüîâèé ðîçâ'ÿçîê.
Ââåäåìî ìàòðèöþ-ôóíêöiþ äâîõ çìiííèõ B(x, s)

ÿê ðîçâ'ÿçîê ìàòðè÷íîãî iíòåãðàëüíîãî ðiâíÿííÿ

B(x, s) = E +

x∫

s

dC(t) ·B(t, s). (2.4)

Î÷åâèäíî, ùî òàêå ìàòðè÷íå ðiâíÿííÿ ìà¹ òàêîæ
¹äèíèé ðîçâ'ÿçîê çà çìiííîþ x â êëàñi ìàòðèöü-
ôóíêöié ç åëåìåíòàìè ç BV +

loc(I), îñêiëüêè êîæíèé
¨¨ ñòîâïåöü ìà¹ òàêó âëàñòèâiñòü.

Ìàòðèöþ B(x, s) íàçèâàòèìåìîôóíäàìåíòàëü-
íîþ ìàòðèöåþ àáîìàòðèöåþ Êîøi iíòåãðàëüíîãî
ðiâíÿííÿ (2.1). Ìàòðèöi Êîøi ïðèòàìàííi âëàñòèâî-
ñòi, ùî âèðàæàþòüñÿ òàêèìè òåîðåìàìè.

Òåîðåìà2.1. Ðîçâ'ÿçîê iíòåãðàëüíîãî ðiâíÿííÿ
(2.1) çîáðàæà¹òüñÿ ó âèãëÿäi

Y (x) = B(x, x0) · Y (x0). (2.5)

¤ Äîâåäåííÿ. Äëÿ äîâåäåííÿ öüîãî ôàêòó
ïðèéìåìî â (2.4) s = x0 i ïîìíîæèìî îáèäâi ÷àñòèíè
öüîãî ðiâíÿííÿ ïðàâîðó÷ íà Y (x0). Òîäi ìàòèìåìî

B(x, x0) · Y (x0) = Y (x0) +

x∫

x0

dC(t) B(t, t0) Y (x0),

çâiäêè é âèïëèâà¹ çîáðàæåííÿ (2.5).¥
Òåîðåìà2.2. Ìàòðèöÿ Êîøi B(x, s) ìà¹ òàêi

âëàñòèâîñòi:
1. Äëÿ äîâiëüíèõ x′, x′′, x′′′ ∈ I

B(x′′′, x′′) ·B(x′′, x′) = B(x′′′, x′);

2. B(x′, x′′)·B(x′′, x′) = E;

3. B(x, s) � íåïåðåðâíà ïðàâîðó÷ ìàòðèöÿ-ôóíêöiÿ
îáìåæåíî¨ âàðiàöi¨ ÿê çà çìiííîþ x, òàê i çà çìií-
íîþ s;
4. B(x, s) = (E+∆C(x))·B(x−0, s);

5. B(x, s) = B(x, s−0)·(E+∆C(s))−1.

¤ Äîâåäåííÿ. 1. Ïîêàæåìî, ùî ìàòðèöÿ-ôóíêöiÿ
B(x′′′, x′′) · B(x′′, x′) − B(x′′′, x′) ¹ ðîçâ'ÿçêîì iíòå-
ãðàëüíîãî ðiâíÿííÿ

Y (x) =

x∫

x′′

dC(t) · Y (t),

òîáòî äîðiâíþ¹ íóëüîâié ìàòðèöi. Äiéñíî
B(x′′′, x′′) ·B(x′′, x′)−B(x′′′, x′) = B(x′′, x′)+

+

x′′′∫

x′′

dC(t) ·B(t, x′′) ·B(x′′, x′)−
x′′′∫

x′

dC(t) ·B(t, x′)− E =

= E +

x′′∫

x′

dC(t) ·B(t, x′) +

x′′′∫

x′′

dC(t) ·B(t, x′′) ·B(x′′, x′)−

−
x′′∫

x′

dC(t) ·B(t, x′)− E −
x′′′∫

x′′

dC(t) ·B(t, x′) =

=

x′′′∫

x′′

dC(t) [B(t, x′′) ·B(x′′, x′)−B(t, x′)],

ùî é äîâîäèòü âëàñòèâiñòü 1.
2. Ïðèéíÿâøè â 1. x′′′ = x′, îòðèìó¹ìî

B(x′, x′′) ·B(x′′, x′) = B(x′, x′) = E.

