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Âñòóï
Ëiíiéíi äèôåðåíöiàëüíi îïåðàòîðè, ïîðîäæå-

íi äèôåðåíöiàëüíèìè âèðàçàìè ç ãëàäêèìè êîåôi-
öi¹íòàìè, âèâ÷åíi äîñèòü äîáðå (äèâ., íàïðèêëàä,
[1]). Îñòàííiì ÷àñîì ç'ÿâèëîñü äîñèòü áàãàòî ðå-
çóëüòàòiâ, ÿêi òîþ ÷è iíøîþ ìiðîþ óçàãàëüíþþòü
öi îïåðàòîðè. Çîêðåìà, â ïðàöÿõ [2, 3] óçàãàëüíåí-
íÿ çäiéñíþ¹òüñÿ â íàïðÿìêó ðîçãëÿäó íåñòàíäàðòíèõ
êðàéîâèõ óìîâ. Ó ðîáîòàõ êè¨âñüêèõ ìàòåìàòèêiâ
[4, 5] îòðèìàíî öiêàâi ðåçóëüòàòè äëÿ ôóíêöiîíàëüíî-
äèôåðåíöiàëüíèõ ðiâíÿíü âèãëÿäó y(n) + Fy + ρny =
= 0, äå F � ëiíiéíèé îïåðàòîð, ùî äi¹ ç ïðîñòî-
ðó Ãåëüäåðà Cγ [0, 1] â ïðîñòið L1[0, 1], ïðè÷îìó γ <
< n − 1. Ðîáîòè [6�8], ÿê i öÿ ñòàòòÿ, ñïðÿìîâàíi íà
ïîì'ÿêøåííÿ âèìîã íà êîåôiöi¹íòè äèôåðåíöiàëüíèõ
âèðàçiâ. Îáøèðíó áiáëiîãðàôiþ äëÿ äèôåðåíöiàëü-
íèõ îïåðàòîðiâ ç ñèíãóëÿðíîñòÿìè ìîæíà çíàéòè â
[9].

Ó çàäà÷àõ ïðèêëàäíîãî õàðàêòåðó ÷àñòî çóñòði-
÷àþòüñÿ äèôåðåíöiàëüíi âèðàçè, ÿêi ìiñòÿòü äîäàí-
êè âèãëÿäó

(
p(x)y(m)

)(n). Ïðè íåäîñòàòíié ãëàäêî-
ñòi êîåôiöi¹íòà p(x) òàêi âèðàçè íåìîæëèâî çà äîïî-
ìîãîþ îïåðàöi¨ n-êðàòíîãî äèôåðåíöiþâàííÿ çâåñòè
äî çâè÷àéíèõ äèôåðåíöiàëüíèõ. Ùîá ïiäêðåñëèòè
öþ îáñòàâèíó, ¨õ â ëiòåðàòóði ïðèéíÿòî íàçèâàòè
êâàçiäèôåðåíöiàëüíèìè. Îäíèì çi ñïîñîáiâ ¨õ äîñëi-
äæåííÿ ¹ ìåòîä ââåäåííÿ êâàçiïîõiäíèõ � êîìïîíåíò
âåêòîðà, çà äîïîìîãîþ ÿêîãî çäiéñíþ¹òüñÿ çâåäåí-
íÿ êâàçiäèôåðåíöiàëüíîãî ðiâíÿííÿ äî ñèñòåìè äèôå-
ðåíöiàëüíèõ ðiâíÿíü ïåðøîãî ïîðÿäêó. Ìàáóòü ïåð-
øèì, õòî ââiâ ïîíÿòòÿ êâàçiïîõiäíèõ, ÿêå äîçâîëÿ¹
âiäìîâèòèñü âiä âèìîã ãëàäêîñòi êîåôiöi¹íòiâ â êâà-
çiäèôåðåíöiàëüíèõ âèðàçàõ, áóâ Ä. Øèí [10]. Îäíàê
âií i éîãî ïîñëiäîâíèêè âèâ÷àëè ïåðåâàæíî êâàçiäè-
ôåðåíöiàëüíi âèðàçè ç íåïåðåðâíèìè àáî, ïðèíàéìíi,

ñóìîâíèìè çà Ëåáåãîì êîåôiöi¹íòàìè. Çîêðåìà â ðî-
áîòi [6] îòðèìàíî àñèìïòîòèêó ôóíäàìåíòàëüíî¨ ñè-
ñòåìè ðîçâ'ÿçêiâ êâàçiäèôåðåíöiàëüíîãî ðiâíÿííÿ ç
ñóìîâíèìè i àáñîëþòíî íåïåðåâíèìè êîåôiöi¹íòàìè.

Öÿ ñòàòòÿ ïðèñâÿ÷åíà ïîáóäîâi àñèìïòîòèêè ïðè
âåëèêèõ çíà÷åííÿõ ïàðàìåòðà ðîçâ'ÿçêiâ (i ¨õíiõ êâà-
çiïîõiäíèõ) êâàçiäèôåðåíöiàëüíîãî ðiâíÿííÿ ç ðîç-
ðèâíèìè ÷è íàâiòü óçàãàëüíåíèìè ôóíêöiÿìè p(x),
ùî óçàãàëüíþ¹ ðåçóëüòàòè [1, 6]. Ó ÷àñòêîâîìó âè-
ïàäêó öþ çàäà÷ó ðîçãëÿíóòî â [11]. Çà äîïîìîãîþ öèõ
ðîçâ'ÿçêiâ ìîæíà îòðèìàòè àñèìïòîòè÷íó ïîâåäiíêó
âëàñíèõ çíà÷åíü i âëàñíèõ ôóíêöié âiäïîâiäíî¨ êðà-
éîâî¨ çàäà÷i, ùî áóäå çàïðîïîíîâàíî â íàñòóïíèõ ïó-
áëiêàöiÿõ. Âàæëèâå çíà÷åííÿ â öié ðîáîòi ìà¹ àïðî-
êñèìàöiÿ äåÿêèõ êîåôiöi¹íòiâ ãëàäêèìè ôóíêöiÿìè.

I. Ïîñòàíîâêà çàäà÷i
Ðîçãëÿíåìî êâàçiäèôåðåíöiàëüíèé âèðàç

Lmn(y) ≡
n∑

i=0

m∑

j=0

(−1)m−j
(
aijy

(n−i)
)(m−j)

,

äå m, n � íàòóðàëüíi ÷èñëà, a−1
00 (x) � îáìåæåíà,

âèìiðíà, äiéñíîçíà÷íà, a00(x) òðèìà¹ çíàê íà [a, b],
ai0(x), a0j(x)! ∈ L2[a, b], aij(x) = b′ij(x), bij(x) ∈
∈ BV +[a, b], i = 1, n, j = 1, m (òóò BV +[a, b] �
ïðîñòið íåïåðåðâíèõ ñïðàâà ôóíêöié îáìåæåíî¨ íà
[a, b] âàðiàöi¨, à çíàê �′� îçíà÷à¹ óçàãàëüíåíå äèôå-
ðåíöiþâàííÿ). Îòæå, aij � ìiðè (äèâ. [12]), òîáòî
óçàãàëüíåíi ôóíêöi¨ íóëüîâîãî ïîðÿäêó. Êðiì òîãî,
aij(x), bij(x) ∀i, j ââàæàòèìåìî êîìïëåêñíîçíà÷íè-
ìè ôóíêöiÿìè äiéñíî¨ çìiííî¨, âèçíà÷åíèìè íà [a, b].

Êâàçiïîõiäíèìè ôóíêöiÿìèy(x), ùî âiäïîâiäàþòü
êâàçiäèôåðåíöiàëüíîìó âèðàçóLmn(y), áóäåìî íàçè-

Ìàòåìàòèêà c© Î. Ìàõíåé, 2004
Lviv Polytechnic National University Institutional Repository http://ena.lp.edu.ua



Î. Ìàõíåé

âàòè ôóíêöi¨ y[k](x), k = 0, n + m, ÿêi âèçíà÷àþòüñÿ
ôîðìóëàìè




y[k] = y(k), k = 0, n− 1; y[n] =
n∑

i=0

ai0y
(n−i);

y[n+k] = − (
y[n+k−1]

)′
+

n∑
i=0

aiky(n−i), k = 1, m.

