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Let f be an entire function of order p € (0;+00) with the indicator h and let for some
p1 € (0;p) there exists an exceptional set U C C such that log|f(z)| = |z|°h(p) + o(|z|"),
U # 2z =re¥ = oo, and U can be covered by a system of pairwise disjoint disks Uy = {z :
|z —ar| < 7%}, k € N, satisfying >, .7 < 400, >, oy Tkl log 7i| < 400. Then there exists
p2 € (0; p) such that [t~ "log|f(te'?)|dt = %h((p) +o(r”?) as r — 400 uniformly with respect

to ¢ € [0; 27].
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Introduction and main result

One of the main theorems of the theory of entire func-
tions of completely regular growth in the sense of Levin-
Pfliiger (see [1, pp. 182-217], [2]) is

Levin’s Theorem. ([1, p. 197]) In order that an
entire function f of order p € (0;+00) with the indica-
tor h be of completely reqular growth, it is necessary and
sufficient that for every ¢ € [0;27] there exists one of
the following limits:
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Similar results for entire functions of p-regular
growth were obtained by A. F. Grishin [3] and for mero-
morphic functions of completely regular growth of finite
Mtype ([4, p- 75]) by A. A. Kondratyuk [4, p. 112],
Ya. V. Vasyl’kiv [5] and others.

In [6,7 ] (see also [8]) a new notion of an entire func-
tion of improved regular growth was introduced and a
criteria for this regularity in the sense of zero distribu-
tion were established when the zeros are located on a
finite number of rays.

Definition. ([6], [8, p. 34]) We say that an en-
tire function f is of improved regular growth, if for
some p € (0;+00), p1 € (0;p), and some 2mw-periodic

p-trigonometrically conver function h(yp) # —oo there
exists an exceptional set U C C such that

log |f(2)] = [z"h(@) +o(|2|""), U 3 2 = re’ — o0, (1)

and U can be covered by a system of disks with finite
sum of radii.

Using a method different from that in ([1, pp. 188—
194]) we obtain the following statement, which con-
nected with the study of entire functions of improved
regular growth in general case (i.e., with zeros on arbi-
trary system of rays).

Theorem 1. Let f be an entire function of or-
der p € (0;400) with the indicator h and let for some
p1 € (0;p) there exists an exceptional set U C C such
that relation (1) holds and U can be covered by a sys-
tem of pairwise disjoint disks U, = {z : |z — ax| < &},
k € N, satisfying

ZTk < +o00, ZTM log 71| < +00. (2)
keN keN

Then there exists p2 € (0; p) such that

r
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as v — +oo uniformly with respect to ¢ € [0; 27].

Remark that, if the function f satisfies the condi-
tions of Theorem 1, then it an entire function of im-
proved regular growth.
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Auxiliary Lemmas

To prove Theorem 1, we need two lemmas.

Lemma 1. [6], [8, p. 52]) Let p € (0;+00). If f
is an entire function of improved regular growth, then
the asymptotic inequality

log | (2)] < |#17h() + o([2177), 2 =re'? = o0,

holds for some p3 € (0;p).

Lemma 2. ([?], [?,p. 55]) Let p € (0;400),
p1 € (0;p) and f is an entire function of improved regu-
lar growth. Then there exists a sequence (1) such that

0<rst+4oo, 1l —rf=o(rf), s— +oo,

and
log |f(rs€'?)| = rfh(p) + o(rf"), s — 400,  (4)

uniformly with respect to ¢ € [0;27].

Proof of Theorem 1

Taking into account Lemma 1, we get
T rp
Ji(p) < ;h(w) +o(r’), r— +oo, ()

for some p3 € (0;p) uniformly with respect to ¢ €
[0; 27]. Let us prove that

J}'(w)z%h(wo(r%), o400, (6)

uniformly with respect to ¢ € [0;27]. Let U* = |J Uy,
kEN
where U = [|ar| — 7%; |ar| + 7). We have
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Now we shall show that there exists ps € (0; p) such that

/ o8 ’f(tiew)‘ dt = o(r?%),

" T — +00. (8)
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Let r € [lay| — 7v; |ay| + 7). Then

lo te'¥ =
/ MdtzO(lH—Zl(k)—{—Q(v), )
t
[1;r]NU* k=1
where
1 te'?
(k) ::/Wdt, l<k<v—1,
Ui
[ log |f(tei”
Qv) = / Mdt.
lay|—Tv
For the function f # 0 in a disk {z : |z| < R} takes

place the Poisson-Jensen formula ([9, p. 16])

