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Let f be an entire function of order ρ ∈ (0;+∞) with the indicator h and let for some
ρ1 ∈ (0; ρ) there exists an exceptional set U ⊂ C such that log |f(z)| = |z|ρh(φ) + o(|z|ρ1),
U ̸∋ z = reiφ → ∞, and U can be covered by a system of pairwise disjoint disks Uk = {z :
|z − ak| < τk}, k ∈ N, satisfying

∑
k∈N τk < +∞,

∑
k∈N τk| log τk| < +∞. Then there exists

ρ2 ∈ (0; ρ) such that
∫ r

1
t−1 log |f(teiφ)| dt = rρ

ρ
h(φ)+o(rρ2) as r → +∞ uniformly with respect

to φ ∈ [0; 2π].
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Introduction and main result

One of the main theorems of the theory of entire func-
tions of completely regular growth in the sense of Levin-
Pflüger (see [1, pp. 182–217], [2]) is

Levin’s Theorem. ([1, p. 197]) In order that an
entire function f of order ρ ∈ (0;+∞) with the indica-
tor h be of completely regular growth, it is necessary and
sufficient that for every φ ∈ [0; 2π] there exists one of
the following limits:

lim
r→+∞

r−ρ
r∫

1

log |f(teiφ)|
t

dt =
1

ρ
h(φ);

lim
r→+∞

r−ρ
r∫

1

dt

t

t∫
1

log |f(ueiφ)|
u

du =
1

ρ2
h(φ).

Similar results for entire functions of ρ-regular
growth were obtained by A. F. Grishin [3] and for mero-
morphic functions of completely regular growth of finite
λ-type ([4, p. 75]) by A. A. Kondratyuk [4, p. 112],
Ya. V. Vasyl’kiv [5] and others.

In [6,7 ] (see also [8]) a new notion of an entire func-
tion of improved regular growth was introduced and a
criteria for this regularity in the sense of zero distribu-
tion were established when the zeros are located on a
finite number of rays.

Definition. ([6], [8, p. 34]) We say that an en-
tire function f is of improved regular growth, if for
some ρ ∈ (0;+∞), ρ1 ∈ (0; ρ), and some 2π-periodic

ρ-trigonometrically convex function h(φ) ̸≡ −∞ there
exists an exceptional set U ⊂ C such that

log |f(z)| = |z|ρh(φ)+o(|z|ρ1), U ̸∋ z = reiφ → ∞, (1)

and U can be covered by a system of disks with finite
sum of radii.

Using a method different from that in ([1, pp. 188–
194]) we obtain the following statement, which con-
nected with the study of entire functions of improved
regular growth in general case (i.e., with zeros on arbi-
trary system of rays).

Theorem 1. Let f be an entire function of or-
der ρ ∈ (0;+∞) with the indicator h and let for some
ρ1 ∈ (0; ρ) there exists an exceptional set U ⊂ C such
that relation (1) holds and U can be covered by a sys-
tem of pairwise disjoint disks Uk = {z : |z − ak| < τk},
k ∈ N, satisfying∑

k∈N

τk < +∞,
∑
k∈N

τk| log τk| < +∞. (2)

Then there exists ρ2 ∈ (0; ρ) such that

Jrf (φ) :=

r∫
1

log |f(teiφ)|
t

dt =
rρ

ρ
h(φ) + o(rρ2) (3)

as r → +∞ uniformly with respect to φ ∈ [0; 2π].

Remark that, if the function f satisfies the condi-
tions of Theorem 1, then it an entire function of im-
proved regular growth.

c⃝ B.V. Vynnyts’kyi, R.V. Khats’, 2011
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Auxiliary Lemmas

To prove Theorem 1, we need two lemmas.

Lemma 1. [6], [8, p. 52]) Let ρ ∈ (0;+∞). If f
is an entire function of improved regular growth, then
the asymptotic inequality

log |f(z)| ≤ |z|ρh(φ) + o(|z|ρ3), z = reiφ → ∞,

holds for some ρ3 ∈ (0; ρ).

Lemma 2. ([?], [?, p. 55]) Let ρ ∈ (0;+∞),
ρ1 ∈ (0; ρ) and f is an entire function of improved regu-
lar growth. Then there exists a sequence (rs) such that

0 < rs ↑ +∞, rρs+1 − rρs = o(rρ1s ), s→ +∞,

and

log |f(rseiφ)| = rρsh(φ) + o(rρ1s ), s→ +∞, (4)

uniformly with respect to φ ∈ [0; 2π].