Ïîñòàâèìî òåïåð òàêó ïî÷àòêîâó çàäà÷ó:

Lmn(y) = λσ(x)y, (1)

y[ν−1](a) = c̃ν , ν = 1, n + m, (2)

äå σ(x) ∈ L2[a, b], σ−1(x) � îáìåæåíà, äiéñíîçíà-
÷íà i òðèìà¹ çíàê íà [a, b], λ � êîìïëåêñíèé ïà-
ðàìåòð. Íåõàé r = n + m. Çà äîïîìîãîþ âåêòîðà
Y = colon

(
y, y[1], ..., y[r−1]

)
ðiâíÿííÿ (1) çâîäèòüñÿ äî

ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü ïåðøîãî ïîðÿäêó

Y ′ = C ′(x)Y, (3)

à ðiâíÿííÿ (2) íàáóâà¹ âèãëÿäó

Y (a) = C̃,

äå C̃ = colon (c̃1, c̃2, ..., c̃r), à ìàòðèöÿ-ìiðà

C ′ (x) =




0 1 · · · 0 0 0 · · · 0

· · · · · · . . . · · · · · · · · · · · · · · ·
0 0 · · · 1 0 0 · · · 0
−a−1

00 an0 −a−1
00 an−1,0 · · · −a−1

00 a10 a−1
00 0 · · · 0

An1 An−1,1 · · · A11 a01a
−1
00 −1 · · · 0

· · · · · · · · · · · · · · · · · · . . . · · ·
An,m−1 An−1,m−1 · · · A1,m−1 a0,m−1a

−1
00 0 · · · −1

Anm − λσ An−1,m · · · A1m a0ma−1
00 0 · · · 0




,

äå Aij = aij − a0ja
−1
00 ai0 (i = 1, n, j = 1,m). Î÷åâèäíî, ùî

∆C(x) = C(x)− C(x− 0) =




0 · · · 0 0 · · · 0
· · · · · · · · · · · · · · · · · ·
0 · · · 0 0 · · · 0
∆bn1 · · · ∆b11 0 · · · 0
· · · · · · · · · · · · · · · · · ·
∆bnm · · · ∆b1m 0 · · · 0




.

Òîäi âíàñëiäîê ðiâíîñòi [∆C(x)]2 ≡ 0, ñèñòåìà (3) �
êîðåêòíà [13].

Ïiä ðîçâ'ÿçêîì ðiâíÿííÿ (1) áóäåìî ðîçóìiòè ïåð-
øó êîîðäèíàòó âåêòîðà Y ñèñòåìè (3), ùî çàäîâîëü-
íÿ¹ éîãî â ñåíñi òåîði¨ óçàãàëüíåíèõ ôóíêöié

(Lmn(y), ϕ) = (λσy, ϕ),

äå ϕ(x) � äîâiëüíà íåïåðåðâíà ôiíiòíà ôóíêöiÿ
íà [a, b].

Çà äîïîìîãîþ àíàëiçó ñèñòåìè (3) ìîæíà äîâåñòè
[14], ùî ðîçâ'ÿçîê ïî÷àòêîâî¨ çàäà÷i (1), (2) iñíó¹ i
¹äèíèé â êëàñi àáñîëþòíî íåïåðåðâíèõ íà [a, b] ôóí-
êöié, éîãî êâàçiïîõiäíi äî (n − 1)-ãî ïîðÿäêó òåæ ¹
àáñîëþòíî íåïåðåðâíèìè íà [a, b] ôóíêöiÿìè, à ðå-
øòà êâàçiïîõiäíèõ äî ïîðÿäêó r − 1 âêëþ÷íî ìàþòü
îáìåæåíó íà [a, b] âàðiàöiþ i íåïåðåðâíi òàì ñïðà-
âà. Àíàëîãi÷íî, iñíó¹ ¹äèíèé ðîçâ'ÿçîê ñïðÿæåíîãî
äî (1) ðiâíÿííÿ

L∗mn(y)≡
m∑

j=0

n∑

i=0

(−1)n−i
(
āijy

(m−j)
)(n−i)

= λ̄σ(x)y, (4)

ç ïî÷àòêîâèìè óìîâàìè y{ν}(a) = d̃ν , ν = 0, r − 1,
ÿêèé ðàçîì çi ñâî¨ìè êâàçiïîõiäíèìè äî (m − 1)-ãî
ïîðÿäêó ¹ àáñîëþòíî íåïåðåðâíèì, à ðåøòà éîãî êâà-
çiïîõiäíèõ äî ïîðÿäêó r−1 âêëþ÷íî ¹ íåïåðåðâíèìè
ñïðàâà ôóíêöiÿìè îáìåæåíî¨ íà [a, b] âàðiàöi¨. Òóò
ôiãóðíi äóæêè âèçíà÷àþòü êâàçiïîõiäíi â ñåíñi ñïðÿ-
æåíîãî ðiâíÿííÿ (4), âîíè âèçíà÷àþòüñÿ îäíîçíà÷íî
ïðè âiäîìèõ êâàçiïîõiäíèõ ó ñåíñi âèõiäíîãî ðiâíÿí-
íÿ.

Âåêòîðíå ðiâíÿííÿ (3) ìîæíà ïîäàòè ó âèãëÿäi

Y ′ = M ′Y + N ′Y,
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äå

M ′ (x) =




0 1 · · · 0 0 0 · · · 0

· · · · · · . . . · · · · · · · · · · · · · · ·
0 0 · · · 1 0 0 · · · 0
−a−1

00 an0 −a−1
00 an−1,0 · · · −a−1

00 a10 a−1
00 0 · · · 0

−a01a
−1
00 an0 −a01a

−1
00 an−1,0 · · · −a01a

−1
00 a10 a01a

−1
00 −1 · · · 0

· · · · · · · · · · · · · · · · · · . . . · · ·
−a0,m−1a

−1
00 an0 −a0,m−1a

−1
00 an−1,0 · · · −a0,m−1a

−1
00 a10 a0,m−1a

−1
00 0 · · · −1

−a0ma−1
00 an0 − λσ −a0ma−1

00 an−1,0 · · · −a0ma−1
00 a10 a0ma−1

00 0 · · · 0




,

N ′(x) =




0 · · · 0 0 · · · 0
· · · · · · · · · · · · · · · · · ·
0 · · · 0 0 · · · 0
an1 · · · a11 0 · · · 0
· · · · · · · · · · · · · · · · · ·
anm · · · a1m 0 · · · 0




,

òîäi ñèñòåìà

Y ′ = M ′Y (5)
áóäå åêâiâàëåíòíîþ äî ðiâíÿííÿ

n∑

i=0

(−1)m
(
ai0y

(n−i)
)(m)

+
m∑

j=1

(−1)m−j
(
a0jy

(n)
)(m−j)

= λσy. (6)

II. Àïðîêñèìàöiÿ ãëàäêèìè ôóíêöiÿìè ðiâíÿííÿ áåç ìið
Ââåäåìî ïîçíà÷åííÿ d00(x) = a−1

00 (x), di0(x) = −a−1
00 (x)ai0(x), d0j(x) = a0j(x)a−1

00 (x), dij(x) =
−a0j(x)a−1

00 (x)ai0(x) (i = 1, n, j = 1,m, i + j < r), dnm(x) = −a0m(x)a−1
00 (x)an0(x)− λσ(x). Íåõàé ìàòðèöÿ

M(x) =




0 x− α · · · 0 0 0 · · · 0

· · · · · · . . . · · · · · · · · · · · · · · ·
0 0 · · · x− α 0 0 · · · 0
In0 In−1,0 · · · I10 I00 0 · · · 0
In1 In−1,1 · · · I11 I01 α− x · · · 0

· · · · · · · · · · · · · · · · · · . . . · · ·
In,m−1 In−1,m−1 · · · I1,m−1 I0,m−1 0 · · · α− x
Inm In−1,m · · · I1m I0m 0 · · · 0




=




m11(x) · · · m1r(x)
· · · · · · · · ·
mr1(x) · · · mrr(x)


 ,

äå Iij =
x∫
α

dij(t)dt, i = 0, n, j = 0,m. Äîâèçíà÷èìî mij(x) ≡ mij(b) ïðè x > b (i, j = 1, r). Íåõàé

mijk(x) = kr+1

x+
1
k∫

x

sr+1+
1
k∫

sr+1

. . .

s2+
1
k∫

s2

mij(s1)ds1 . . .dsrdsr+1 ∈ Cr+1[a, b], i, j = 1, r, k = 1, 2, . . . ;

Mk(x) = (mijk(x))r
i,j=1 .

Íåâàæêî ïåðåêîíàòèñü çà äîïîìîãîþ ìàòåìà-
òè÷íî¨ iíäóêöi¨ ïî r, ùî mijk(x) → mij(x) ïîòî÷êîâî
ïðè k → ∞ (i, j = 1, r). Äëÿ öüîãî ìîæíà ñêîðèñòà-

òèñü ïðàâèëîì Ëîïiòàëÿ, ïðèéíÿâøè ε =
1
k
. Âíàñëi-

äîê òâåðäæåííÿ Ä 2.3 [15, ñ.397]
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V b
a mijk ≤ V b

a mij .

Îòæå, lim
k→∞

b

V
a

mijk ≤ b

V
a

mij , çâiäêè, âðàõóâàâ-
øè çáiæíiñòü mijk(x) →

k→∞
mij(x), îòðèìà¹ìî, ùî

b

V
a

mijk →
k→∞

b

V
a

mij (i, j = 1, r).
Ç âëàñòèâîñòåé åëåìåíòiâ ìàòðèöü Mk(x)

(Mk(x) → M(x),
b

V
a

mijk →
k→∞

b

V
a

mij , i, j = 1, r) âè-
ïëèâà¹ [16], ùî Yk(x) → Y (x) ïîòî÷êîâî ïðè k →∞,
äå Yk(x) � ðîçâ'ÿçîê ñèñòåìè

Y ′
k = M ′

kYk, (7)

à Y (x) � ðîçâ'ÿçîê ñèñòåìè (5).
Ââåäåìî òåïåð ïîçíà÷åííÿ dijk(x) =

= m′
n+j,n+1−i,k(x), i = 0, n, j = 0, m. Âèÿâëÿ¹òüñÿ,

ùî dijk(x) → dij(x) ïðè k → ∞ ïîòî÷êîâî íà [a, b]
(i = 0, n, j = 0, m), ùî ëåãêî äîâîäèòüñÿ ìåòîäîì
ìàòåìàòè÷íî¨ iíäóêöi¨ ïî r ç âèêîðèñòàííÿì ïðàâèëà
Ëîïiòàëÿ i ïîçíà÷åííÿ ε =

1
k
.