3. Äëÿ äîâiëüíèõ x1, x2 ∈ I ìà¹ìî

|B(x2, s)−B(x1, s)| =
∣∣∣∣∣∣

x2∫

x1

dC(t) ·B(t, s)

∣∣∣∣∣∣
6 M

x2∨
x1

C(x),
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äå M =
∏
x

(1 + |∆C(x)|) exp
b∨
a

Cc(x) [2], à Cc(x) =

C(x) − Cb(x), çâiäêè íåãàéíî âèïëèâà¹ îáìåæåíiñòü
âàðiàöi¨ B(x, s) çà çìiííîþ x.

Ç iíòåãðàëüíîãî ðiâíÿííÿ (2.4) îòðèìó¹ìî óìîâó
ñòðèáêà çà çìiííîþ x

∆xB(x, s) = ∆C(x) ·B(x− 0, s),

à íåïåðåðâíiñòü ïðàâîðó÷ âèïëèâà¹ ç âëàñòèâîñòi 2.
ï. 1.

Äîâåäåìî îáìåæåíiñòü âàðiàöi¨ ôóíêöi¨B(x, s) çà
çìiííîþ s. ∀x1, x2 ∈ I ðîçãëÿíåìî ðiâíiñòü

B(x, x2)−B(x, x1)=

x∫

x2

dC(t)·B(t, x2)−
x∫

x1

dC(t)·B(t, x1)=

=

x∫

x2

dC(t)[B(t, x2)−B(t, x1)]−
x2∫

x1

dC(t) ·B(t, x1)

ÿê iíòåãðàëüíå ðiâíÿííÿ ùîäî ôóíêöi¨

Y (x) = B(x, x2)−B(x, x1),

äå Y (x2) = −
x2∫
x1

dC(t) ·B(t, x1).

Îòæå, ðîçâ'ÿçîê Y (x) çà òåîðåìîþ 1 ìîæíà ïîäà-
òè ó âèãëÿäi

Y (x) = −B(x, x2) ·
x2∫

x1

dC(t) ·B(t, x1),

çâiäêè ìà¹ìî

|B(x, x2)−B(x, x1)| 6 M2
x2∨
x1

C(x).

Öå é äîâîäèòü îáìåæåíiñòü âàðiàöi¨ ôóíêöiéB(x, s)
çà çìiííîþ s, à íåïåðåðâíiñòü ïðàâîðó÷ äîâîäèòüñÿ
àíàëîãi÷íî ÿê i â ïîïåðåäíüîìó âèïàäêó.

4. Íà îñíîâi ôîðìóëè (2.2)

∆xB(x, s) = ∆C(x) ·B(x− 0, s)

àáî

B(x, s)−B(x− 0, s) = ∆C(x) ·B(x− 0, s),

çâiäêè é îòðèìó¹ìî

B(x, s) = (E + ∆C(x)) ·B(x− 0, s).

5. Ç iíòåãðàëüíîãî ðiâíÿííÿ (2.1)

Y (x) = Y (x0 − 0) +

x∫

x0−0

dC(t) · Y (t),

çâiäêè çà òåîðåìîþ (2.1) ìà¹ìî

Y (x) = B(x, x0 − 0) · Y (x0 − 0). (2.6)

Ç iíøîãî áîêó, íà îñíîâi (2.2) îòðèìó¹ìî

Y (x0 − 0) = (E + ∆C(x0))−1 · Y (x0). (2.7)

Íà ïiäñòàâi (2.6) i (2.7) ìà¹ìî

Y (x) = B(x, x0 − 0)(E + ∆C(x0))−1 · Y (x0),

òîìó

B(x, x0) = B(x, x0 − 0)(E + ∆C(x0))−1,

çâiäêè ïiñëÿ çàìiíè x0→s âèïëèâà¹ âëàñòèâiñòü 5. ¥
Âàðòî çàóâàæèòè, ùî

∆Bs(x, s) = B(x, s− 0) · [(E + ∆C(s))−1 − E
]
.

III. Íåîäíîðiäíå ðiâíÿííÿ
Ðîçãëÿíåìî íåîäíîðiäíå ìàòðè÷íå ðiâíÿííÿ

Y (x) =

x∫

a

dC(t) Y (t) + U(x), U(a) = Y (a), (3.1)

â ÿêîìó C(x) � (n × n) ìàòðèöÿ, à U(x) � n-âèìiðíà
âåêòîð-ôóíêöiÿ, ïðè÷îìó åëåìåíòè ìàòðèöi C(x) i
âåêòîð-ôóíêöi¨ U(x) íàëåæàòü äî BV +

loc(I).

