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The model that describes the influence of Coulomb interaction between electrons (Coulomb
correlations) on a frequency spectrum of plasmon-polariton waves in electroneutral struc-
tures dielectric/metal/dielectric is investigated. It is shown that for atomically thin metal
films (ATMF), such correlations affects both the quantum-dimensional behavior of the fre-
quency spectrum as a function of the thickness of the metal film and significantly improves
the correlation of theoretical calculations and experiment.
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1. Introduction

Investigation of plasmon-polariton waves (SPPs) that propagate along the dielectric/metal interface [1]
is an important problem nowadays for both experimental studies [1–3] and studies of mathematical
models of SPPs waves due to their widespread use in the subwavelength optics technologies.

Mathematical modeling of the propagation processes of SPPs waves, of their frequency spectrum,
etc., is based on the methods of classical electrodynamics using the Drude model [1] for describing the
time dispersion of the dielectric function ε of a metal layer.

It is known [1,4] that the Drude model (except significant drawback — neglect of spatial dispersion
in ε(ω)) describes well the behavior of ε(ω) for metal layers with the thickness that exceeds 1000 nm [1].

Current state-of-the-art for the design and use of metal/dielectric or dielectric/metal/dielectric
structures [2, 3, 5–7] makes it possible to obtain metal structures with the thickness 5 < l < 100 nm.
For such structures, one should take into account not only quantum-size effects [8] but also the presence
of an exponential “tail” of electron density [5–7, 9] (so-called quantum spill-out effect) in near-surface
areas of the contact metal/dielectric. This inevitably leads to a description of the influence of spatial
dispersion of the dielectric function ε of the metal layer due to the taking into account of the conditions
of electroneutrality and Coulomb correlation [10, 11].

This paper proposes and investigates a mathematical model for considering the influence of Coulomb
correlations in atomically thin metal films (ATMF)of the 10 − 100 nm thickness due to the influence
of these correlations on the chemical potential µ for the jellium model of ATMF taking into account
the conditions of electroneutrality [8, 10].

The obtained results for the frequency spectrum we have compared with experimental data and
it is shown that taking into account Coulomb correlations leads to a significant improvement in the
correspondence of theoretical and experimental results compared with the results that we obtained
earlier in [12].
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2. Problem formulation

A mathematical model for describing the propagation of SPPs waves in a dielectric/ATMF/dielectric
structure based on the use of the Maxwell’s equations system [1, 13] with nonlocal relations between
the electric field strength vector E and the induction vector D is given in [12]. In the proposed
mathematical model, it is assumed that the dielectric function ε2 of an ATMF, in contrast to the
frequency-dependent dielectritic functions ε1 and ε3 of dielectrics, is characterized by time and spatial
dispersion.

Applying to Maxwell’s equations the Fourier transform with respect to the time t− t′ and to spatial
vector r||−r′|| and considering the electromagnetic waves of TM polarization [1], viz. E = (Ex, 0, Ey),

H = (0,Hy, 0), H(r) = H(z)eikxx, kx is a wave vector in the direction of propagation, we obtain the
following system of wave equations H [1]:

∂2Hy(z)

∂z2
+
(
k20ε1(ω)− k2x

)
Hy(z) = 0, (1)

∂2Hy(z)

∂z2
+
(
k20ε2(k, z, ω) − k2x

)
Hy(z) = 0, (2)

∂2Hy(z)

∂z2
+
(
k20ε3(ω)− k2x

)
Hy(z) = 0, (3)

where

εi(r|| − r′||, z, z
′, t− t′) =

Ω

(2π)3

∫ ∞

−∞
dω

∫

Ω
dk εi(k, z, z

′, ω) e
−i(k,r||−r′

||
)−iω(t−t′)

, (4)

here k0 = ω/c, c is the speed of light in vacuum, Ω = R2 is a domain of vector k = (kx, ky).
Hereafter, while considering ε1(ω), ε3(ω) we will limit ourselves to the high-frequency approxima-

tion [1]:
ε1(r|| − r′||, z, z

′, t− t′) = ε0 ε1(+∞) δ(t− t′) δ(r|| − r′||) δ(z − z′),
ε3(r|| − r′||, z, z

′, t− t′) = ε0 ε3(+∞) δ(t− t′) δ(r|| − r′||) δ(z − z′),
(5)

ε0 is dielectric permittivity of vacuum, εi(+∞) = const, i = 1, 2 are high-frequency dielectric constants.