Íåõàé òåïåð a00k(x) = d−1
00k(x), ai0k(x) =

= − di0k(x)
d00k(x)

, a0jk(x) =
d0jk(x)
d00k(x)

(i = 1, n, j =

1, m), σk(x) = − 1
λ

[dnmk(x) + a0mk(x)d00k(x)an0k(x)],
k = 1, 2, .... Òîäi çà âëàñòèâîñòÿìè ãðàíèöi a00k(x) →
a00(x), ai0k(x) → ai0(x), a0jk(x) → a0j(x) (i = 1, n,
j = 1, m), σk(x) → σ(x) ïðè k →∞ ïîòî÷êîâî.

III. Ðiâíÿííÿ ç ãëàäêèìè êîåôiöi¹íòàìè
Ñèñòåìà (7) âiäïîâiäà¹ êâàçiäèôåðåíöiàëüíîìó ðiâíÿííþ

n∑

i=0

(−1)m
(
ai0ky

(n−i)
k

)(m)

+
m∑

j=1

(−1)m−j
(
a0jky

(n)
k

)(m−j)

=λσkyk. (8)

Âíàñëiäîê ãëàäêîñòi ôóíêöié ai0k i a0jk îñòàíí¹ ðiâíÿííÿ ìîæíà çàïèñàòè òàê:
r∑

j=0

gjk(x)y(r−j)
k = λσk(x)yk, (9)

äå g0k(x) = (−1)ma00k(x) ∈ Cr[a, b], g1k(x) = (−1)m [a10k(x)− a01k(x) + ma′00k(x)] ∈ Cr−1[a, b], gjk(x) (j = 2, r)
¹ ïðèíàéìíi íåïåðåðâíèìè, à σk(x) ∈ Cr[a, b]. Ïîäiëèâøè (9) íà (−1)ma00k(x), ìè îòðèìà¹ìî

y
(r)
k + g̃1k(x)y(r−1)

k + g̃2k(x)y(r−2)
k + . . . + g̃kr(x)yk = (−1)mλ

σk(x)
a00k(x)

yk, (10)

äå g̃1k(x) =
a10k(x)
a00k(x)

− a01k(x)
a00k(x)

+ m
a′00k(x)
a00k(x)

. Ç òîãî, ùî a00(x)>0 (<0) íà [a, b], σ(x) > 0 (< 0) íà [a, b] âèïëèâà¹,
ùî a00k(x) > 0 (< 0), σk(x) > 0 (< 0) íà [a, b].

Çà äîïîìîãîþ çàìiíè [1]

tk =
1
hk

x∫

a

r

√∣∣∣∣
σk(ξ)

a00k(ξ)

∣∣∣∣dξ, hk =

b∫

a

r

√∣∣∣∣
σk(ξ)

a00k(ξ)

∣∣∣∣dξ

ðiâíÿííÿ (10) çâîäèòüñÿ äî âèãëÿäó

[ŷ(r)
k (tk) + γ1k(tk)ŷ(r−1)

k (tk) + γ2k(tk)ŷ(r−2)
k (tk) + . . . + γrk(tk)ŷk(tk)+

+(−1)m+1sgn(a00kσk)λhr
kŷk(tk) = 0,

(11)

äå ŷ(tk) = y(x(tk)),

γ1k(tk) =
r − 1

2
hk

(∣∣∣∣
σk(x(tk))

a00k(x(tk))

∣∣∣∣
)′

x

r

√∣∣∣∣
a00k(x(tk))
σk(x(tk))

∣∣∣∣
∣∣∣∣
a00k(x(tk))
σk(x(tk))

∣∣∣∣ + hkg̃1k(x(tk)) r

√∣∣∣∣
a00k(x(tk))
σk(x(tk))

∣∣∣∣,

γ1k(tk) ∈ Cr−1[0, 1], γjk(tk)(j = 2, r) ¹ ïðèíàéìíi íåïåðåðâíèìè. Ó öüîìó âèïàäêó çàìiíà

ŷk(tk) = e
− 1

r

tkR
0

γ1k(ξ)dξ
ỹk(tk)
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çâîäèòü ðiâíÿííÿ (11) äî âèãëÿäó

ỹ
(r)
k (tk) + γ̃2k(tk)ỹ(r−2)

k (tk) + γ̃3k(tk)ỹ(r−3)
k (tk) + . . . +

+(−1)m+1sgn(a00k(x(tk))σk(x(tk)))λhr
kỹk(tk) = 0,

(12)

γ̃jk(tk) ¹ ïðèíàéìíi íåïåðåðâíèìè (j = 2, r).
Ââåäåìî òåïåð äëÿ ñïðîùåííÿ âèêëàäåííÿ çàìiíè

λ = (−1)
m+1

sgn(a00kσk)ρr
kh−r

k = (−1)
m+1

sgn(a00kσk)ρr
k




b∫

a

r

√∣∣∣∣
σk(ξ)

a00k(ξ)

∣∣∣∣dξ



−r

, k = 1, 2, . . . .

Òîäi (12) çàïèøåòüñÿ ó âèãëÿäi

ỹ
(r)
k + γ̃2k(tk)ỹ(r−2)

k + γ̃3k(tk)ỹ(r−3)
k + . . . + ρr

kỹk = 0. (13)
Ðîçiá'¹ìî êîæíó êîìïëåêñíó ρk-ïëîùèíó (k = 1, 2, ...) íà 2r ñåêòîðiâ Sν , ν = 0, 2r − 1, äå Sν = {ρk : νπ/r ≤

≤ arg ρk ≤ (ν + 1)π/r}. ×åðåç Tν ïîçíà÷èìî ñåêòîð (ç âåðøèíîþ â òî÷öi ρk = −c), ùî óòâîðþ¹òüñÿ ç Sν çà
äîïîìîãîþ çñóâó ρk → ρk + c. Îáëàñòi Sν i Tν íàçèâàòèìåìî ïðîñòî îáëàñòÿìè S i T .

Çãiäíî ç [1], ðiâíÿííÿ (13) ó âñié îáëàñòi T êîìïëåêñíî¨ ρk-ïëîùèíè ìà¹ r ëiíiéíî íåçàëåæíèõ ðîçâ'ÿçêiâ
ỹ1k(tk), ỹ2k(tk), . . . , ỹrk(tk), ðåãóëÿðíèõ âiäíîñíî ρk ∈ T ïðè äîñèòü âåëèêîìó |ρk| i òàêèõ, ùî çàäîâîëüíÿþòü
ñïiââiäíîøåííÿ

ỹsk(tk, ρk) = ρν
keρkωstk

[
ων

s + O

(
1
ρk

)]
, ν = 0, r − 1, s = 1, r, k = 1, 2, ....

Îòæå, ðiâíÿííÿ (9) ìà¹ r ëiíiéíî íåçàëåæíèõ ðîçâ'ÿçêiâ, äëÿ ÿêèõ ¹ ñïðàâåäëèâèìè àñèìïòîòè÷íi ôîðìóëè
ïðè âåëèêèõ |ρk|,

y
(ν)
sk (x, ρk) = ρν

keρkωstk(x)

(
1
hk

r

√∣∣∣∣
σk(x)

a00k(x)

∣∣∣∣
)ν

E1k(x)
[
ων

s + O

(
1
ρk

)]
, ν = 0, r − 1, s = 1, r, k = 1, 2, ..., (14)

äå, îñêiëüêè x = a ïðè tk = 0 i x = x(tk) ïðè tk = tk(x),

E1k(x) = exp{−1
r

tk(x)∫

0

γ1k(ξ)dξ} = exp



−

1
r

x∫

a

{
r − 1

2
hk

(∣∣∣∣
σk(ζ)

a00k(ζ)

∣∣∣∣
)′

ζ

r

√∣∣∣∣
a00k(ζ)
σk(ζ)

∣∣∣∣
∣∣∣∣
a00k(ζ)
σk(ζ)

∣∣∣∣ +

+hk

[
a10k(ζ)
a00k(ζ)

− a01k(ζ)
a00k(ζ)

+ m
a′00k(ζ)
a00k(ζ)

]
r

√∣∣∣∣
a00k(ζ)
σk(ζ)

∣∣∣∣
}

1
hk

r

√∣∣∣∣
σk(ζ)

a00k(ζ)

∣∣∣∣dζ

}
=

= exp



−

r − 1
2r

x∫

a

∣∣∣∣
a00k(ζ)
σk(ζ)

∣∣∣∣
(∣∣∣∣

σk(ζ)
a00k(ζ)

∣∣∣∣
)′

ζ

dζ −1
r

x∫

a

a10k(ζ)− a01k(ζ)
a00k(ζ)

dζ − m

r

x∫

a

a′00k(ζ)
a00k(ζ)

dζ



 =

= exp



−

r − 1
2r

(
ln

∣∣∣∣
σk(x)

a00k(x)

∣∣∣∣− ln
∣∣∣∣

σk(a)
a00k(a)

∣∣∣∣
)
− 1

r

x∫

a

a10k(ζ)− a01k(ζ)
a00k(ζ)

dζ−

−m

r
(ln |a00k(x)| − ln |a00k(a)|)

}
=

(
σk(x)a00k(a)
a00k(x)σk(a)

)−r − 1
2r

(
a00k(x)
a00k(a)

)−m

r e
− 1

r

x∫
a

a10k(ζ)−a01k(ζ)
a00k(ζ) dζ

.