Proof of Theorem 1

Taking into account Lemma 1, we get

Jrf (φ) ≤
rρ

ρ
h(φ) + o(rρ3), r → +∞, (5)

for some ρ3 ∈ (0; ρ) uniformly with respect to φ ∈
[0; 2π]. Let us prove that

Jrf (φ) ≥
rρ

ρ
h(φ) + o(rρ3), r → +∞, (6)

uniformly with respect to φ ∈ [0; 2π]. Let U∗ =
∪
k∈N

U∗
k ,

where U∗
k = [|ak| − τk; |ak|+ τk]. We have

Jrf (φ) =

 ∫
[1;r]\U∗

+

∫
[1;r]∩U∗

 log
∣∣f(teiφ)∣∣
t

dt

≥
∫

[1;r]\U∗

(tρ−1h(φ) + o(tρ1−1)) dt

+

∫
[1;r]∩U∗

log
∣∣f(teiφ)∣∣
t

dt

= h(φ)

∫
[1;r]

tρ−1 dt− h(φ)

∫
[1;r]∩U∗

tρ−1 dt

+

∫
[1;r]∩U∗

log
∣∣f(teiφ)∣∣
t

dt+ o(rρ1)

≥ rρ

ρ
h(φ)− |h(φ)| ·


rρ−1

∫
U∗
dt, ρ ≥ 1,∫

U∗
dt, ρ < 1,

+

∫
[1;r]∩U∗

log
∣∣f(teiφ)∣∣
t

dt+ o(rρ1) ≥ rρ

ρ
h(φ)

+

∫
[1;r]∩U∗

log
∣∣f(teiφ)∣∣
t

dt+ o(rρ4), r → +∞, ρ4 < ρ.

(7)
Now we shall show that there exists ρ5 ∈ (0; ρ) such that∫

[1;r]∩U∗

log
∣∣f(teiφ)∣∣
t

dt = o(rρ5), r → +∞. (8)

Let r ∈ [|aν | − τν ; |aν |+ τν). Then∫
[1;r]∩U∗

log
∣∣f(teiφ)∣∣
t

dt = O(1) +
ν−1∑
k=1

I(k) + Ω(ν), (9)

where

I(k) :=

∫
U∗

k

log
∣∣f(teiφ)∣∣
t

dt, 1 ≤ k ≤ ν − 1,

Ω(ν) :=

r∫
|aν |−τν

log
∣∣f(teiφ)∣∣
t

dt.

For the function f ̸≡ 0 in a disk {z : |z| < R} takes
place the Poisson-Jensen formula ([9, p. 16])

log |f(z)| = 1

2π

2π∫
0

log |f(Reiθ)|ReRe
iθ + z

Reiθ − z
dθ

+
∑

|λn|<R

log

∣∣∣∣R(z − λn)

R2 − zλn

∣∣∣∣, z = teiφ, (10)

where λn = |λn| eiφn are the zeros of the function f .
Let k ∈ N and m ∈ N are the numbers such that
rik ≤ |ak| < rik+1 and rm ≤ 2rik < rm+1, where (rs)
is a sequence from Lemma 2. Put R = rm+2 in (10).
Using Fubini’s theorem, and formulas (4) and (10), we
obtain

I(k) =

∫
U∗

k

 1

2π

2π∫
0

log
∣∣f(rm+2e

iθ)
∣∣Rerm+2e

iθ + teiφ

rm+2eiθ − teiφ
dθ

+
∑

|λn|<rm+2

log

∣∣∣∣∣rm+2(te
iφ − λn)

r2m+2 − teiφλn

∣∣∣∣∣
 dt

t

≥ 1

2π

2π∫
0

(rρm+2h(θ) + o(rρ1m+2))I1(k) dθ

+
∑

|λn|<rm+2

I2(k), (11)

where

I1(k) =

∫
U∗

k

r2m+2 − t2

r2m+2 − 2trm+2 cos(φ− θ) + t2
dt

t
,
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I2(k) =

∫
U∗

k

log

∣∣∣∣∣rm+2(te
iφ − λn)

