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Abstract 

The mathematical model of the air conditioning system has been developed. It is based on the analysis of 
thermoeconomic energy efficiency indicators and it is solved in a complex way: by defining the optimal parameters 
taking into account the non-stationary heat of the tides and by determining the optimal device for optimizing the 
operating modes of the refrigeration system. When designing an air-conditioning system, a thermoeconomic analysis 
was made for an object being created. An important problem of energy saving was solved during the design with 
taking into account the changes in electricity tariffs. The thermoeconomic model of the refrigeration unit of the air 
conditioning system with the definition of exergetic indices and exergic losses has been developed. These indices and 
losses are components of the thermodynamic efficiency criterion for energy systems that provide a minimum of 
reduced costs. Analysis of the model allowed obtaining an analytical decision, on the basis of which we can 
determine the optimal conditions for designing this air conditioning system and its operating modes. 

Keywords: exergy; analysis; thermoeconomic optimization; air conditioning; refrigeration units; electricity 
tariffs; heat exchange. 

1. Introduction 

In the conditions of accelerating scientific and technological progress, the design of an energy-efficient air 
conditioning system becomes important as its solution, in addition to increasing capital investment efficiency, ensures 
its energy saving, material saving and improves the working conditions of people and the environment. The design, 
construction and operation of air conditioning systems require large financial and energy costs. The volume of 
investments is so great that reducing it even by a few percent by setting optimal system and installation parameters 
provides significant cost savings. 

2. Optimization of air conditioning system 

The mathematical model of the air conditioning system is based on the analysis of thermoeconomic energy 
efficiency indicators that can be solved in a complex way: the definition of optimal parameters; determination of the 
optimal device and optimization of operating modes of the refrigerating system. 

The model takes into account that the energy of the refrigeration unit can be transmitted in the form of thermal 
and mechanical work in optimal conditions of the compressor. On the basis of the conducted analysis, the thermo-
economic optimization of the central air-conditioning system and the typical single-stage cooling system was 
performed. Studying such complex systems as air conditioning systems in the air requires system analysis using 
mathematical modeling methods. For this purpose, the air conditioning system is subdivided into subsystems and 
separate elements, for which then a quantitative analysis is performed on the basis of mathematical models of 
subsystems. 
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The aim of the work is to optimize the air conditioning system by minimizing the costs incurred. 

For the principal scheme of the microclimate air conditioning system, the input and output parameters of each 
subsystem and system as a whole are indicated. For each subsystem, the independent control variables are assigned, 
which, along with the input variables, allows you to determine the output parameters, as well as the subsystem costs 
listed. At the stage of optimization of design decisions stochastic changes in external climatic influences on the house 
and heat and gas modes in the premises are not taken into account. Estimated input parameters are determined at the 
most unprofitable combinations of the characteristics of the external climate of heat and gas loads and the given 
coefficient in the room. The probabilistic statistical nature of the change of these parameters is taken into account 
when optimally designing an air conditioning system. 

Optimization of air conditioning system is carried out in three stages. The main equations of the model are the 
equation of balance of air, total heat, moisture, gases and apparent heat indoors: (1)–(4). 

At the first stage, the structure and performance of the air conditioning system, the nature and the load are 
optimized. 

At the second stage, optimization of subsystems is carried out according to various technological and 
constructive parameters. Finally, in the third stage, the basic variants of the structure and performance of the air 
conditioning system are optimized along with optimal subsystem variants. In this case, all possible combinations are 
considered. 

 QQhGhGhGhGhGhkG
n

j
jj

n

i
ii ′∆+∆+⋅−⋅+⋅−⋅−⋅=

∂
∂ ∑∑∫

== 2
vvt

2
ppррvt1vt1p1p1

vt
a

k

p

τ

τ τ
. (1) 

 WWdGdGdGdGdGdG
n

j
jtj

n

i
ipi ′∆+∆+⋅−⋅+⋅−⋅−⋅=

∂
∂ ∑∑∫

== 2
vtv

2
pррvt1vt1pp1

vt
a

к

u

τ

τ τ
. (2) 

 g
2 vt

vt
vt

2 p

p
p

р1

р1
р

vt1

vt1
vt1

p1

p1
p1

vt

vt
a

к

p

MGGGGGG
n

j j

j
j

n

i i

i
i ∆+⋅−⋅+⋅−⋅−⋅=

∂
∂ ∑∑∫

== ρ
χ

ρ
χ

ρ
χ

ρ
χ

ρ
χ

τρ
χτ

τ

. (3) 