Çi ñòðóêòóðè ìàòðèöi Mk(x) i ñèñòåìè (7) ìîæíà âèçíà÷èòè êâàçiïîõiäíi â ñåíñi ðiâíÿííÿ (8)




y
[l]
k = y

(l)
k , l = 0, n− 1; y

[n]
k =

n∑
i=0

ai0ky
(n−i)
k ;

y
[n+l]
k = −

(
y
[n+l−1]
k

)′
+ a0lky

(n)
k , l = 1, m− 1, k = 1, 2, . . . .

(15)
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Íà ïiäñòàâi ôîðìóë (14), (15) çðîçóìiëîþ ¹ àñèìïòîòè÷íà ïîâåäiíêà ïðè âåëèêèõ|ρk|, ρk ∈ T , êâàçiïîõi-
äíèõ, âiäïîâiäíèõ ðîçâ'ÿçêàì y1k, y2k, . . . , yrk,

y
[ν]
sk (x, ρk) = ρν

ke
ρkωs

1
hk

xR
a

r

r��� σk(ξ)
a00k(ξ)

���dξ
(

1
hk

r

√∣∣∣∣
σk(x)

a00k(x)

∣∣∣∣
)ν

E1k(x)
[
ων

s + O

(
1
ρk

)]
, ν = 0, n− 1,

y
[ν]
sk (x, ρk) = (−1)ν−na00k(x)ρν

ke
ρkωs

1
hk

xR
a

r

r��� σk(ξ)
a00k(ξ)

���dξ
(

1
hk

r

√∣∣∣∣
σk(x)

a00k(x)

∣∣∣∣
)ν

E1k(x)
[
ων

s + O

(
1
ρk

)]
, ν = n, r − 1,

s = 1, r, k = 1, 2, . . . .

IV. Àñèìòîòèêà ðîçâ'ÿçêiâ ðiâíÿííÿ áåç ìið
Âðàõóâàâøè, ùî σk(x) → σ(x), a00k(x) → a00(x) (k →∞), âëàñòèâîñòi ãðàíèöü i òåîðåìó Ëåáåãà, îòðèìà¹ìî

ρk → ρ (k →∞), äå ρ âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì

λ = (−1)m+1sgn(a00σ)ρr




b∫

a

r

√∣∣∣∣
σ(ξ)

a00(ξ)

∣∣∣∣dξ



−r

. (16)

Êîìïëåêñíà ρ-ïëîùèíà ðîçáèâà¹òüñÿ íà òàêi æ ñåêòîðèSν , Tν . Âíàñëiäîê Yk(x) → Y (x), à òàêîæ σk(x) →
→ σ(x), aijk(x) → aij(x) ïðè k →∞, ó âñié îáëàñòi T êîìïëåêñíî¨ ρ-ïëîùèíè iñíó¹ r ðîçâ'ÿçêiâ y1, y2, . . . , yr

ðiâíÿííÿ (6), òàêèõ, ùî ïðè äîñèòü âåëèêîìó |ρ| çàäîâîëüíÿþòü ñïiââiäíîøåííÿ (s = 1, r)





y
[ν]
s (x, ρ) = ρνeρωst(x)

(
1
h

r

√∣∣∣∣
σ(x)

a00(x)

∣∣∣∣
)ν

E1(x)
[
ων

s + O

(
1
ρ

)]
, ν = 0, n− 1,

y
[n+ν]
s (x, ρ) = (−1)νρn+νeρωst(x)

(
1
h

r

√∣∣∣∣
σ(x)

a00(x)

∣∣∣∣
)n+ν

a00(x)E1(x)
[
ωn+ν

s + O

(
1
ρ

)]
, ν = 0, m− 1,

(17)

äå

t(x) =
1
h

x∫

a

r

√∣∣∣∣
σ(ξ)

a00(ξ)

∣∣∣∣dξ, h =

b∫

a

r

√∣∣∣∣
σ(x)

a00(x)

∣∣∣∣dx,

E1(x) =
(

σ(x)a00(a)
a00(x)σ(a)

)−r − 1
2r

(
a00(x)
a00(a)

)−m

r e
− 1

r

x∫
a

a10(ζ)−a01(ζ)
a00(ζ) dζ

.

Õî÷à àñèìïòîòè÷íi ôîðìóëè (17) ìàþòü ðîçðèâè â òî÷êàõ âòðàòè íåïåðåðâíîñòi ôóíêöiÿìèa00(x) i σ(x),
ïðè âåëèêèõ |ρ| âîíè íàáëèæàþòü íåïåðåðâíi ôóíêöi¨ y[ν]

s (x) ñêðiçü íà [a, b], êðiì öèõ òî÷îê ðîçðèâó. Ç ñàìèõ
ôîðìóë (17) âèïëèâà¹ ëiíiéíà íåçàëåæíiñòü ðîçâ'ÿçêiâ y1, y2, . . . , yr. Öi ðîçâ'ÿçêè áóäóòü ðåãóëÿðíèìè ÿê
ðîçâ'ÿçêè ïî÷àòêîâî¨ çàäà÷i (6), (2) âíàñëiäîê [17].

V. Îöiíêà êâàçiïîõiäíèõ ôóíêöi¨ Êîøi
Íåõàé K(x, z) � ôóíêöiÿ Êîøi ðiâíÿííÿ (6), òîáòî âîíà çà ïåðøîþ çìiííîþ çàäîâîëüíÿ¹ öå ðiâíÿííÿ,

K [i](z, z) = 0 (i = 0, r − 2), K [r−1](z, z) = 1. Êâàäðàòíi äóæêè òóò ïîçíà÷àþòü êâàçiïîõiäíi â ñåíñi ðiâíÿííÿ
(6) çà ïåðøîþ çìiííîþ. Çà äîïîìîãîþ ôiãóðíèõ äóæîê ìè ïîçíà÷àòèìåìî êâàçiïîõiäíi â ñåíñi ñïðÿæåíîãî äî
(6) ðiâíÿííÿ, ¨õ ìîæíà âiä÷èòàòè ç âiäïîâiäíî¨ éîìó ñïðÿæåíî¨ ñèñòåìèZ ′ = − (M∗)′ Z. Âiäîìî [14], ùî





z{k} = z(k), k = 0, m− 1; z{m} = −
m∑

j=0

ā0jz
(m−j);

z{m+k} = − (
z{m+k−1})′ − āk0z

(m), k = 1, n− 1
(18)

(òóò ðèñêè íàä aij îçíà÷àþòü êîìïëåêñíå ñïðÿæåííÿ). Âiä ôóíêöi¨ Êîøi êâàçiïîõiäíi â ñåíñi ñïðÿæåíîãî
ðiâíÿííÿ áðàòèìóòüñÿ çà äðóãîþ çìiííîþ.
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Ëåììà 1. Ôóíêöiþ Êîøi ðiâíÿííÿ (6) i ¨¨ êâàçiïîõiäíi ìîæíà ïîäàòè ó âèãëÿäi [18]

K [i]{j}(x, z) =
1

W (z)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

y1(z) · · · yr(z)
· · · · · · · · ·
y
[r−j−2]
1 (z) · · · y

[r−j−2]
r (z)

y
[i]
1 (x) · · · y

[i]
r (x)

y
[r−j]
1 (z) · · · y

[r−j]
r (z)

· · · · · · · · ·
y
[r−1]
1 · · · y

[r−1]
r (z)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

, i, j = 0, r − 1, (19)

äå

W (z) =

∣∣∣∣∣∣

y1(z) · · · yr(z)
· · · · · · · · ·
y
[r−1]
1 (z) · · · y

[r−1]
r (z)

∣∣∣∣∣∣
, (20)

à y1, y2, . . . , yr � ëiíiéíî íåçàëåæíà ñèñòåìà ðîçâ'ÿçêiâ ðiâíÿííÿ (6).
¤ Äîâåäåííÿ. Íåõàé R(x) =

(
y
[p−1]
q (x)

)r

p,q=1
� iíòåãðàëüíà ìàòðèöÿ ðiâíÿííÿ (6). Òîäi B(x, z) =

= R(x)R−1(z) � åâîëþöiéíèé îïåðàòîð, ÿêèé ìà¹ ñòðóêòóðó [19]

B(x, ξ) =




K{r−1}(x, ξ) · · · K{1}(x, ξ) K(x, ξ)
K [1]{r−1}(x, ξ) · · · K [1]{1}(x, ξ) K [1](x, ξ)
· · · · · · · · · · · ·
K [r−1]{r−1}(x, ξ) · · · K [r−1]{1}(x, ξ) K [r−1](x, ξ)