Òåîðåìà3.1. Ðîçâ'ÿçîê íåîäíîðiäíîãî ðiâíÿííÿ
(3.1) ìîæíà ïîäàòè ó âèãëÿäi

Y (x) = B(x, a) · U(a) +

x∫

a

B(x, t) dU(t)−

−
∑

a<y6x

B(x, y) ∆C(y)∆U(y), (3.2)

äå ñóìà ðîçïîâñþäæó¹òüñÿ íà òi òî÷êè y ∈ [a; b],
â ÿêèõ ìàòðèöi C(x) i U(x) ìàþòü ðîçðèâè îäíî÷à-
ñíî.

¤ Äîâåäåííÿ. Ïîêàæåìî, ùî âèðàç, ÿêèé ñòî¨òü
ïðàâîðó÷ â (3.2), ñïðàâäæó¹ iíòåãðàëüíå ðiâíÿííÿ
(3.1).

Äiéñíî,
x∫

a

dC(t)Y (t) =

x∫

a

dC(t)B(t, a) U(a) +

+

x∫

a

dC(t)

t∫

a

B(t, s) dU(s)− (3.3)

−
x∫

a

dC(t)
∑

a6y6x

B(t, y)∆C(y)∆U(y).

Âèêîðèñòîâóþ÷è ðiâíÿííÿ (2.4), îòðèìà¹ìî
x∫

a

dC(t)B(t, a) U(a) = (B(x, a)− E) · U(a), (3.4)
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à ç ôîðìóëè Äiðiõëå âèïëèâà¹
x∫

a

dC(t)

t∫

a

B(t, s) dU(s)=

x∫

a




x∫

s

dC(t)B(t, s)


 dU(s)−

−
∑

a<y6x

∆C(y)B(y − 0, y − 0)∆U(y). (3.5)

Äî òîãî æ, áåçïîñåðåäíüîþ ïåðåâiðêîþ ïåðåêîíó¹-
ìîñü, ùî

x∫

a

dC(t)
∑

a6y6x

B(t, y) ∆C(y)∆U(y) =

=
∑

a<y<x

x∫

y

dC(t)B(t, y)∆C(y)∆U(y). (3.6)

Íà îñíîâi ñïiââiäíîøåíü (3.4), (3.5) i (3.6) ðiâíiñòü
(3.4) ìîæíà çàïèñàòè ó âèãëÿäi

x∫

a

dC(t)Y (t) = (B(x, a)− E)U(a)+

+

x∫

a




x∫

s

dC(t)B(t, s)


 dU(s)−

∑

a<y6x

∆C(y)∆U(y)−

−
∑

a<y6x

x∫

a

dC(t)B(t, y)∆C(y)∆U(y).

Îñêiëüêè
x∫

y

dC(t) B(t, y)∆C(y) ∆U(y) =

= (B(x, y)− E)∆C(y)∆U(y) =

= B(x, y)∆C(y)∆U(y)−∆C(y)∆U(y),

òî
x∫

a

dC(t)U(t) = B(x, a) U(a)−U(a)+

x∫

a

B(x, t) dU(t)−

−U(x) + U(a)−
∑

a<y6x

∆C(y)∆U(y)−

−
∑

a<y6x

B(x, y)∆C(y)∆U(y) +
∑

a<y6x

∆C(y)∆U(y),

àáî
x∫

a

dC(t)Y (t) = B(x, a) Y (a) +

x∫

a

B(x, t) dU(t)−

−
∑

a<y6x

∆C(y)∆U(y)−
∑

a<y6x

B(x, y)∆C(y)∆U(y)+

+
∑

a<y6x

∆C(y)∆U(y).