 QQtGtGtGtGtGctcG
n

j
jj

n

i
iipp ′∆+∆+










⋅−⋅+⋅−⋅−⋅⋅=

∂
∂

⋅ ∑∑∫
==

y
2

vtvt
2

ppррvt1vt1p1p1
vt

a

к

n

τ

τ τ
, (4) 

where aG , vtG , рG  are inflow, outflow and recirculation flow rates of air, kg/s; nh , vth , рh  are specific enthalpies 

of inflow, outflow and recirculation air flows, kJ/kg; nd , vtd , рd  are moisture contents of inflow, outflow and 

recirculation air flows, g/kg; at , vtt , рt  are temperatures of inflow, outflow and recirculation air flows, °С; 
n

n

ρ
χ , 

vt
ρ
χvt , 

р

р

ρ

χ
 are concentrations and densities of inflow, outflow and recirculation air flows; G∆ , Q∆ , W∆ , gM∆ , 

yQ∆  are unbalances of air flow rate, total heat, moisture, mass of gas and apparent heat. 

The mathematical model of optimization of cooling air conditioning system is based on energy indicators that 
can be solved in a complex way. Energy in the refrigeration system can be transmitted in the form of thermal and 
mechanical work. 

Taking into account the dynamic processes at the boundaries of the air environments of the multilayer body and 
the joint solution of the heat balance equations for stable and unstable modes, the differential equations of thermal 
equilibrium are obtained. Also, when calculating the thermal load, account is taken of non-stationary flow of heat 
from people, equipment, and lighting.  
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The practical solution of the problem of increasing the efficiency of air conditioning systems depends on the 
mathematical modeling of the climatic mode of the facility, which allows to obtain the value of the target function for 
the variants of equipment kits together with the variants of thermal resistance of the fences during the normative 
lifetime for a short period of time and at small costs. As a result, the payback period of the options for energy saving 
equipment and the amount of savings received after reaching the payback time before the expiry of the normative 
term must be obtained [1], [2]. 

It should be noted that energy conservation is most effective if it is carried out at all stages of the life cycle of the 
facility from the choice at the stage of designing the climatic equipment and the value of the thermal resistance of the 
fences, the feasibility of using renewable energy sources, the objective and highly qualified energy audit by the 
results of the first year of operation and energy management until the moment of capital modernization of the facility 
or its complete stop before the utilization of the equipment. 

So, based on the results of the first year of operation, it is desirable to compare the electricity consumption by the 
meter readings with the calculations results, which determined the choice of energy saving equipment and the ratio of 
the cost of passive (fence) and active (equipment) facilities for ensuring the microclimate of the facility. 

Based on the results of additional mathematical modeling, taking into account the actual energy consumption for 
the first year of operation, recommendations may be adopted, for example, for the installation of additional energy-
saving equipment, reinforcement of the insulation of the fences, reduction of the period between filter cleaning. 

Taking into account the above, we propose and test the following target function of joint optimization of the 
thermal protection of the facility (thermal resistance of the enclosures of the premises), which ensures the given 
microclimate, and the efficiency of the energy-saving climatic equipment of the active system of providing this 
microclimate. Target function of joint optimization of the total cost of thermal protection of premises and climatic 
equipment, throughout the year provide a given microclimate. 

The developed target function is the difference between the initial additional investment in energy saving 
equipment and the additional thermal protection and economy over 7 years of operation, obtained from this 
equipment and increased thermal protection, which provides a minimum of cost. 

We suggest determining the target function (Ptf) for joint optimization taking into account the possible change in 
the value of electricity and the discount rate of the currency. 
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where ∆Pst is the additional cost of insulation of external fencing in order to increase the thermal protection of 
premises with a given microclimate (this may be one external wall or all external walls for a detached facility) [5]; 
Pesob is the costs of purchase and installation in the system of energy saving equipment (for example: the recuperator 
or the complete set of energy saving equipment facility); i is the number of the year after putting the energy saving 
equipment into operation; ∆Qg is the annual saving of the cost of consumed electricity as a result of the use of energy 
saving equipment and strengthening of the thermal protection of the facility (calculated on the average monthly 
temperature of the environment), kW; d is the annual discount rate of the national currency; R is the coefficient of 
annual growth of value; pel is the cost of kW·h of electricity including VAT. 

The target function (5), which is defined for the given options with the help of a program executed in the 
computing environment MathCAD, allows you to perform a joint optimal choice of the thermal protection option of 
the object and the set of energy-saving. 