 , (21)

äå K(x, ξ) � ôóíêöiÿ Êîøi ðiâíÿííÿ (6). Ìè ìîæåìî çàïèñàòè (21) ó âèãëÿäi



K{r−1}(x, z) · · · K(x, z)
· · · · · · · · ·
K [r−1]{r−1}(x, z) · · · K [r−1](x, z)


 =




y1(x) · · · yr(x)
· · · · · · · · ·
y
[r−1]
1 (x) · · · y

[r−1]
r (x)


 1

W (z)




A11(z) · · · Ar1(z)
· · · · · · · · ·
A1r(z) · · · Arr(z)


 ,

äå Aij(z) � àëãåáðà¨÷íå äîïîâíåííÿ äî åëåìåíòà y
[i−1]
j (z) ó âèçíà÷íèêó W (z). Íà ïiäñòàâi îñòàííüî¨ ðiâíîñòi

ìè ìà¹ìî

K [i]{j}(x, z) =
1

W (z)

r∑

k=1

y
[i]
k (x)Ar−j,k(z),

à, îòæå, i (19). Ëåìà äîâåäåíà. ¥
Íåõàé ëiíiéíî íåçàëåæíîþ ñèñòåìîþ ðîçâ'ÿçêiâ ðiâíÿííÿ (6) â (19), (20) âèêîðèñòîâó¹òüñÿ òà ôóí-

äàìåíòàëüíà ñèñòåìà ðîçâ'ÿçêiâ, àñèìïòîòè÷íà ïîâåäiíêà ÿêî¨ ïðè âåëèêèõ çíà÷åííÿõ ïàðàìåòðà |ρ|
ïîäà¹òüñÿ ôîðìóëàìè (17). Ïiäñòàâèâøè (17) â (19), (20) i ñêîðîòèâøè íà eρω1t(z), eρω2t(z), . . . , eρωrt(z),

ρν

(
1
h

r

√∣∣∣∣
σ(z)

a00(z)

∣∣∣∣
)ν

E1(z) (ν = 0, n− 1, v 6= r − j − 1), à òàêîæ íà (−1)νρn+ν

(
1
h

r

√∣∣∣∣
σ(z)

a00(z)

∣∣∣∣
)n+ν

a00(z)E1(z)

(ν = 0,m− 1, v 6= r − j − 1), îòðèìà¹ìî

K [i]{j}(x, z) = ρi+j+1−r
r∑

k=1

eρωk(t(x)−t(z))Qij(x, z)(−1)r−j+k αkj

α
[ωi

k]x,

äå

Qij(x, z) =





Q̃ij(x, z), i < n, r − j − 1 < n;
(−1)i−na00(x)Q̃ij(x, z), i ≥ n, r − j − 1 < n;
(−1)r−j−1−na−1

00 (z)Q̃ij(x, z), i < n, r − j − 1 ≥ n;
(−1)r−j−1+i−2na00(x)a−1

00 (z)Q̃ij(x, z), i ≥ n, r − j − 1 ≥ n;

Q̃ij(x, z) = hr−j−1−i

(
r

√∣∣∣∣
σ(x)

a00(x)

∣∣∣∣
)i (∣∣∣∣

a00(z)
σ(z)

∣∣∣∣
)r−j−1

E1(x)
E1(z)

,
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α =

∣∣∣∣∣∣

[1]z · · · [1]z
· · · · · · · · ·
[ωr−1

1 ]z · · · [ωr−1
r ]z

∣∣∣∣∣∣
, αkj =

∣∣∣∣∣∣∣∣∣∣∣∣

[1]z · · · [1]z [1]z · · · [1]z
· · · · · · · · · · · · · · · · · ·
[ωr−j−2

1 ]z · · · [ωr−j−2
k−1 ]z [ωr−j−2

k+1 ]z · · · [ωr−j−2
r ]z

[ωr−j
1 ]z · · · [ωr−j

k−1]z [ωr−j
k+1]z · · · [ωr−j

r ]z
· · · · · · · · · · · · · · · · · ·
[ωr−1

1 ]z · · · [ωr−1
k−1]z [ωr−1

k+1]z · · · [ωr−1
r ]z

∣∣∣∣∣∣∣∣∣∣∣∣

,

[a] = a + O

(
1
ρ

)
, ïðè÷îìó äëÿ äîñòàòíüî âåëèêèõ |ρ| ∃N > 0 òàêå, ùî [a]z = a +

f1(z, ρ)
ρ

, [a]x = a +
f2(x, ρ)

ρ
,

[a]x,z = a +
f3(x, z, ρ)

ρ
, à f1(z, ρ) ≤ N , f2(x, ρ) ≤ N , f3(x, z, ρ) ≤ N .

Çðîçóìiëî, ùî α =
∏

1≤q<p≤r

(ωp − ωq)[1]z ÿê âèçíà÷íèê Âàíäåðìîíäà, ìîæíà ïåðåêîíàòèñü, ùî

αkj = Mkj

∏
1≤q<p≤r
p6=k, q 6=k

(ωp − ωq)[1]z, ïðè÷îìó Mkj (j = 0, r − 1, k = 1, r) � ñêií÷åííå, âiäìiííå âiä íóëÿ êîìïëåêñíå

÷èñëî, çîêðåìà Mk0 = 1. Òîäi

K [i]{j}(x, z) = ρi+j+1−rQij(x, z)
r∑

k=1

Mkj(−1)r−j+keρωk(t(x)−t(z))[ωi
k]x[ωk]z

(ωk − ω1) . . . (ωk − ωk−1)(ωk+1 − ωk) . . . (ωr − ωk)[ωk]z
.

Âðàõóâàâøè, ùî äëÿ ôóíêöi¨ ÊîøiK [r−1](z, z) = 1, Qr−1,0(z, z) = 1, à ωr
k = −1, ïðèïóñòèìî, ùî

[1]x,z

(ωk − ω1) . . . (ωk − ωk−1)(ωk − ωk+1) . . . (ωk − ωr)[ωk]z
= −1

r
, (22)

ùî íå ñóïåðå÷èòü iíøèì âëàñòèâîñòÿì ôóíêöi¨ Êîøi:K [i](z, z) = 0, i = 0, r − 2, áî
r∑

k=1

ωi+1
k = 0. (ßêáè ïðàâà

÷àñòèíà (22) çàëåæàëà âiä k, öÿ âëàñòèâiñòü íå âèêîíóâàëàñü áè). Îòæå, âðàõóâàâøè ¹äèíiñòü ôóíêöi¨ Êîøi,

K [i]{j}(x, z) = (−1)j+1 Qij(x, z)
rρr−1−i−j

r∑

k=1

Mkjeρωk(t(x)−t(z))[ωi+1
k ]x,z, i, j = 0, r − 1. (23)

VI. Ïåðåõiä äî ðiâíÿííÿ ç ìiðàìè
ßêùî ïðàâó ÷àñòèíó ðiâíîñòi

Y ′ −M ′Y = N ′Y

ðîçãëÿäàòè ÿê �íåîäíîðiäíiñòü�, òî çà ôîðìóëîþ Êîøi äëÿ íåîäíîðiäíîãî ðiâíÿííÿ [14]

Y (x) = B(x, a)Y (a) +

x∫

a

B(x, ξ)dN(ξ)Y (ξ), (24)

äå B(x, ξ) � ôóíäàìåíòàëüíà ìàòðèöÿ �îäíîðiäíî¨� ñèñòåìèY ′ = M ′Y . Âèêîðèñòàâøè (21), ìîæåìî ðîçïèñàòè
(24) ó âèãëÿäi




y(x)
· · ·
y[r−1](x)


 =




r∑
s=1

c̃sK
{r−s}(x, a)

· · ·
r∑

s=1
c̃sK

[r−1]{r−s}(x, a)


+

x∫

a




K{r−1}(x, ξ) · · · K(x, ξ)
· · · · · · · · ·
K [r−1]{r−1}(x, ξ) · · · K [r−1](x, ξ)







0
· · ·
0
n∑

s=1
y(n−s)(ξ)dbs1(ξ)

· · ·
n∑

s=1
y(n−s)(ξ)dbsm(ξ)




,

çâiäêè

y[ν](x) =
r∑

s=1

c̃sK
[ν]{r−s}(x, a) +

m∑
p=1

n∑
s=1

x∫

a

K [ν]{m−p}(x, ξ)y(n−s)(ξ)dbsp(ξ), ν = 0, r − 1. (25)
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Òóò y(x) � ðîçâ'ÿçîê ðiâíÿííÿ (1), ÿêå, ç âðàõóâàííÿì (16), çàïèñó¹òüñÿ ó âèãëÿäi

Lmn(y) = (−1)m+1sgn(a00σ)ρrh−rσ(x)y. (26)
Ïiäñòàâèâøè (23) â (25), îòðèìà¹ìî

y[ν](x) =
r∑

s=1

c̃s(−1)r−s+1 Qν,r−s(x, a)
rρs−ν−1

r∑

k=1

Mk,r−seρωkt(x)[ων+1
k ]x+

+
m∑

p=1

n∑
s=1

x∫

a

(−1)m−p+1 Qν,m−p(x, ξ)
rρr−1−ν−m+p

r∑

k=1

Mk,m−peρωk(t(x)−t(ξ))[ων+1
k ]x,ξy

(n−s)(ξ)dbsp(ξ), ν = 0, r − 1.