Îñòàííÿ ðiâíiñòü äîâîäèòü, ùî ôóíêöiÿ

Y (x) = B(x, a) U(a) +

x∫

a

B(x, t) dU(t)−

−
∑

a<y6x

B(x, y)∆C(y)∆U(y)

ñïðàâäæó¹ iíòåãðàëüíå ðiâíÿííÿ
x∫

a

dC(t)Y (t) = Y (x)− U(x),

ùî é äîâîäèòü òåîðåìó. ¥
Çàóâàæèìî, ùî ó ôîðìóëi (3.2) ñóìà çíèêà¹ íå ëè-

øå ó âèïàäêó, êîëè ìàòðèöi C(x) i U(x) ìàþòü ðîç-
ðèâè â ðiçíèõ òî÷êàõ, àëå é òîäi, êîëè

∆C(x) ·∆U(x) = 0 ∀x ∈ I. (3.7)

IV. Ñïðÿæåíå ðiâíÿííÿ
ßê âiäîìî ç ï. II, ôóíêöiÿ ÊîøiB(x, s) çà çìiííîþ

x ñïðàâäæó¹ ðiâíÿííÿ (2.1)

B(x, s) = E +

x∫

s

dC(t) B(t, s).

Ùîá âèçíà÷èòè, ÿêå ðiâíÿííÿ ñïðàâäæó¹ ôóíêöiÿ
B(x, s) çà çìiííîþ s, ïîòðiáíà

Òåîðåìà4.1. Ôóíêöiÿ B(x, s) çà çìiííîþ s
ñïðàâäæó¹ iíòåãðàëüíå ðiâíÿííÿ

B(x, s) = E +

x∫

s

B(x, t) dC̃(t), (4.1)

äå

C̃(x) = C(x)−
∑

s6y<x

(E + ∆C(y))−1∆2C(y). (4.2)

¤ Äîâåäåííÿ. Ïåðåïèøåìî ðiâíÿííÿ (2.1) ó âè-
ãëÿäi

B(x, s)−E =

x∫

s

dC(t)[B(t, s)−E]+C(x)−C(s). (4.3)

Çàñòîñîâóþ÷è äî (4.3) ôîðìóëó (3.2) ðîçâ'ÿçêó íåî-
äíîðiäíîãî ðiâíÿííÿ, ïðèõîäèìî äî ðiâíîñòi

B(x, s) = E +

x∫

s

B(x, t) dC(t)−
∑

s<y6x

B(x, y)∆2C(y).

(4.4)
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Ïåðåïèøåìî (4.4), âèêîðèñòîâóþ÷è âëàñòèâiñòü 5
òåîðåìè 2.2:

B(x, s) = E +

x∫

s

B(x, t) dC(t)−

−
∑

s<y6x

B(x, t− 0)[E + ∆C(y)]−1∆2C(y).

Öå ïåðåêîíó¹, ùî ôóíêöiÿ B(x, s) çà çìiííîþ s ¹
ðîçâ'ÿçêîì iíòåãðàëüíîãî ðiâíÿííÿ (4.1), äå C̃(t) ìà¹
âèãëÿä (4.2), ùî é äîâîäèòü òåîðåìó.¥

Çàóâàæèìî, ùî â òîìó âèïàäêó, êîëè ∀x ∈ I
∆2C(x) = 0, ôóíêöiÿ B(x, s) çà çìiííîþ s ñïðàâäæó¹
ðiâíÿííÿ

B(x, s) = E −
s∫

x

B(x, t) dC(t), (4.5)

òîáòî ¨¨ ñòîâïöi ñïðàâäæóþòü âåêòîðíå iíòåãðàëüíå
ðiâíÿííÿ

Z(x) = Z(a)−
x∫

a

Z(t) dC(t), (4.6)

ÿêå íàçèâà¹òüñÿ ñïðÿæåíèì äî ðiâíÿííÿ (2.1) [3].
Íåõàé B̃(x, s) � ôóíêöiÿ "Êîøi" ñïðÿæåíîãî ií-

òåãðàëüíîãî ðiâíÿííÿ (4.6), òîáòî

B̃(x, s) = E −
x∫

s

B(t, s) dC(t).

Âèêîðèñòîâóþ÷è î÷åâèäíó ðiâíiñòü
x∫

s

B̃(t, s) dB(t, s) +

x∫

s

dB̃(t, s)B(t, s) = 0

òà ôîðìóëó iíòåãðóâàííÿ ÷àñòèíàìè (1.6), îòðèìó¹ìî

0 = B̃(t, s)B(t, s)

∣∣∣∣∣

x

s

−
∑

s<y6x

∆B̃(y, s)∆B(y, s). (4.7)

Äîìíîæóþ÷è (4.7) ïðàâîðó÷ íà ìàòðèöþB(s, x) i âè-
êîðèñòîâóþ÷è âëàñòèâiñòü 2 òåîðåìè 2.2, ìàòèìåìî

B̃(x, s) = B(s, x)−
∑

s<y6x

B̃(y−0, s)∆2C(y)B(y−0, x).