r2m+2 − teiφλn

∣∣∣∣∣dtt .
Similarly,

Ω(ν) ≥ 1

2π

2π∫
0

(rρm+2h(θ) + o(rρ1m+2))Ω1(ν) dθ

+
∑

|λn|<rm+2

Ω2(ν), (12)

where

Ω1(ν) =

r∫
|aν |−τν

r2m+2 − t2

r2m+2 − 2trm+2 cos(φ− θ) + t2
dt

t
,

Ω2(ν) =

r∫
|aν |−τν

log

∣∣∣∣∣rm+2(te
iφ − λn)

r2m+2 − teiφλn

∣∣∣∣∣dtt .
Let us estimate I1(k), I2(k), Ω1(ν) and Ω2(ν). We first
estimate I1(k) and Ω1(ν). Using the Lagrange theorem,
we get

|I1(k)| ≤
2τk

|ak| − τk
+

4τk
rm+2 − (|ak|+ τk)

, (13)

and, similarly,

|Ω1(ν)| ≤
2τν

|aν | − τν
+

4τν
rm+2 − (|aν |+ τν)

. (14)

Now we estimate I2(k). Since∣∣∣∣∣rm+2(te
iφ − λn)

r2m+2 − teiφλn

∣∣∣∣∣
=

√
r2m+2(t

2 − 2t|λn| cos(φ− φn) + |λn|2)
r4m+2 − 2r2m+2t|λn| cos(φ− φn) + t2|λn|2

,

then
I2(k)

=
1

2

∫
U∗

k

log
r2m+2(t

2 − 2t|λn| cos(φ− φn) + |λn|2)
r4m+2 − 2r2m+2t|λn| cos(φ− φn) + t2|λn|2

dt

t

≥ 1

2(|ak| − τk)

∫
U∗

k

log

(
1−

(r2m+2 − t2)(r2m+2 − |λn|2)
(r2m+2 − t|λn|)2

)
dt

=
1

2(|ak| − τk)

∫
U∗

k

(
2 log rm+2 + log(t− |λn|)2

−2 log(r2m+2 − t|λn|)
)
dt

=
2τk

|ak| − τk
log rm+2 +

1

2(|ak| − τk)

∫
U∗

k

log(t− |λn|)2 dt

+ log(r2m+2 − (|ak| − τk)|λn|)

−|ak|+ τk
|ak| − τk

log(r2m+2 − (|ak|+ τk)|λn|)

+
r2m+2

|λn|(|ak| − τk)
log

r2m+2 − (|ak|+ τk)|λn|
r2m+2 − (|ak| − τk)|λn|

+
2τk

|ak| − τk

≥ 2τk
|ak| − τk

log rm+2 +
2τk

|ak| − τk

+
1

2(|ak| − τk)

∫
U∗

k

log(t− |λn|)2 dt

− 2τk
|ak| − τk

log(r2m+2 − (|ak|+ τk)|λn|)

+
r2m+2

|λn|(|ak| − τk)
log

r2m+2 − (|ak|+ τk)|λn|
r2m+2 − (|ak| − τk)|λn|

. (15)

Further, applying Lemma 7.2 from [9, p. 56], we get

∫
U∗

k

log(t− |λn|)2 dt =
|ak|+τk∫

|ak|−τk

log(t− |λn|)2 dt

=

|ak|+τk−|λn|∫
|ak|−τk−|λn|

log u2 du ≥ 2

τk∫
0

log u2 du

= 4τk(log τk − 1). (16)

Furthermore, using the Lagrange theorem, we obtain

log
r2m+2 − (|ak|+ τk)|λn|
r2m+2 − (|ak| − τk)|λn|

≥ − 2τk|λn|
r2m+2 − (|ak|+ τk)|λn|

. (17)

Hence, (15) together with (16) and (17) gives

I2(k) ≥
2τk

|ak| − τk
log rm+2

− 2τk
|ak| − τk

log(r2m+2 − (|ak|+ τk)|λn|) +
2τk

|ak| − τk
log τk

− 2τk
|ak| − τk

·
r2m+2

r2m+2 − (|ak|+ τk)|λn|
. (18)

Similarly, as above,

Ω2(ν) =
1

2

r∫
|aν |−τν

ω(t)
dt

t
≥ 1

2

|aν |+τν∫
|aν |−τν

ω(t)
dt

t

≥ 2τν
|aν | − τν

log rm+2 +
2τν

|aν | − τν
log τν

− 2τν
|aν | − τν

log(r2m+2 − (|aν |+ τν)|λn|)

− 2τν
|aν | − τν

·
r2m+2

r2m+2 − (|aν |+ τν)|λn|
, (19)

where
ω(t)

= log

(
1−

(r2m+2 − t2)(r2m+2 − |λn|2)
r4m+2 − 2r2m+2t|λn| cos(φ− φn) + t2|λn|2

)
.