Âèáåðåìî cj òàê, ùîá

y[ν](x) =





r∑
k=1

h−ν

(
r

√∣∣∣∣
σ(x)

a00(x)

∣∣∣∣
)ν

ρνων
k [ck]xE1(x)eρωkt(x) + Sν(x), 0 ≤ ν < n,

r∑
k=1

(−1)ν−na00(x)h−ν

(
r

√∣∣∣∣
σ(x)

a00(x)

∣∣∣∣
)ν

ρνων
k [ck]xE1(x)eρωkt(x) + Sν(x), n ≤ ν ≤ r − 1,

(27)

äå

Sν(x) =
m∑

p=1

n∑
s=1

x∫

a

(−1)m−p+1 Qν,m−p(x, ξ)
rρr−1−ν−m+p

r∑

k=1

Mk,m−peρωk(t(x)−t(ξ))[ων+1
k ]x,ξy

(n−s)(ξ)dbsp(ξ), ν = 0, r − 1.

Òîäi äëÿ ck ñïðàâäæó¹òüñÿ ñèñòåìà

n∑
s=1

c̃s(−1)r−s+1 hs−1

rρs−1

(
r

√∣∣∣∣
a00(a)
σ(a)

∣∣∣∣
)s−1

1
E1(a)

Mk,r−sωk+

+
r∑

s=n+1

c̃s(−1)r−s+1 hs−1

rρs−1
(−1)s−1−na−1

00 (a)

(
r

√∣∣∣∣
a00(a)
σ(a)

∣∣∣∣
)s−1

1
E1(a)

Mk,r−sωk = ck, k = 1, r. (28)

Ïðèéìåìî äëÿ äåÿêîãî ôiêñîâàíîãî q, q = 1, r,

c′k = ck ïðè k = 1, q, (29)

c′k = ck +
m∑

p=1

n∑
s=1

(−1)mhn+p−1

rρn+p−1
Mk,m−p

b∫

a

(
r

√∣∣∣∣
a00(ξ)
σ(ξ)

∣∣∣∣
)n+p−1

e−ρωkt(ξ)

E1(ξ)a00(ξ)
[ωk]ξy(n−s)(ξ)dbsp(ξ)

(29á)
ïðè k = q + 1, r.

Âíàñëiäîê òîãî, ùî ïðè p ≥ 1

Qν,m−p(x, ξ) =





hn+p−1−ν

(
r

√∣∣∣∣
σ(x)

a00(x)

∣∣∣∣
)ν(

r

√∣∣∣∣
a00(ξ)
σ(ξ)

∣∣∣∣
)n+p−1

E1(x)
E1(ξ)

(−1)p−1a−1
00 (ξ), ν < n;

(−1)ν−na00(x)hn+p−1−ν

(
r

√∣∣∣∣
σ(x)

a00(x)

∣∣∣∣
)ν(

r

√∣∣∣∣
a00(ξ)
σ(ξ)

∣∣∣∣
)n+p−1

E1(x)
E1(ξ)

(−1)p−1a−1
00 (ξ), n ≤ ν ≤ r − 1,

ââiâøè ïîçíà÷åííÿ

K1νp(x, ξ, ρ) =
q∑

k=1

(−1)m−p+1ρνQν,m−p(x, ξ)Mk,m−peρωk(t(x)−t(ξ))ων+1
k ,
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K2νp(x, ξ, ρ) =
r∑

k=q+1

(−1)m−p+1ρνQν,m−p(x, ξ)Mk,m−peρωk(t(x)−t(ξ))ων+1
k , ν = 0, r − 1, p = 1, m,

i ïiäñòàâèâøè (29) â (27), îòðèìà¹ìî

y[ν](x) =
r∑

k=1

h−ν

(
r

√∣∣∣∣
σ(x)

a00(x)

∣∣∣∣
)ν

ρνων
k [c′k]xE1(x)eρωkt(x) +

m∑
p=1

n∑
s=1

1
rρn+p−1

x∫

a

K1νp(x, ξ, ρ)[1]x,ξ×

×y(n−s)(ξ)dbsp(ξ)−
m∑

p=1

n∑
s=1

1
rρn+p−1

b∫

x

K2νp(x, ξ, ρ)[1]x,ξy
(n−s)(ξ)dbsp(ξ), ν = 0, n− 1,

(30)

y[ν](x) =
r∑

k=1

(−1)ν−na00(x)h−ν

(
r

√∣∣∣∣
σ(x)

a00(x)

∣∣∣∣
)ν

ρνων
k [c′k]xE1(x)eρωkt(x) +

m∑
p=1

n∑
s=1

1
rρn+p−1

x∫

a

K1νp(x, ξ, ρ)×

×[1]x,ξy
(n−s)(ξ)dbsp(ξ)−

m∑
p=1

n∑
s=1

1
rρn+p−1

b∫

x

K2νp(x, ξ, ρ)[1]x,ξy
(n−s)(ξ)dbsp(ξ), ν = n, r − 1.

(31)

VII. Àñèìïòîòèêà ðîçâ'ÿçêiâ ðiâíÿííÿ ç ìiðàìè
Ñïîñòåðiãà¹òüñÿ òàêà âëàñòèâiñòü êîðåíiâ n-ãî ñòåïåíÿ ç −1, [1]: äëÿ êîæíîãî ñåêòîðà Tν iñíó¹ òàêå ðîç-

òàøóâàííÿ ÷èñåë ω1, ω2, . . . , ωr, ùî äëÿ âñiõ ρ ∈ Tν âèêîíóþòüñÿ íåðiâíîñòi

Re ((ρ + c)ω1) ≤ Re ((ρ + c)ω2) ≤ . . . ≤ Re ((ρ + c)ωr). (32)
Ëåìà 2. Iñíó¹ òàêà ñòàëà C, ùî äëÿ âñiõ ρ ∈ T ìàþòü ìiñöå íåðiâíîñòi

|K1νp(x, ξ, ρ)| ≤ C |ρ|ν q
∣∣∣eρωq(t(x)−t(ξ))

∣∣∣ ïðè a ≤ ξ ≤ x ≤ b, (33)

|K2νp(x, ξ, ρ)| ≤ C |ρ|ν (r − q)
∣∣∣eρωq(t(x)−t(ξ))

∣∣∣ ïðè a ≤ x ≤ ξ ≤ b, (34)

ν = 0, r − 1, p = 1, m.

¤ Äîâåäåííÿ. Âèáåðåìî ñòàëó C òàê, ùîá
∣∣∣ec(ωj−ωq)(t(x)−t(ξ))

∣∣∣ ≤ C1 (35)

äëÿ âñiõ j, q = 1, r i âñiõ x i ξ ç iíòåðâàëó [a, b]; öå ìîæëèâî, áî ëiâà ÷àñòèíà (35) ¹ íåïåðåðâíîþ ôóíêöi¹þ
çìiííèõ x i ξ. ßêùî ρ ∈ T , òî ç ðiâíîñòåé (32) âèïëèâà¹, ùî ïðè α ≤ q ñïðàâäæó¹òüñÿ íåðiâíiñòü Re (ρωα) ≤
≤ Re (ρωα + (ρ + c)(ωq − ωα)); çâiäêè ïðè a ≤ ξ ≤ x ≤ b îòðèìó¹ìî

∣∣∣eρωα(t(x)−t(ξ))
∣∣∣ ≤

∣∣∣e[ρωα+(ρ+c)(ωq−ωα)](t(x)−t(ξ))
∣∣∣ ≤ C1

∣∣∣eρωk(t(x)−t(ξ))
∣∣∣ ,

áî t(x) � ìîíîòîííà ôóíêöiÿ. Îñêiëüêè a00(x), a−1
00 (x), σ(x), σ−1(x) � îáìåæåíi íà [a, b] Qν,m−p(x, ξ) òåæ ¹

òàì îáìåæåíèìè i

|K1νp(x, ξ, ρ)| =
∣∣∣∣∣

q∑

k=1

(−1)m−p+1ρνQν,m−p(x, ξ)Mk,m−peρωk(t(x)−t(ξ))[ων+1
k ]x,ξ

∣∣∣∣∣ ≤ Cq |ρ|ν
∣∣∣eρωq(t(x)−t(ξ))

∣∣∣ .