(4.8)
Ôîðìóëà (4.8) âñòàíîâëþ¹ çâ'ÿçîê ìiæ B̃(x, s) i
B(s, x): ÿêùî ∀x ∈ I ∆2C(x) = 0, òî ç ôîðìóëè (4.8)
ìà¹ìî

B̃(x, s) = B(s, x). (4.9)
Ðiâíiñòü (4.9) ïîêàçó¹, ùî iíòåãðàëüíå ðiâíÿííÿ (2.1)
ç ìàòðèöåþ-ôóíêöi¹þ C(x) ∈ BV +

loc(I) ó âèïàäêó
∆2C(x) = 0 ∀x ∈ I çáåðiãà¹ âëàñòèâîñòi, ÿêi ïðè-
òàìàííi iíòåãðàëüíèì ðiâíÿííÿì ç íåïåðåðâíîþ ìà-
òðèöåþ C(x).

V. Ïåðâiñíi ìið
Äîáóòîê äâîõ óçàãàëüíåíèõ ôóíêöié íå çàâæäè

iñíó¹ [5],[6]. Òàê, íàïðèêëàä, íå iñíó¹, òîáòî íåîäíî-
çíà÷íèé (íåêîðåêòíèé) äîáóòîê ôóíêöi¨ Õåâiñàéäà íà
¨¨ óçàãàëüíåíó ïîõiäíó.

Äëÿ òîãî, ùîá äîñëiäèòè êîðåêòíiñòü äîáóòêiâ
F ′ ·G òà F ·G′, äå F ′, G′ � óçàãàëüíåíi ïîõiäíi ôóíêöié
F i G, ïðèïóñòèìî, ùî F , G ¹ ìàòðèöÿìè-ôóíêöiÿìè
ç åëåìåíòàìè êëàñó BVloc(I). Çàïèøåìî äèñêðåòíi
ñêëàäîâi Fb i Gb ôóíêöié F i G ó âèãëÿäi

Fb(x)=
∑

xs6x

[F (xs+0)−F (xs−0)]=
∑

s

∆F (xs)·η(x−xs),

Gb(x)=
∑

xs6x

[G(xs+0)−G(xs−0)]=
∑

s

∆G(xs)·η(x−xs),

(5.1)
äå ∆F (xs) i ∆G(xs) � ñòðèáêè ìàòðèöü F (x) i G(x)
âiäïîâiäíî, à η(x − xs) � çìiùåíà ôóíêöiÿ Õåâiñàé-
äà. Òîäi, âðàõîâóþ÷è, ùî óçàãàëüíåíà ïîõiäíà ôóí-
êöi¨ Õåâiñàéäà, ¹ äåëüòà-ôóíêöiÿ Äiðàêà, òîáòîη′(x−
xs) = δ(x− xs), i çîáðàæåííÿ (5.1), îòðèìó¹ìî

F ′ = F ′c +
∑

s

∆F (xs) δ(x− xs),

G′ = G′c +
∑

s

∆G(xs) δ(x− xs). (5.2)

Âèêîðèñòîâóþ÷è çîáðàæåííÿ (5.2), çàïèøåìî ôîð-
ìàëüíî äîáóòêè F ′ ·G i F ·G′:

F ′G = F ′Gc+F ′cGb+
∑
r,p

∆F (xr)∆G(xp)δ(x−xr)η(x−xp),

FG′ = FG′c+FcG
′
b+

∑
r,p

∆F (xr)∆G(xp)δ(x−xp)η(x−xr).

(5.3)
Äîáóòêè ïiä çíàêàìè ñóì â (5.3), âçàãàëi êàæó÷è,
íåîäíîçíà÷íi â ñåíñi òåîði¨ óçàãàëüíåíèõ ôóíêöié,
îñêiëüêè

δ(x− xr) η(x− xp) =
{

δ(x− xr), ÿêùî xr > xp,
0, ÿêùî xr < xp,

à äëÿ xr = xp òàêèé äîáóòîê íå iñíó¹. Öi ìiðêóâàííÿ
âèìàãàþòü òàêå

Îçíà÷åííÿ5.1. Äîáóòêè F ′ ·G i F ·G′ íàçèâàòè-
ìåìî êîðåêòíèìè, ÿêùî ∀x ∈ I âèêîíó¹òüñÿ óìîâà