Target function (5) is universal in nature and can be performed to determine the payback period. 

The period of settlement operation T = 7 years is proposed for further discussion. It is assumed that the payback 
period of energy saving equipment is equal to the guarantee period for this equipment 2–4 years, and the term for 
making a profit after the payback period is equal to the initial investment in energy saving measures, taking into 
account the discount rate within 3–5 years.   
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3. Mathematical aspects of thermoeconomic analysis of air conditioning systems 

Using one of the directions of the exergic analysis, thermoeconomic diagnostics [1], [3], [4], an assessment of 
the energy-economic efficiency of the air-conditioning system was performed. 

To optimize such complex systems as refrigeration units, the thermoeconomic method was used, developed by 
M. Tribus and implemented in the works of V. Onosovsky [5], where exergy is chosen as a generalizing 
thermodynamic characteristic. The main idea of the method is to construct a thermo-economic model, which allows 
for the introduction of a closed circuit of a refrigeration unit with feedback links in the form of a chain of individual 
zones or branched chains, which greatly simplifies the calculations. 

This article shows the possibility of using a thermoeconomic method for optimizing the cooling system of a 
central air conditioning system with solving energy conservation problems. 

When constructing a thermoeconomic model, assumptions are made: 

– the heat loss due to the external surface of the equipment is not taken into account; the installations under 
consideration in the heat exchange of the working body with the surrounding are considered; 

– pressure loss in shut-off valves, in water and ammonia pipelines are taken into account by aggregate indicators 
in the amount of pressure losses of the respective apparatus; 

– no account was taken of the cost of the building of the engine room, the number and salary of the staff, the cost 
of the initial refueling of the oil system and refrigerant; 

– the cost of fittings, elements of automation, pipelines and auxiliary equipment was not taken into account; 

– overheating of the suction steam (∆Tp) and overcooling of the liquid working body before the control valve 
(∆Tv), which was not optimized, but was taken on the basis of reference data. 

 

 
Fig. 1. Cooling system for air conditioning systems for the thermoeconomic model. 

The scheme of the refrigeration unit (Fig. 1), taking into account the assumptions made, can be depicted in the 
form of a series of three connected zones. Zone 1 includes: compressor 11 with an electric motor, a condenser 12, a 
cooling water pump with an electric motor and a regulating valve 13. Zone 2 includes: evaporator 21 for cooling the 
intermediate refrigerant and a pump with an electric motor, which ensures cooling of the refrigerant. Zone 3 includes: 
central air conditioning system 31 and fan with electric motor. 

The reduced costs (PV) were chosen for the target function. These costs can be described by the following expression 

 ( )( ) ( ) ττ ⋅+++++++⋅++++⋅= 32312221131211c22321311 zzzzzzzVPeeeePPV
аi vwie , (6) 

where 
iе

P  is  the cost of electricity at different rates: night, peak and half-baked with the appropriate time, 

UAH/(kW·h); iτ , hours; Vcva=0.1 is the volume consumption of fresh water, m3/h; 11e  is the exergy of the 
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compressor motor 11; 13e  is the exergy of water pump motor 13; 32e  is the  exergy of the electric motor of the 
conditioner; 22e  is the exergy of the fan motor 22; 32312221131211 zzzzzzz ++++++  are normative deductions of 
individual elements. 

In each zone, the specific depreciation deductions and costs for the current repair of the relevant items of 
equipment are determined: 
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where 
i

kа  is the normative coefficient of depreciation for i-th element; 
ir

k  is the deduction rate for the current 

repairing; ic  is the the cost of the i-th installment item, UAH; 
iр

τ  is the number of hours of equipment operation per 
year, hours/year. 

For the obtained value of Qcool 

 PV = PV(∆Tw, ∆Ta).  (8) 

With the restrictions of ( )wTf ∆=Θc  and ( )a0 Tf ∆=Θ , where cΘ , 0Θ  are the temperatures of the condenser 
and the air coolers, that are dependent on wT∆  and ∆Tair; wT∆  is water temperature drop in the condenser 12; aT∆  is 
the difference in the air temperature passing through the air conditioner 31 [3], [4]. 

 
Fig. 2. Thermoeconomic model of a one-stage refrigerating unit of the air conditioning system. 