Àíàëîãi÷íî äîâîäèòüñÿ íåðiâíiñòü (34).¥
Ó íàñòóïíié òåîðåìi íà îñíîâi àíàëiçó iíòåãðî-êâàçiäèôåðåíöiàëüíèõ ðiâíÿíü (30), (31) âñòàíîâëþþòüñÿ

àñèìïòîòè÷íi ôîðìóëè äëÿ ðîçâ'ÿçêiâ ðiâíÿííÿ (1).
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Òåîðåìà 1. Çà âèùåçãàäàíèõ óìîâ íà êîåôiöi¹íòè êâàçiäèôåðåíöiàëüíîãî ðiâíÿííÿ (1), âîíî ó âñié îáëà-
ñòi T êîìïëåêñíî¨ ρ-ïëîùèíè ìà¹ r ëiíiéíî íåçàëåæíèõ ðîçâ'ÿçêiâ y1, y2, . . . , yr, ðåãóëÿðíèõ âiäíîñíî ρ ∈ T
ïðè äîñèòü âåëèêîìó |ρ| i òàêèõ, ùî çàäîâîëüíÿþòü ñïiââiäíîøåííÿ (ïðè âåëèêèõ |ρ|)





y
[ν]
q (x, ρ) = ρνeρωqt(x)

(
1
h

r

√∣∣∣∣
σ(x)

a00(x)

∣∣∣∣
)ν

E1(x)
[
ων

q + O

(
1
ρ

)]
, ν = 0, n− 1,

y
[ν]
q (x, ρ) = (−1)ν−nρνeρωqt(x)

(
1
h

r

√∣∣∣∣
σ(x)

a00(x)

∣∣∣∣
)ν

a00(x)E1(x)
[
ων

q + O

(
1
ρ

)]
, ν = n, r − 1,

q = 1, r. (36)

¤ Äîâåäåííÿ. Ïðèïóñòèìî, ùî ðiâíÿííÿ (1) ìà¹ òàêèé ðîçâ'ÿçîêyq, ùî c′ν = 0 ïðè ν 6= q, c′q = 1. Îòæå,

y[ν]
q (x) = h−ν

(
r

√∣∣∣∣
σ(x)

a00(x)

∣∣∣∣
)ν

ρνων
q E1(x)eρωqt(x)[1]x +

m∑
p=1

n∑
s=1

1
rρn+p−1

x∫

a

K1νp(x, ξ, ρ)[1]x,ξy
(n−s)
q (ξ)dbsp(ξ)−

−
m∑

p=1

n∑
s=1

1
rρn+p−1

b∫

x

K2νp(x, ξ, ρ)[1]x,ξy
(n−s)
q (ξ)dbsp(ξ), ν = 0, n− 1, (37)

y[ν]
q (x) = (−1)ν−na00(x)h−ν

(
r

√∣∣∣∣
σ(x)

a00(x)

∣∣∣∣
)ν

ρνων
q E1(x)eρωqt(x)[1]x +

m∑
p=1

n∑
s=1

1
rρn+p−1

x∫

a

K1νp(x, ξ, ρ)[1]x,ξ×

×y(n−s)
q (ξ)dbsp(ξ)−

m∑
p=1

n∑
s=1

1
rρn+p−1

b∫

x

K2νp(x, ξ, ρ)[1]x,ξy
(n−s)
q (ξ)dbsp(ξ), ν = n, r − 1. (38)

Ïðèéìåìî

zqν(x) =





y
[ν]
q (x)hν

(
r

√∣∣∣∣
σ(x)

a00(x)

∣∣∣∣
)−ν

ρ−νE−1
1 (x)e−ρωqt(x), ν = 0, n− 1,

(−1)ν−na−1
00 (x)y[ν]

q (x)hν

(
r

√∣∣∣∣
σ(x)

a00(x)

∣∣∣∣
)−ν

ρ−νE−1
1 (x)e−ρωqt(x), ν = n, r − 1

(39)

i ââåäåìî ïîçíà÷åííÿ ïðè ν = 0, n− 1

Kqpνs(x, ξ, ρ) =





1
r
K1νp(x, ξ, ρ)

(
r

√∣∣∣∣
σ(x)

a00(x)

∣∣∣∣
)−ν (

r

√∣∣∣∣
σ(ξ)

a00(ξ)

∣∣∣∣
)n−s

ρ2−p−s−ν

hn−ν−s

E1(ξ)
E1(x)

e−ρωq(t(x)−t(ξ)), ξ < x,

−1
r
K2νp(x, ξ, ρ)

(
r

√∣∣∣∣
σ(x)

a00(x)

∣∣∣∣
)−ν (

r

√∣∣∣∣
σ(ξ)

a00(ξ)

∣∣∣∣
)n−s

ρ2−p−s−ν

hn−ν−s

E1(ξ)
E1(x)

e−ρωq(t(x)−t(ξ)), ξ > x

i ïðè ν = n, r − 1

Kqpνs(x, ξ, ρ) =

=





(−1)ν−n 1
r
K1νp(x, ξ, ρ)

(
r

√∣∣∣∣
σ(x)

a00(x)

∣∣∣∣
)−ν (

r

√∣∣∣∣
σ(ξ)

a00(ξ)

∣∣∣∣
)n−s

ρ2−p−s−ν

hn−ν−s

E1(ξ)
E1(x)

e−ρωq(t(x)−t(ξ))a−1
00 (x), ξ < x,

(−1)ν−n+1 1
r
K2νp(x, ξ, ρ)

(
r

√∣∣∣∣
σ(x)

a00(x)

∣∣∣∣
)−ν (

r

√∣∣∣∣
σ(ξ)

a00(ξ)

∣∣∣∣
)n−s

ρ2−p−s−ν

hn−ν−s

E1(ξ)
E1(x)

e−ρωq(t(x)−t(ξ))a−1
00 (x), ξ > x;

q = 1, r, p = 1, m, s = 1, n;

òîäi äëÿ ôóíêöié zqν(x, ρ) ìè îòðèìà¹ìî ñèñòåìó iíòåãðàëüíèõ ðiâíÿíü
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zqν(x, ρ) = ων
q [1]x +

1
ρ

m∑
p=1

n∑
s=1

b∫

a

Kqpνs(x, ξ, ρ)zq,n−s(ξ, ρ)[1]x,ξdbsp(ξ), q = 1, r, ν = 0, r − 1. (40)

ßêùî öÿ ñèñòåìà ìà¹ ðîçâ'ÿçîê zqν , òî, âèêîðèñòàâøè ìåòîä ïîñëiäîâíèõ ïiäñòàíîâîê, îòðèìà¹ìî

zqν(x, ρ) = [ων
q ]x +

1
ρ

m∑
p=1

n∑
s=1

b∫

a

Kqpνs(x, ξ, ρ)[ωn−s
q ]x,ξdbsp(ξ) +

1
ρ2
×

×
m∑

p1,p2=1

n∑
s1,s2=1

b∫

a

b∫

a

Kqp1νs1(x, ξ, ρ)Kqp2,n−s1,s2(ξ1, ξ2, ρ)zq,n−s2(ξ2)[1]x,ξdbs1p1(ξ1)dbs2p2(ξ2) = . . . =[ων
q ]x+

+
1
ρ

m∑
p=1

n∑
s=1

b∫

a

Kqpνs(x, ξ, ρ)[ωn−s
k ]x,ξdbsp(ξ) + . . . +

1
ρd

m∑
p1,p2,...,pd=1

n∑
s1,s2,...,sd=1

b∫

a

. . .

b∫

a

Kqp1νs1(x, ξ1, ρ) . . .×

×Kq,pd,n−sd−1,sd
(ξd−1, ξd, ρ)[ωn−sd

q ]x,ξdbs1p1(ξ1) . . . dbsdpd
(ξd)+

+
1

ρd+1

m∑
p1,p2,...,pd+1=1

n∑
s1,s2,...,sd+1=1

b∫

a

. . .

b∫

a

Kqp1νs1(x, ξ1, ρ) . . .Kq,pd+1,n−sd,sd+1(ξd, ξd+1, ρ)zq,n−sd+1(ξd+1)[1]x,ξ×

×dbs1p1(ξ1) . . . dbsd+1,pd+1(ξd+1). (41)

Ïðèéìåìî B = max
a≤x≤b

| zqj(x) |, j = 0, r − 1. Ç ëåìè i îáìåæåíîñòi ôóíêöié σ(x), a00(x), σ−1(x), a−1
00 (x) íà

[a, b] âèïëèâà¹, ùî iñíóþòü òàêi ñòàëiL i R, ùî ïðè | ρ | > R ∀q, p, ν, s ìà¹ìî | [1]x,ξKqpνs(x, ξ, ρ) | ≤ L. Ââåäåìî
ïîçíà÷åííÿ vsp =

b

V
a

bsp(x), s = 1, n, p = 1,m; òîäi îñòàííié äîäàíîê â (41) çà ìîäóëåì íå ïåðåâèùó¹

B
Ld+1

| ρ |d+1

m∑
p1,p2,...pd+1=1

n∑
s1,s2,...,sd+1=1

d+1∏

j=1

vsjpj = B
Ld+1

| ρ |d+1

∑

sij≥0,
nP

i=1

mP
j=1

sij=d+1

(d + 1)!
n∏

i=1

m∏
j=1

sij !

n∏

i=1

m∏

j=1

v
sij

ij ,

ùî ìîæíà çàïèñàòè çà ôîðìóëîþ ïîëiíîìà ó âèãëÿäiB
[

L

| ρ |
n∑

s=1

m∑
p=1

vsp

]d+1

.