∆F (x) ·∆G(x) = 0. (5.4)

Âðàõîâóþ÷è îçíà÷åííÿ 5.1, äîáóòêè (5.3) çà óìîâè
(5.4) ìîæíà çàïèñàòè òàê:

F ′G = F ′Gc + F ′cGb +
∑
r>p

∆F (xr)∆G(xp)δ(x− xr),

FG′ = FG′c+FcG
′
b+

∑
p>r

∆F (xr)∆G(xp)δ(x−xp) (5.5)
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äå ïîçíà÷åíî
∑
r>p

df
=

∑
r

∑
p

çà óìîâè xr>xp ÷è íàâïàêè.

Ïîçíà÷èìî ÷åðåç H(x) i Z(x) ïåðâiñíi ìið F ′G i
FG′ âiäïîâiäíî, òîáòî

H ′ = F ′G, Z ′ = FG′.

Òåîðåìà5.1. Íåõàé F (x), G(x) � ìàòðèöi-
ôóíêöi¨ óçãîäæåíèõ ïîðÿäêiâ, åëåìåíòè ÿêèõ íàëå-
æàòü äî êëàñó BV +

loc(I) i äîáóòêè F ′G i FG′ êîðå-
êòíi, òîáòî çîáðàæàþòüñÿ ó âèãëÿäi (5.5). Òîäi

1. H(x) =

x∫

a

dFG + H0,

Z(x) =

x∫

a

F dG + Z0, a, x ∈ I,

äå H0, Z0 � äîâiëüíi ñòàëi ìàòðèöi, à iíòåãðàëè â
ïðàâèõ ÷àñòèíàõ ðîçóìi¹ìî â ñåíñi îçíà÷åííÿ 1.3
ï.I.

2. H(x) i Z(x) ∈ BV +
loc(I)

3. ∀x ∈ I

∆H(x) = ∆F (x) ·G(x− 0),

∆Z(x) = F (x− 0) ·∆G(x).

¤ Äîâåäåííÿ. òåîðåìè 5.1 àíàëîãi÷íå äî äîâå-
äåííÿ àëâñòèâîñòi 2., ï.1 (äèâ. òàêîæ [3]).¥

Çàóâàæèìî òàêîæ, ùî çà óìîâè êîðåêòíîñòi (5.4)

äîáóòêiâ F ′G i FG′ ∀a, b ∈ I
b∫

a

dFG i
b∫

a

F dG � êëà-
ñè÷íi ìàòðè÷íi iíòåãðàëè Ðiìàíà-Ñòiëüòü¹ñà [4] (íà-
ñïðàâäi � ñóêóïíîñòi òàêèõ ñêàëÿðíèõ iíòåãðàëiâ).

VI. Ïðî îçíà÷åííÿ ðîçâ'ÿçêó ñèñòå-
ìè ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâ-
íÿíü ç ìiðàìè

Ðîçãëÿíåìî ñèñòåìó ðiâíÿíü

Y ′ = C ′ Y (6.1)

Y (x0) = Y0 (6.2)
äå Y � n-âèìiðíèé âåêòîð, C(x) � (n × n) ìàòðèöÿ
ç åëåìåíòàìè ç êëàñó BV +

loc, C ′(x) � ¨¨ óçàãàëüíåíà
ïîõiäíà, x0, x ∈ I.

Âàðòî çàóâàæèòè, ùî ñòðèáêè ìàòðèöi-ôóíêöi¨
C(x) ïîðîäæóþòü òàêîæ ñòðèáêè ðîçâ'ÿçêóY (x) ðiâ-
íÿííÿ (6.1), à òîìó äîáóòîê C ′ Y , âçàãàëi êàæó÷è,
íåîäíîçíà÷íèé (ï.V).

Îçíà÷åííÿ6.1. Ââàæàòèìåìî, ùî âåêòîð Y íà-
ëåæèòü äî äîïóñòèìîãî êëàñó, ÿêèé ïîçíà÷èìî Dk,
ÿêùî:

1) Y (x) ∈ BV +
loc(I)

2) ∆C(x) ·∆Y (x) = 0 ∀x ∈ I.