For the considered thermoeconomic model, the specific depreciation deductions and costs for the current repair 
of the equipment, as well as externally imposed exergy and cooling medium, should be presented in each zone in the 
form of the function of the exergy stream exiting the given zone and the optimization variables. In this case 
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The magnitudes of exergy flows bind the zone: 
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Solution of the system of equations (9) taking into account the expressions (10) allowed us to determine the 
values of the variables Θc, Θ0, ΔTw, ΔTa corresponding to the optimal mode of operation of the refrigeration unit, 
which provides a minimum of reduced costs. From certain values of temperature pressures and temperature difference 
of cooling and cooling media, it is possible to calculate the values of the surfaces of heat exchangers and the 
described volume of the compressor, which provide the optimal mode of operation of the refrigeration unit. 

To solve the problem, a mathematical model of this installation was developed, based on the requirements of 
thermoeconomicity and adequate to the actual technological scheme of the refrigeration plant, taking into account the 
three-zone tariff for the air conditioning system, taking into account non-stationary heat exchange in the room. Values 
zij, are proportional to the cost cij corresponding element of the equipment. In turn, the cost cij depends on the 
estimated load on this device. In the first approximation, these dependencies can be considered to be linear. 

The cost of each element of the equipment is presented in the form of polynomial equations:  

ijijijij XBAc ⋅+= .                            (11) 

Values Xij represent a general characteristic, through which the appropriate equipment was selected; Aij, Bij are 
empirical coefficients. 

Determination of the intermediate values of exergy between zones is possible by the formulas: 

./]zz[

;/]zz[

;/]zzz)[(

cool323132330

3222122113

1131211св13111

ePee

ePee

eVPPee

ii

ii

аi

еi

еi

wеi

++⋅+⋅=

++⋅+⋅=

+++⋅+⋅+=

λλ

λλ

λ

               (12) 

In our work, when solving the optimization problems, a numerical method was used that does not require 
differentiation of the target function, in contrast to the solutions that use the classical methods of differential and 
variational calculus. 

The system of equations (12) correlates between energy dissipation and energy costs in each zone of the 
thermoeconomic model at certain values of economic indicators Pei, Pw. 

The solution of system (9) allows us to determine the necessary conditions for finding the minimum (6). To 
solve systems of equations, which are written in the general form, it is necessary to represent them in the form of 
deployed analytical relations, which are components of the mathematical description of processes occurring in 
separate elements of the model. 

Using the proposed method, the corresponding components of the target function of the PV were determined [4].  

The analysis showed that the significant impact on the value of the optimal values Θc, Θ0, ΔTw, ΔTair gives the 
cost of electricity. In view of this, we have carried out an assessment of the influence of electricity tariffs on the 
optimal parameters Θc, Θ0, ΔTw, ΔTair. 

The purpose of mathematical modeling is the hourly determination of the cold productivity necessary to ensure a 
comfortable temperature in the room, which operates in a non-stationary mode of heat supply and heat dissipation [7]. 

In this paper, the method of searching a strained multifunction (Nelder-Mead method) was used. The Nelder-
Mead method is one of the most reliable and effective methods of direct search. To determine thermodynamic 
parameters (specific volume, condensation and boiling pressure, enthalpy at the points of the thermodynamic cycle, 
enthalpy difference in the process of compression, heat and condensation, etc.), empirical equations were used [8]. 

Optimization of the operation mode of the refrigeration unit is the final stage of the complex optimization of the 
cooling system of the fruit and vegetable stores. 

According to the data included in this stage of optimization, mathematical dependences are derived for the 
calculation of all components of the target function, taking into account exergic losses, as a criterion for 
thermodynamic efficiency. Intermediate values of exergy are determined between zones. 
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Cooling air in the air conditioner ( aT∆ ) is an independent variable and the air temperature entering the air cooler 
is equal to the air temperature in the chamber ( ka1 TT = ).  Cooling air in the air conditioner ( aT∆ ) is an independent 
variable, and the air temperature entering the air cooler is equal to the air temperature in the chamber ( ka1 TT = ).   

Loss of exergy in the irreversible process of transition of heat and ( 0Q ) from the temperature of the cooled 
object (Тv) to the average air temperature in the air conditioner (Тai) will make 
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The expression for the unit cold-productivity of the installation has the form: 
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The amount of exergy supplied to the electric fan of the air conditioner from the external source is determined by 
the formula: 
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where Нvn is the flow pressure in a float cooler, Pa; flow of air through the air conditioner 
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An expression for determining the exergy supplied to an air cooler fan from an external source has the form: 
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The loss of exergy at each stage in the capacitor is determined by dependencies: 

– overheating zone: 
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–  condensation zone 
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–  cooling zone of liquid coolant 
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Expression for loss of exergy during throttling through a regulating valve: 
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Expression for loss of exergy during throttling through a regulating valve: 

hVPe ⋅=∆ trm.k ,      (22) 
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where trP  is the specific pressure of frictional forces (depending on the type of working body), Pa; hV  is the volume 
described by the compressor pistons, m3. 