Ïðè | ρ | > R0, äå R0 = max

{
R,L

n∑
s=1

m∑
p=1

vsp

}
, ôóíêöiÿ zqν(x) = zqν(x, ρ) ¹ ñóìîþ ðÿäó

zqν(x, ρ) = [ων
q ]x +

1
ρ

m∑
p=1

n∑
s=1

b∫

a

Kqpνs(x, ξ, ρ) [ωn−s
q ]x,ξ dbsp(ξ)+

+
1
ρ2

m∑
p1,p2=1

n∑
s1,s2=1

b∫

a

b∫

a

Kqp1νs1(x, ξ1, ρ)Kqp2,n−s1,s2(ξ1, ξ2, ρ) [ωn−s2
q ]x,ξ dbs1p1(ξ1) dbs2p2(ξ2) + . . .,

îñêiëüêè âií ìàæîðó¹òüñÿ ñóìîþ ãåîìåòðè÷íî¨ ïðîãðåñi¨ çi çíàìåííèêîì, ìåíøèì âiä îäèíèöi. Íàâïàêè, ëåãêî
ïîáà÷èòè, ùî â êîæíié îáëàñòi | ρ | ≥ R1 > R0, a ≤ x ≤ b öåé ðÿä çáiãà¹òüñÿ ðiâíîìiðíî i ¹ ðîçâ'ÿçêîì ñèñòåìè
(40). Îòæå, öÿ ñèñòåìà ìà¹ îäèí i òiëüêè îäèí ðîçâ'ÿçîêzqν = zqν(x, ρ), àíàëiòè÷íèé âiäíîñíî ρ, ïðè÷îìó

zqν(x, ρ) = ων
q + O

(
1
ρ

)
.

Çâiäñè i ç (39) âèïëèâàþòü ñïiââiäíîøåííÿ (36), ç ÿêèõ ìîæíà çðîáèòè âèñíîâîê ïðî ëiíiéíó íåçàëåæíiñòü
ôóíêöié y1, y2, . . . , yr. Çàëèøà¹òüñÿ äîâåñòè, ùî iñíó¹ ðîçâ'ÿçîê yq(x, ρ) ðiâíÿííÿ (1), ùî çàäîâîëüíÿ¹ (37),
(38). Äëÿ öüîãî äîñèòü ïîêàçàòè, ùî ÿêèìè á íå áóëè ñòàëic′ν , iñíó¹ ðîçâ'ÿçîê y ðiâíÿííÿ (1), ùî çàäîâîëüíÿ¹
(30), (31) ïðè öèõ çíà÷åííÿõ c′ν . Î÷åâèäíî, äîñèòü äîâåñòè, ùî âèçíà÷íèê ëiíiéíîãî ïåðåòâîðåííÿ âiä ñòàëèõ
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c̃j äî c′j (äîáóòîê äâîõ ïåðåòâîðåíü âiä c̃j äî cj òà âiä cj äî c′j) ïðè äîñòàòíüî âåëèêèõ |ρ|, ρ ∈ T , âiäðiçíÿ¹òüñÿ
âiä íóëÿ; â öüîìó âèïàäêó ñèñòåìè (28), (29) ìîæíà ðîçâ'ÿçàòè âiäíîñíîc̃j ïðè äîâiëüíî çàäàíèõ c′j . Ðîçâ'ÿçîê
y ðiâíÿííÿ (1), ðiâíîñèëüíîãî ïåðøîìó ðiâíÿííþ ñèñòåìè (27), ùî âiäïîâiäà¹ öèì çíà÷åííÿìc̃j , áóäå òîäi
øóêàíèì.

Àëå ÿêùî âèçíà÷íèê ïåðåòâîðåííÿ (28), (29) äîðiâíþ¹ íóëþ ïðè ÿê çàâãîäíî âåëèêèõ|ρ|, ρ ∈ T (äåòåðìi-
íàíò õî÷à á îäíîãî ç ïåðåòâîðåíü (28), (29) äîðiâíþ¹ íóëþ), òî äëÿ öèõ çíà÷åíüρ ñèñòåìè (28), (29) ìàþòü
íåòðèâiàëüíi ðîçâ'ÿçêè âiäíîñíî c̃j ïðè c′1 = c′2 = . . . = c′r = 0. Âiäïîâiäíà ôóíêöiÿ y áóäå òîäi íåòðèâiàëüíèì
ðîçâ'ÿçêîì ïåðøîãî ðiâíÿííÿ ñèñòåìè, ÿêó ìîæíà îòðèìàòè ç (30), (31) ïðèc′1 = c′2 = . . . = c′r = 0.

Äîâåäåìî, ùî öå íåìîæëèâî ìåòîäîì, çàïðîïîíîâàíèì â [1]. Ñêîðèñòàâøèñü çàìiíîþ

zν(x) =





y[ν](x)hν

(
r

√∣∣∣∣
σ(x)

a00(x)

∣∣∣∣
)−ν

ρ−νE−1
1 (x)e−ρωqt(x), ν = 0, n− 1,

(−1)ν−na−1
00 (x)y[ν](x)hν

(
r

√∣∣∣∣
σ(x)

a00(x)

∣∣∣∣
)−ν

ρ−νE−1
1 (x)e−ρωqt(x), ν = n, r − 1,

(42)

îòðèìà¹ìî äëÿ ôóíêöié zν ñèñòåìó ðiâíÿíü

zν(x, ρ) =
m∑

p=1

n∑
s=1

hν−n+s

rρs+ν+p−1

x∫

a

K1νp(x, ξ, ρ)

(
r

√∣∣∣∣
σ(x)

a00(x)

∣∣∣∣
)−ν (

r

√∣∣∣∣
σ(ξ)

a00(ξ)

∣∣∣∣
)n−s

eρωq(t(ξ)−t(x)) E1(ξ)
E1(x)

zn−s(ξ, ρ)×

×[1]x,ξdbsp(ξ)−
m∑

p=1

n∑
s=1

hν−n+s

rρs+ν+p−1

b∫

x

K2νp(x, ξ, ρ)

(
r

√∣∣∣∣
σ(x)

a00(x)

∣∣∣∣
)−ν (

r

√∣∣∣∣
σ(ξ)

a00(ξ)

∣∣∣∣
)n−s

eρωq(t(ξ)−t(x)) E1(ξ)
E1(x)

×

×zn−s(ξ, ρ)[1]x,ξdbsp(ξ), ν = 0, n− 1,

zν(x, ρ) =
m∑

p=1

n∑
s=1

hν−n+s

rρs+ν+p−1

x∫

a

K1νp(x, ξ, ρ)

(
r

√∣∣∣∣
σ(x)

a00(x)

∣∣∣∣
)−ν (

r

√∣∣∣ σ(ξ)
a00(ξ)

∣∣∣
)n−s

×

×eρωq(t(ξ)−t(x)) E1(ξ)(−1)ν−n

E1(x)a00(x)
zn−s(ξ, ρ)[1]x,ξdbsp(ξ)−

m∑
p=1

n∑
s=1

hν−n+s

rρs+ν+p−1

b∫

x

K2νp(x, ξ, ρ)×

×
(

r

√∣∣∣∣
σ(x)

a00(x)

∣∣∣∣
)−ν (

r

√∣∣∣∣
σ(ξ)

a00(ξ)

∣∣∣∣
)n−s

eρωq(t(ξ)−t(x)) E1(ξ)(−1)ν−n

E1(x)a00(x)
zn−s(ξ, ρ)[1]x,ξdbsp(ξ), ν = n, r − 1.

Ïðèéíÿâøè m(ρ) = max |zν(x, ρ)|, a ≤ x ≤ b, ν = 0, r − 1 i çàñòîñóâàâøè ëåìó äî ïðàâî¨ ÷àñòèíè îñòàííüî¨
ñèñòåìè, ìîæåìî ïðèéòè äî îöiíêè

|zν(x, ρ)| ≤ C1

r |ρ| (q + r − q)
m∑

p=1

n∑
s=1

b∫

a

|ρ|2−p−s |dbsp(ξ)|m(ρ).

Îñêiëüêè ëiâà ÷àñòèíà äîñÿãà¹ ñâîãî ìàêñèìóìóm(ρ), òî m(ρ) ≤ m(ρ)
C2

|ρ| , äå C1, C2 � ñòàëi.
Ïðè âåëèêèõ çíà÷åííÿõ |ρ| öÿ íåðiâíiñòü ìîæëèâà ëèøå òîäi, êîëèm(ρ) = 0; îòæå, zν(x, ρ) = 0. Çâiäñè íà

îñíîâi (42) ïðè ν = 0 y ≡ 0, i òåîðåìà ïîâíiñòþ äîâåäåíà.¥
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THE ASYMPTOTIC BEHAVIOUR OF SOLUTIONS
OF THE SINGULAR QUASI-DIFFERENTIAL EQUATION

IN ON THE FINITE INTERVAL
O. Makhney

Prikarpatsky University from V. Stephanyk
57 Shevchenko Str., Ivano-Frankivsk, Ukraine

The asymptotic behaviour under the large values of the parameter of the linearly independent
system of solutions (and their quasiderivatives) of the singular quasidi�erential equation on a
�nite interval is constructed. At �rst under investigation the simpler problem without measures is
studied by the method of approximation by smooth functions and then the obtained asymptotic
behaviour is extended to a more general case.
Keywords: quasi-di�erential equations, quasi-derivatives, the asymptotic behaviour of solutions of
the singular quasi-di�erential equation.
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