2
1 i Re® + 2
log |(2)| = / log |f(Re')[Re 202 4p

o Re®® — 2

.z =te'?, (10)

where )\, = |\,|e" are the zeros of the function f.
Let £ € N and m € N are the numbers such that
rip < lag| < ri4+1 and r, < 21, < Tq1, where (75)
is a sequence from Lemma 2. Put R = 7,49 in (10).
Using Fubini’s theorem, and formulas (4) and (10), we
obtain
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where
Il(k):/ Tt — dt
J T2 o — 2rmyocos(p—0) + 12t

k
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te® — \,) |dt k] + 7k g 2
Bk = [ 1og| 2t Z )1 T 08z — (k] + 7))
O Tm+2 — le 4'0)\
k 72n+2 m+2 (lak| + T’C)‘An| 27’1@
Similarly, Tl —7) T2 = (lak] = ) [An|  lag] = 7k
2 2
1 27 > _ LTk log Tmt2 + L
Q) 2 oo [ (44h(6) + olrtL0)) 0 () do ol lai] =
0 toTT /log — | Au])? dt
\akl k)
+ ) ), (12)
2
Pl e 08y = (ax] + ) Aa))
where k] = 7
r T2 o o2 — (Jar] + 1) [An] (15)
O (1) = / Tots — £ dt el e =) T2 — (Jar] = 7) [An]
g, T2 — 2trm g cos(p —0) + 17 ¢ Further, applying Lemma 7.2 from [9, p. 56|, we get
. |ak|+7k
Q)= [ tog| et A Jroste =l ar = [ togte~ ni))ar
o, | T2 TR A |t U; Jax]—
Let us estimate I (k), I2(k), Q1(v) and Qa(v). We first a7 =12l i
estimate I (k) and €4 (v). Using the Lagrange theorem, = / logu® du > 2 / log u? du
we get lak|—Tk—|An] 0
|I (k)‘ < 27—k I 4Tk (13) = 4Tk(10g Tk — 1) (16)
1 = )
lak| = 7% Tmy2 — (lak] + %) Furthermore, using the Lagrange theorem, we obtain
and, similarly, 1 72 419 — (lar] + 7) | An]
0(0)] < 27, N 47, (14) Tr2n+2 — (lag| — %) [An]
1) = .
‘ V| — T 7”'m,+2_(|a/u|'f'7_u) o 27—k|)\n| (17)
2 _ by :
Now we estimate I5(k). Since T2 (k] +7e) [An]
Hence, (15) together with (16) and (17) gives
Tm+2 (teiw - )\n) 2Tk
e >
P2y — Ay k) 2 (o o me
5 5 5 271y, 1 \ 271y, 1
| T (82 = 2t An[ cos(p — o) + [Anl?) “lar] =% 08 (42 — (lar] + 1) [An]) + Tan] — 108 T
Tfn—&—? - 27“72n+2t|)‘n| COS(QD - (Pn) + t2‘>‘n|2 ’ 27 742
m—+2
— . . 18
then i a7 s — (o] + 7] 1
2(k) Similarly, as above,
_ 1 /log T72n+2(t2 — 2t|An| cos(p — i) + [Anl?) dt , law|+7
2 Th o —2r2 otI\] cos(p — ) + 2N, 2 ¢ 1 dt 1 dt
i m—+2 m+2 | n‘ ((»0 Qpn) | nl QQ(V) _ = / w(t)— > - / w(t)—
2 t 2 t
. 2(| |1 | /log (1 - (7"m+2( t2)( 7;L|_;\2 ‘ — [ An ‘ )) o 2T\a,/|—'r,, zliu\—n
Q| — Tk 42 v
U; " 2 Tal—r, BT g, 8
- / (2108 7rry2 + log(t — |An])? 2 og(r2, s — (lav] + ) An)
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k
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“2losa el R W s A
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2 o ( (R — ) )
+log(r5, 42 — (lak] — 7%)[Anl) o — 212 ot Al cos(o — on) + 2 An |2 )
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For this reason, combining (11), (13) and (18), we get

1 2 4
I(k) > —— ( Tk 4 Th ) x
27 \|ag| — 76 T2 — (lag] + %)
27
< [ o lbl®)] + fotrz2, ) do
0
27y, 2
+ Z (T log 7mt2 + _ =Tk log 7%
[An|<Tm+2 ‘akl Tk |ak‘ Tk
2% log(12, 5 — (Jak] + ) Al)
— T — l|a T
|ak| — g m—+2 k k n
o 2Tk T72n+2 )
lag| =6 7200 = (Jar] + 7) [ An]
QT;C 4Tk >
> — + o(rt
(akl =7k Tmt2 — (|ak| + k) (rm2)
27y 27
+ Z _ 1 g Tk — 7]{; log 'I"nl+2
|ax| — 7% lax| — &
[An | <Tm+2
_ 2Tk ) Tm+2 )
lak| =76 Tmi2 — (lak| + 7x)
QTk 4Tk >
> — + o(rt
<ak|—7k Tmt2 — (lax| + k) (rm2)

27
Z 7|log7'k|+
|ak| — |a

QTk
T log e
k| — Tk

[An|<Tm+2
2Tk Tm+2 )
lak| =7 rmi2 — (|ak| + 7%)
QTk 4Tk >
=— + o(r?
(5 * e G ) O
2 2Tk
—n(Tmt2) 7| log 7| + ———— log 742
|lak| — lax| — &
2Tk T'm+2 ) (20)
lak| = 7% rmi2 — (|ak| + 7%)

as m — +oo, where n(t) is the number of zeros of the
function f from the disk {z : |z| < ¢}.