Mathematics 7
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For this reason, combining (11), (13) and (18), we get

I(k) ≥ − 1

2π

(
2τk

|ak| − τk
+

4τk
rm+2 − (|ak|+ τk)

)
×

×
2π∫
0

(rρm+2|h(θ)|+ |o(rρ1m+2)|) dθ

+
∑

|λn|<rm+2

(
2τk

|ak| − τk
log rm+2 +

2τk
|ak| − τk

log τk

− 2τk
|ak| − τk

log(r2m+2 − (|ak|+ τk)|λn|)

− 2τk
|ak| − τk

·
r2m+2

r2m+2 − (|ak|+ τk)|λn|

)
≥ −

(
2τk

|ak| − τk
+

4τk
rm+2 − (|ak|+ τk)

)
O(rρm+2)

+
∑

|λn|<rm+2

(
2τk

|ak| − τk
log τk −

2τk
|ak| − τk

log rm+2

− 2τk
|ak| − τk

· rm+2

rm+2 − (|ak|+ τk)

)
≥ −

(
2τk

|ak| − τk
+

4τk
rm+2 − (|ak|+ τk)

)
O(rρm+2)

−
∑

|λn|<rm+2

(
2τk

|ak| − τk
| log τk|+

2τk
|ak| − τk

log rm+2

+
2τk

|ak| − τk
· rm+2

rm+2 − (|ak|+ τk)

)
= −

(
2τk

|ak| − τk
+

4τk
rm+2 − (|ak|+ τk)

)
O(rρm+2)

−n(rm+2)

(
2τk

|ak| − τk
| log τk|+

2τk
|ak| − τk

log rm+2

+
2τk

|ak| − τk
· rm+2

rm+2 − (|ak|+ τk)

)
, (20)

as m → +∞, where n(t) is the number of zeros of the
function f from the disk {z : |z| ≤ t}.

Similarly, combining (12), (14) and (19), as m →
+∞, we obtain

Ω(ν) ≥ −
(

2τν
|aν | − τν

+
4τν

rm+2 − (|aν |+ τν)

)
O(rρm+2)

−n(rm+2)

(
2τν

|aν | − τν
| log τν |+

2τν
|aν | − τν

log rm+2

+
2τν

|aν | − τν
· rm+2

rm+2 − (|aν |+ τν)

)
. (21)

Since f is an entire function of normal type with re-
spect to the finite order ρ, then [?] n(t) ≤ O(tρ) as

t → +∞. We may assume that
1

2
rik ≤ |ak| − τk and

|ak|+ τk <
3

2
rik+1 for all k ∈ N. Finally, summing (2),

(9), (20) and (21), we obtain that there exists ρ5 ∈ (0; ρ)
such that ∫

[1;r]∩U∗

log |f(teiφ)|
t

dt ≥ O(1)

−
ν−1∑
k=1

O(rρm+2)

(
2τk

|ak| − τk
+

2τk
|ak| − τk

| log τk|

+
2τk

|ak| − τk
log rm+2 +

4τk
rm+2 − (|ak|+ τk)

+
2τk

|ak| − τk
· rm+2

rm+2 − (|ak|+ τk)

)

−O(rρm+2)

(
2τν

|aν | − τν
+

2τν
|aν | − τν

| log τν |

+
2τν

|aν | − τν
log rm+2 +

4τν
rm+2 − (|aν |+ τν)

+
2τν

|aν | − τν
· rm+2

rm+2 − (|aν |+ τν)

)

≥ −
ν−1∑
k=1

O(rρ−1
ik

)(τk + τk| log τk|) + o(rρ6)

≥ −O(rρ−1)
ν−1∑
k=1

(τk + τk| log τk|) + o(rρ6)

≥ −o(rρ7)
∞∑
k=1

(τk + τk| log τk|) + o(rρ6) ≥ o(rρ5)

as r → +∞. Hence, the relation (8) is valid. In view of
this, condition (6) follows directly from (7). Thus the
inequalities (5) and (6) imply (3). Theorem 1 is proved.