The amount of exergy 11e , which must be supplied to the compressor motor (i.e. the power consumed by it) will 
be determined by summing the exergy flow 1e , coming out of zone 1 and loss of exergy in that zone. 

Summing up the exergy 3e , coming out of zone 1, and the loss of exergy in this zone, find the exergy that you 
want to bring to the compressor motor (power consumption): 

  
kmе

m.кdrprcoolkdper1
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eeeeee
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= . (23) 

The power consumed by the motor of the pump 13 was determined by the formula: 
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where 1b  is a factor that takes into account what fraction of mechanical energy is converted into heat on the path from 
the pump to the condenser; wH  is the pressure generated by the cooling medium (water) pump; wη  is the efficiency 
of the pump of cooling water; dv.nη  is the electric motor efficiency of this pump. 

The amount of exergy that the refrigerant stream must have at the inlet of the air conditioner, that is, the amount 
of exergy included in the third zone of the thermoeconomic model will be: 
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We have taken into account that, in contrast to quantities such as water or electricity consumption, which change 
continuously, the cost of the equipment and, accordingly, the magnitudes of the normative changes discreetly. 

The complete cycle of minimization of the resulted expenses is carried out in two stages. First, we minimize the 
value of PV by considering all variables, including zij, continuous (let's call this stage the first stage of minimization). 
Then, having determined the optimal values of all the parameters, we choose the closest to the optimal values zij from 
a discrete set of values of these quantities. Having fixed the selected values zij, we minimize again (now accepting zij 
constant). Let's call this stage the second cycle of minimization. The second minimization cycle determines the 
optimal mode of operation of a particular installation equipped with the selected devices. If the operation of the 
already completed refrigeration unit is optimized, the need for the first cycle of minimization is eliminated [9]. 

In the work on solving optimization problems a numerical method was used that does not require differentiation 
of the target function, in contrast to the solutions that use the classical methods of differential and variational calculus.  

4. Conclusion 

The results of mathematical modeling allow us to determine the required cold-productivity or heat output and the 
corresponding power consumption of the system by the average monthly temperatures, and will add a set of correct 
source data to calculate the full cost of ensuring the microclimate of the facility, including the design, purchase of 
equipment, operation of the refrigeration unit, installation and maintenance during the period system services, and 
thus will allow estimating the payback period of the system. 

Optimization of the operating mode of the equipment of the refrigeration system of the central air-conditioning 
system allows reducing the variable part of the cost by about 10-13%, which during the long-term operation of the 
equipment represents a significant cost savings. 

The developed model of optimal design can be used to create instructions for designing a cooling system for 
central air conditioning systems. 

The obtained dependence of the decision of the thermo-economic model of optimization of a one-stage 
installation can be applied for the increase of efficiency in air conditioning systems by minimizing the amount of 
reduced costs. 
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Термоекономічна модель системи кондиціювання повітря 
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Анотація 

Розроблено математичну модель системи кондиціювання повітря, яка ґрунтується на аналізі 
термоекономічних показників енергоефективності та  вирішена в комплексі: визначення оптимальних 
параметрів; з врахуванням нестаціонарних теплоприпливів та визначення оптимального пристрою з оптимі-
зації режимів роботи холодильної системи. При проектуванні системи кондиціювання повітря  проведений 
термоекономний  аналіз створюваного об’єкта, вирішуючи актуальну задачу енергозбереження з урахуванням 
зміни тарифів на електроенергію. Розроблена термоекономічна модель холодильної установки системи 
кондиціювання повітря з визначенням ексергетичних показників і ексергетичних втрат, як складових 
критерію термодинамічної ефективності енергетичних систем, що забезпечують мінімум приведених витрат. 
Аналіз моделі дав змогу отримати аналітичне рішення, на підставі якого визначаються оптимальні умови 
проектування цієї системи кондиціювання і режими її експлуатації. 

Ключові слова: ексергія; аналіз; термоекономічна оптимізація; кондиціювання повітря; холодильні 
установки; тарифи на електроенергію; теплообмін. 
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