Îçíà÷åííÿ6.2. Ïiä ðîçâ'ÿçêîì ðiâíÿííÿ (6.1)
áóäåìî ðîçóìiòè âåêòîð-ôóíêöiþ Y (x) ç äîïóñòèìî-
ãî êëàñó (Y ∈ Dk), ùî çàäîâîëüíÿ¹ öå ðiâíÿííÿ â
óçàãàëüíåíîìó ñåíñi:

(ϕ, Ȳ ′) = (ϕ,C ′Y ) (6.3)
äëÿ äîâiëüíî¨ ôiíiòíî¨ íà I âåêòîð-ôóíêöi¨ ϕ (åëå-
ìåíòè ϕ(x) � ñóòü ç êëàñó Do(I) ôiíiòíèõ íà I ôóí-
êöié [5]).

Òåîðåìà6.1. Ó êëàñi ôóíêöié Y (x) ∈ Dk çàäà÷à
(6.1), (6.2) òà iíòåãðàëüíå ðiâíÿííÿ

Y (x) = Y0 +

x∫

x0

dC(t)Y (t), x0, x ∈ I, (6.4)

åêâiâàëåíòíi.
¤ Äîâåäåííÿ. Äiéñíî, íåõàé Y (x) ∈ Dk. Òîäi ïðà-

âà ÷àñòèíà ðiâíÿííÿ (6.1) ¹ ìiðîþ, ïåðâiñíà ÿêî¨

Y (x) = P +

x∫

x0

dC(t)Y (t), (6.5)

äå P � äîâiëüíèé ñòàëèé âåêòîð. Ïðèéíÿâøè â (6.5)
P = Y0, çàäîâîëüíÿ¹ìî ïî÷àòêîâó óìîâó (6.2) i ïðè-
õîäèìî äî iíòåãðàëüíîãî ðiâíÿííÿ (6.4).

Íåõàé òåïåð âåêòîð-ôóíêöiÿ Y (x) ∈ Dk i çàäî-
âîëüíÿ¹ iíòåãðàëüíå ðiâíÿííÿ (6.4), äå ïî÷àòêîâà
óìîâà (6.2) âæå âèêîíàíà. Òîäi ïðàâà ÷àñòèíà öüîãî
ðiâíÿííÿ ¹ ïåðâiñíîþ ìiðèC ′ Y , ùî ïiñëÿ (óçàãàëüíå-
íîãî) äèôåðåíöiþâàííÿ é ïðèâîäèòü äî ðiâíÿííÿ
(6.1). ¥

Çãiäíî ç ðåçóëüòàòàìè ðîáîòè [4] ðiâíÿííÿ (6.4)
ìà¹ ¹äèíèé ðîçâ'ÿçîê Y (x) ∈ BV +

loc(I). Óìîâà æ
∆C(x) ·∆Y (x) = 0 ïðèíàëåæíîñòi öüîãî ðîçâ'ÿçêó äî
äîïóñòèìîãî êëàñó íå ¹ åôåêòèâíîþ, îñêiëüêè âèðà-
æåíà â òåðìiíàõ ñòðèáêà ñàìîãî ðîçâ'ÿçêó. Íàñòóïíå
òâåðäæåííÿ äà¹ åôåêòèâíèé êðèòåðié ïðèíàëåæíîñòi
äî êëàñó Dk.

Òåîðåìà6.2. Äëÿ iñíóâàííÿ ðîçâ'ÿçêó Y ðiâíÿí-
íÿ (6.4) â êëàñi Dk íåîáõiäíî i äîñèòü âèêîíàííÿ
óìîâè

(∆C(x))2 = 0 ∀x ∈ I. (6.6)

¤ Äîâåäåííÿ. Äîñòàòíiñòü. Ñòðèáîê ðîçâ'ÿçêó
∆Y (x) ðiâíÿííÿ (6.4) âèçíà÷à¹òüñÿ ôîðìóëîþ [4]

∆Y (x) = ∆C(x) · Y (x− 0). (6.7)
Äîìíîæèâøè îáèäâi ÷àñòèíè (6.7) ëiâîðó÷ íà∆C(x),
îòðèìó¹ìî

∆C(x) ·∆Y (x) = (∆C(x))2 · Y (x− 0), (6.8)
çâiäêè â ñèëó óìîâè (6.6) é âèïëèâà¹ óìîâà∆C(x) ·
∆Y (x) = 0 ∀x ∈ I.