Corollary. Let the hypotheses of Theorem 1 be
satisfied. Then for some ρ2 ∈ (0; ρ)

r∫
1

J tf (φ)
dt

t
=
rρ

ρ2
h(φ) + o(rρ2), r → +∞,

uniformly with respect to φ ∈ [0; 2π].

Remark. We don’t know, whether second of condi-
tions (2) is possible to omit in the Theorem 1.
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Èíñòèòóò ôèçèêè, ìàòåìàòèêè è èíôîðìàòèêè

óë. Ñòðèéñêàÿ, 3, Äðîãîáû÷, 82100, Óêðàèíà

Åñëè äëÿ öåëîé ôóíêöèè f ïîðÿäêà ρ ∈ (0;+∞) ñ èíäèêàòîðîì h äëÿ íåêîòîðîãî
ρ1 ∈ (0; ρ) ñóùåñòâóåò ìíîæåñòâî U ⊂ C, êîòîðîå ñîäåðæèòñÿ â îáüåäèíåíèè ïîïàðíî
íåïåðåñåêàþùèõñÿ êðóãîâ Uk = {z : |z − ak| < τk}, k ∈ N, òàêèõ, ÷òî

∑
k∈N τk < +∞,∑

k∈N τk| log τk| < +∞, è log |f(z)| = |z|ρh(φ)+ o(|z|ρ1), U ̸∋ z = reiφ → ∞, òî äëÿ íåêîòîðî-

ãî ρ2 ∈ (0; ρ) ðàâíîìåðíî ïî φ ∈ [0; 2π] âûïîëíÿåòñÿ
∫ r

1
t−1 log |f(teiφ)| dt = rρ

ρ
h(φ) + o(rρ2),

r → +∞.

Êëþ÷åâûå ñëîâà: öåëàÿ ôóíêöèÿ óëó÷øåíîãî ðåãóëÿðíîãî âîçðîñòàíèÿ, èñêëþ÷èòåëüíîå

ìíîæåñòâî, àññèìïòîòèêà.

2000 MSC: 30D15

ÓÄÊ: 517.5

ÏÐÎ ÀÑÈÌÏÒÎÒÈ×ÍI ÂËÀÑÒÈÂÎÑÒI ÖIËÈÕ ÔÓÍÊÖIÉ, ÏÎÄIÁÍÈÕ
ÄÎ ÖIËÈÕ ÔÓÍÊÖIÉ ÖIËÊÎÌ ÐÅÃÓËßÐÍÎÃÎ ÇÐÎÑÒÀÍÍß

Á.Â. Âèííèöüêèé, Ð.Â. Õàöü

Äðîãîáèöüêèé äåðæàâíèé ïåäàãîãi÷íèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,
Iíñòèòóò ôiçèêè, ìàòåìàòèêè òà iíôîðìàòèêè

âóë. Ñòðèéñüêà, 3, 82100, Äðîãîáè÷, Óêðà¨íà

ßêùî äëÿ öiëî¨ ôóíêöi¨ f ïîðÿäêó ρ ∈ (0;+∞) ç iíäèêàòîðîì h äëÿ äåÿêîãî ρ1 ∈ (0; ρ)
iñíó¹ ìíîæèíà U ⊂ C, ÿêà ìiñòèòüñÿ â îá'¹äíàííi òàêèõ ïîïàðíî íåïåðåòèííèõ êðóãiâ
Uk = {z : |z − ak| < τk}, k ∈ N, ùî

∑
k∈N τk < +∞,

∑
k∈N τk| log τk| < +∞, i log |f(z)| =

|z|ρh(φ) + o(|z|ρ1), U ̸∋ z = reiφ → ∞, òî äëÿ äåÿêîãî ρ2 ∈ (0; ρ) ðiâíîìiðíî çà φ ∈ [0; 2π]
âèêîíó¹òüñÿ

∫ r

1
t−1 log |f(teiφ)| dt = rρ

ρ
h(φ) + o(rρ2), r → +∞.

Êëþ÷îâi ñëîâà: öiëà ôóíêöiÿ ïîêðàùåíîãî ðåãóëÿðíîãî çðîñòàííÿ, âèíÿòêîâà ìíîæèíà,

àñèìïòîòèêà.

2000 MSC: 30D15

UDK: 517.5
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