3. Modeling of dielectric permittivity of ATMF

To model a dielectric function ε2(0, z, z′, ω) of ATMF, we will use the jellium model proposed in [10].
The surface potential is modeled by the rectangular potential well of an infinite depth

U(z) =

{
∞ if z 6 0, z > lwell,

0 if 0 < z < lwell;
(6)

here lwell is a width of a potential well. Such a potential allows an analytical solution of the stationary
Schrodinger equation [10, 14]

− ~2

2m

d2

dz2
Ψn(r) + U(z)Ψn(r) = WnΨn(r), r = (r||, z), (7)

with homogeneous Dirichlet boundary conditions at the edges of the well

Ψn(r)|z=0 = Ψn(r)|z=lwell
= 0, (8)

Ψn(r) =

√
2

S
ei(k·r||)φn(z). (9)
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φn(z) for the potential (6) has a known form [10,14]:

φn(z) =

{√
2

lwell
sin(αz) if 0 < z < lwell,

0 if z 6 0, z > lwell.
(10)

Quantum numbers αn and a maximum number of bound states nmax are given by such relations [10,14]:
αn = πn/lwell, nmax =

[
lwellkF /π

]
, where [·] is the ceiling function, kF =

√
2mµ/~ is the magnitude

of the Fermi wave vector [15], µ is chemical potential [15].
It is known that the width of the potential well for satisfying the conditions of electroneutrality due

to the presence of an exponential “tail” of the electron density does not coincide with the boundaries
of the film and depends on the penetration of electrons into the dielectric [10]. As shown in [10],

lwell = l + 2d, d =
3π

8kF
+

π2

8k2F lwell
(11)

is a function of kF and the geometric thickness of the film l. Finally [10],

lwell(kF ) =
l

2
+

3π

8kF
+

√
16k2F l

2 + 24πkF l + 25π2

8kF
. (12)

In this model, we propose to consider Coulomb correlations through their influence on the chemical
potential µ and, consequently, the number of quantization levels nmax only in the dielectric function,
neglecting their influence on other parts of the system.

Having the expression for the electron wave function [10] for ATMF, using the results of the
work [16], we model ε2(0, z, z′, ω) as follows

ε2(0, z, z′, ω) = ε2(z, ω)δ(z − z′) =

(
1−

ω2
p

πneω2

nmax∑

n=1

(k2F − α2
n)|φn(z)|2

)
δ(z − z′). (13)

here ωp =
√

4πnee2/me is a plasma frequency [1, 15], ne is an average electron density in ATMF [15].

4. Plasmon spectrum: simulation results

Using the results of [12] to calculate the frequency spectrum ω(kx) of SPPs, we obtain the following
dispersion relation:

e−4k1
lwell

2 =
k1/ε1 + k2/ε2
k1/ε1 + k2/ε2

k3/ε1 + k3/ε2
k3/ε3 + k2/ε2

, k2i = k2x − k20εi, i = 1, 2, 3, (14)

in which

ε2 = ε2(ω, lwell) = 1−
ω2
p

2πneω

nmax∑

n=1

(k2F − α2
n)|φn(z)|2,

|φn(z)|2 =
1

lwell

∫ lwell

0
|φn(z)|2dz,

(15)

and ε1, ε3 are defined by the relations (5).
The simulation was carried out for the parameters that correspond to the structures

Vacuum/Ag/Al2O3, Vacuum/Ag/Si, SiO2/Ag/Si (Table 1). All the parameters we took from [17, 18]
and from [2] for Ag on Si substrate.
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Table 1. The parameters of the struc-
tures considered in the simulation.