Similarly, combining (12), (14) and (19), as m —
400, we obtain
27, 4T
Q > v v O(r?
(V) B <|au — Ty Tm+2 — (|ay| + Tl,)) (IrerZ)

21, 2T,
_n(rm+2) <|| IOg Tl,| + Hi—y’r IOg Tm+2
2
TR Tmt2 ) (21)
lav| =7 g2 — (Jaw| +70)

Since f is an entire function of normal type with re-
spect to the finite order p, then [?] n(t) < O(t”) as

t — +oo. We may assume that 3 < |ag| — 7 and

3
—74,+1 for all k& € N. Finally, summing (2),

\ak|+7'k < 5

(9), (20) and (21), we obtain that there exists p; €
such that

(05 p)

/ log /()] 4y < o1y
( >
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Pt |ar] =76 fax]

+ 27‘/€ log + 47‘]€
—= logr
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27 ' T2 )
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2T, 27,
—O(r? ( Y 4+ log T,
( m+2) |GD‘*TD ‘ay|7 | |
n 27, l n 4T,
————log Tm42
‘al,| - mr Tmy2 — (lay] +7)
27',/ Tm+2 )
|(l,,| — Ty Tm+2 — (|al/‘ + TV)
v—1
> — ZO i Y1k + 71| log & |) + o(r?°)
k=1

v—1
> -0(r* ) Z (i + 7| log 7 |) + o(r7°)
k=1

o0
o(r’") Y (7 + il log i) + o(r"°) = o(r"?)
k=1

as r — +o00. Hence, the relation (8) is valid. In view of
this, condition (6) follows directly from (7). Thus the
inequalities (5) and (6) imply (3). Theorem 1 is proved.

Corollary. Let the hypotheses of Theorem 1 be
satisfied. Then for some ps € (0; p)

r

dt rP
/J}@P)? = Eh

1

(¥) +o(r?), r— +oo,

uniformly with respect to ¢ € [0;27].

Remark. We don’t know, whether second of condi-
tions (2) is possible to omit in the Theorem 1.
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OB ACUMIITOTUYECKUNX CBOMNCTBAX IIEJIBIX ®YHKIINII,
BJIN3KUX K IEJIBIM ®YHKIINSIM BIIOJIHE PETVJISIPHOI'O POCTA

b.B. Bunnunxkuii, P.B. Xaip

Apozobuyrui 2ocydapcmeennoti nedazozuseckul yrusepcumem umenu Heana Ppanko,
Huemumym Guauku, Mamemamury v unGopmamury
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Ecm s nesoit ysakmmm f mopsanka p € (0;4+00) ¢ mHAMKATOpOoM h JJIsi HEKOTOPOTO
p1 € (0;p) cymecrByer muoxkecreo U C C, kOTOpOe CONEDXKHUTCA B OOHEIMHEHWH IIOMAPHO

Henepecekaommxca kpyros U, = {z :

|z —ax| < 7%}, k € N, rakux, a0 >, 7k < +00,

> pen Tkl log Tk| < +oo, mlog | f(2)| = |2|°h(p) + o(|2|"*), U F 2z = re’? — oo, To m1s HekoTOPO-

rP

ro p2 € (0; p) pasroMepro 10 @ € [0; 2] BEmomserca [t log|f(te’?)|dt = h(p) +o(r"?),

r — +00.
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Axmo mra minoi Gyrknii f mopsaxy p € (0;+00) 3 immukaTopom h myst mesikoro p1 € (05 p)
icaye muoxkuna U C C, aka micTuTbCs B 00’€IHAHHI TAKWX OMAPHO HEIEPETUHHUX KPYIiB
U ={z:|z—ar| <7}, k€ N,mo >, 7 < 400, Y ey Thllog 7| < 400, 1 log|f(2)| =
|2]Ph(p) + o(|2|*1), U # 2 = re'¥ — oo, To mna meskoro p2 € (0;p) pisHOoMipHO 32 ¢ € [0;27]
sukonyersea [, ¢ log|f(te’?)|dt = L:h(cp) + 0(r??), r — +oo.
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