Íåîáõiäíiñòü. ßêùî ∆C(x) ·∆Y (x) = 0 ∀x ∈ I,
òî ç (6.8) îòðèìó¹ìî
0 = [∆C(x)]2 · Y (x− 0) = [∆C(x)]2 ·B(x− 0, x0) · Y0,
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äå B(x, x0) � ìàòðèöÿ Êîøi ðiâíÿííÿ (6.4), à Y0 �
äîâiëüíèé ïî÷àòêîâèé âåêòîð. Ó çâ'ÿçêó ç öi¹þ äî-
âiëüíiñòþ âèïëèâà¹, ùî

[∆C(x)]2 ·B(x− 0, x0) = 0,

çâiäêè ÷åðåç îáîðîòíiñòü ìàòðèöiB(x− 0, x0) âèïëè-
âà¹ ðiâíiñòü (6.6). ¥

Îçíà÷åííÿ6.3. Ó ðàçi âèêîíàííÿ óìîâè (6.6)
(îäíîðiäíå) ðiâíÿííÿ (6.1) íàçèâàòèìåìî êîðåêò-
íèì.

Ðîçãëÿíåìî òåïåð íåîäíîðiäíó çàäà÷ó

Y ′ = C ′ Y + F ′(x) (6.9)

Y (x0) = Y0, (6.10)
äå F (x) ∈ BV +

loc(I), i âiäïîâiäíå iíòåãðàëüíå ðiâíÿííÿ

Y (x) = Y0 +

x∫

x0

dC(t)Y (t) + F (x)− F (x0). (6.11)

Óìîâà (6.6) ùå íå çàáåçïå÷ó¹ ïðèíàëåæíîñòi ðîçâ'ÿç-
êó öüîãî ðiâíÿííÿ äî êëàñó Dk ÷åðåç íàÿâíiñòü äî-
äàíêà F (x) − F (x0), àëå ñïðàâåäëèâå íàñòóïíå òâåð-
äæåííÿ.

Òåîðåìà6.3. ßêùî îäíîðiäíà ñèñòåìà (6.1),
(6.2) êîðåêòíà, òî äëÿ iñíóâàííÿ ðîçâ'ÿçêó ðiâíÿí-
íÿ (6.11) â êëàñi Dk íåîáõiäíî i äîñèòü âèêîíàííÿ

óìîâè
∆C(x) ·∆F (x) = 0 ∀x ∈ I. (6.12)

¤ Äîâåäåííÿ. Äiéñíî, ñòðèáîê ðîçâ'ÿçêó ðiâ-
íÿííÿ (6.11)

∆Y (x) = ∆C(x) · Y (x− 0) + ∆F (x),

ùî ïiñëÿ ìíîæåííÿ íà ∆C(x) ëiâîðó÷ ïðèâîäèòü äî
ðiâíîñòi

∆C(x) ·∆Y (x) = [∆C(x)]2 ·Y (x− 0) + ∆C(x) ·∆F (x),

çâiäêè é âèïëèâà¹ äîâåäåííÿ.¥

Çàóâàæåííÿ 1. Çà âèêîíàííÿ ñèñòåìè óìîâ
(6.6), (6.12) íåîäíîðiäíå ðiâíÿííÿ (6.9) òàêîæ äîöiëü-
íî íàçâàòè êîðåêòíèì.

Çàóâàæåííÿ 2. Ìåòîä çâåäåííÿ ïî÷àòêîâèõ çà-
äà÷ äëÿ (êîðåêòíèõ) ñèñòåì äèôåðåíöiàëüíèõ ðiâ-
íÿíü ç ìiðàìè äî åêâiâàëåíòíèõ iíòåãðàëüíèõ ðiâ-
íÿíü äîçâîëÿ¹ ïîâíîþ ìiðîþ âèêîðèñòàòè îòðèìàíi
â ðîáîòi ðåçóëüòàòè äëÿ ïîáóäîâè åëåìåíòiâ ëiíié-
íî¨ òåîði¨: äîñèòü ó âiäïîâiäíèõ ôîðìóëàõ ïðèéíÿòè
∆C(x)·∆Y (x) = 0, [∆C(x)]2 = 0 òà ∆C(x)·∆F (x) = 0
∀x ∈ I. Òàêèé ïiäõiä ¹ ïåâíîþ ìiðîþ àëüòåðíàòèâíèì
äî ðåçóëüòàòiâ ðîáiò [7],[8].
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