Structure ε1 ε2

Vacuum/Ag/Al2O3 1 9
Vacuum/Ag/Si 1 12

SiO2/Ag/Si 2.4 12

Table 2. Comparison with the experiment for SiO2/Ag/Si structure
for a film of thickness l = 43.5a0 (a0 is Bohr radius). Coulomb corre-

lations, (a); the condition of electroneutrality, (b).

kx ≈ 0.028 nm−1 kx ≈ 0.049 nm−1

kx (a) (b) (e) kx (a) (b) (e)
0.0278 0.696 1.288 0.62 0.0487 0.889 1.784 0.8

0

0.5

1

0.2
0.1

0 120100806040200
L, aB

~
ω
,
eV

k
x , nm−1

Fig. 1. Dependence of frequency spectrum on
ATMF thickness for SiO2/Ag/Si structure taking

into account Coulomb correlations.

The results of simulation of ω(kx) for SiO2/Ag/Si
structure taking into account the Coulomb correla-
tions are presented in Fig. 1, here we see that os-
cillations caused by both quantum-size effects and
electron density fluctuations in the dielectric/metal
interface tend to decrease in amplitude with increas-
ing film thickness.

The comparison with the data obtained for struc-
tures Vacuum/Ag/Si and Al2O3/Ag/Si without tak-
ing into account Coulomb correlations demonstrates
the significant influence of Coulomb correlations on the spectrum ω(kx) for ATMF (Fig. 2 and Fig. 3)
and the comparison of both results with experimental data for structure SiO2/Ag/Si [2] (Table 2) shows
that the calculated values of the spectrum for Coulomb correlations better agree with the experiment.
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Fig. 2. Comparison of the dependences of the frequency spectrum on the ATMF thickness for the structure
SiO2/Ag/Si. The condition of electroneutrality, red lines; Coulomb correlations, blue lines.
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Fig. 3. Comparison of the dependences of the frequency spectrum on the ATMF thickness for structures:
Vacuum/Ag/Si, a ; Al2O3/Ag/Si, b. The condition of electroneutrality, red lines; Coulomb correlations, blue

lines.
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5. Сonclusions

The results show that even a rather “rough” consideration of the Coulomb correlations, namely, their
influence on the chemical potential µ, leads to significant changes in the frequency spectrum of SPPs
compared to the classical approach and to correct taking into account of the condition of electroneu-
trality for a non-interacting system of electrons (see Figs. 2, 3). This is explained by the fact that in
the case of an interacting system, the influence of quantum size effects on µ increases significantly [10].

The oscillation pattern of the spectrum with an increase in the film thickness l becomes less no-
ticeable (Fig. 1), which coincides with the corresponding behavior of µ [10], the decay speed of the
oscillation peaks also largely depends on the Wigner–Seitz radius rs. It is worth noting the depen-
dence of the spectrum on the dielectrics surrounding ATMF which can be seen by comparing the data
given in Fig. 2 and Fig. 3.

It is important to note that the inclusion of Coulomb correlations also leads to a significant im-
provement in the agreement with the experimental data Table 2, and this proves the need to take these
correlations into account when modeling the processes of propagation of SPPs waves in ATMF.
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Частотний спектр плазмон-поляритонних хвиль: кулонiвськi
кореляцiї

КостробiйП.П., МарковичБ.М., ПольовийВ.Є.

Нацiональний унiверситет “Львiвська полiтехнiка”,

вул. С. Бандери, 12, 79013, Львiв, Україна

Дослiджено модель опису впливу кулонiвської взаємодiї мiж електронами (кулонiвсь-
ких кореляцiй) на частотний спектр плазмон-поляритонних хвиль елекнонетральних
структур дiелектрик/метал/дiелектрик. Показано, що для атомно тонких металевих
плiвок (ATMF) врахування таких кореляцiї впливає як на квантово-розмiрну поведiн-
ку частотного спектру як функцiю товщини металевої плiвки так i суттєво покращує
кореляцiю теоретичних розрахункiв та експерименту.

Ключовi слова: поверхневi плазмони, спектр плазмона, товщина металевого ша-

ру, дiелектрична проникнiсть, електронейтральнiсть.
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