
ÂIÑÍÈÊ ÍÀÖIÎÍÀËÜÍÎÃÎ ÓÍIÂÅÐÑÈÒÅÒÓ
�ËÜÂIÂÑÜÊÀ ÏÎËIÒÅÕÍIÊÀ�

�Ôiçèêî-ìàòåìàòè÷íi íàóêè�
Âèï.625 � 625, (2008) c. 43�47

JOURNAL OF NATIONAL UNIVERSITY
�LVIVSKA POLITECHNIKA�

�Physical & mathematical sciences�
Vol.625 No 625, (2008) 43�47

ÍÓËI I ÊÎÅÔIÖI�ÍÒÈ ÀÍÀËIÒÈ×ÍÈÕ ÔÓÍÊÖIÉ
I.Â. Àíäðóñÿê

Íàöiîíàëüíèé óíiâåpñèòåò �Ëüâiâñüêà ïîëiòåõíiêà�
âóë. Ñ. Áàíäåpè 12, 79013, Ëüâiâ, Óêðà¨íà

(Îòðèìàíî 14 âåðåñíÿ 2008 ð.)
Äîñëiäæåíî çâ'ÿçîê ìiæ êîåôiöi¹íòàìè ñòåïåíåâîãî ðîçâèíåííÿ òà íóëÿìè àíàëiòè÷íî¨

ôóíêöi¨.
Êëþ÷îâi ñëîâà: ñòåïåíåâèé ðÿä, àíàëiòè÷íà ôóíêöiÿ, öiëà ôóíêöiÿ, ìàêñèìóì ìîäóëÿ,
öåíòðàëüíèé iíäåêñ, ìàêñèìàëüíèé ÷ëåí, ëi÷èëüíà ôóíêöiÿ.
2000 MSC: 30D20
ÓÄÊ: 517.53

Âñòóï
Ïîçíà÷èìî ÷åðåç Ω êëàñ îïóêëèõ íà (−∞; +∞)

ôóíêöié Φ òàêèõ, ùî Φ(x)
x → +∞.

Íåõàé 0 < R ≤ +∞, DR = {z : |z| < R} i
ñòåïåíåâèé ðÿä

f(z) =
∞∑

n=0

anzn (1)

ìà¹ ðàäióñ çáiæíîñòi Rçá = R, òîáòî ôóíêöiÿ f ¹
àíàëiòè÷íîþ â DR.

Äëÿ ôóíêöi¨ f i êîæíîãî r ∈ (0; R) íåõàé:
Mf (r) = max{|f(r)| : |z| = r} � ìàêñèìóì ìîäóëÿ

ôóíêöi¨ f ;
µf (r) = max{|an|rn : n ≥ 0}� ìàêñèìàëüíèé ÷ëåí

ðÿäó (1);
νf (r) = max{n ≥ 0 : |an|rn = µf (r)} � öåíòðàëü-

íèé iíäåêñ ðÿäó (1).
×åðåç AR, äå R ∈ (0, +∞], ïîçíà÷èìî êëàñ

àíàëiòè÷íèõ â êðóçi {z : |z| < R} ôóíêöié âèãëÿäó
(1), äëÿ ÿêèõ Rçá = R i νf (r) ↗ +∞, r ↗ R. ßñíî,
ùî A∞ � êëàñ òðàíñöåíäåíòíèõ öiëèõ ôóíêöié.

Ó ðàçi, êîëè ôóíêöiÿ f ∈ AR ìà¹ â êðóçi {z : |z| <
< R} áåçëi÷ a-òî÷îê, ¨õ ïîñëiäîâíiñòü, çàíóìåðîâàíó
ó ïîðÿäêó íåñïàäàííÿ ìîäóëiâ, ïîçíà÷àòèìåìî
(zn(a))∞n=0. Ââàæàòèìåìî, ùî zn = zn(0), n ∈ Z+. ßê
âiäîìî, |zn(a)| ↗ R, n →∞.

Â [1] äîâåäåíî, ùî ÿêùî f � öiëà ôóíêöiÿ, ÿêà
ìà¹ áåçëi÷ íóëiâ, òî

lim
n→∞

|zn| n
√
|an| ≥ 1, (2)

i âñòàíîâëåíî òî÷íiñòü öi¹¨ îöiíêè: iñíó¹ öiëà ôóíêöiÿ
òàêà, ùî (2) ïåðåòâîðþ¹òüñÿ ó ðiâíiñòü.

Îäíàê, ÿêùî ôóíêöiÿ f ∈ A∞ çðîñòà¹ äîâîëi
ïîâiëüíî, òî (2) ìîæíà óòî÷íèòè. Ñïðàâåäëèâà òàêà
òåîðåìà:

Òåîðåìà 1. (i) ßêùî äëÿ ôóíêöi¨ f∈A∞ âèêî-
íó¹òüñÿ

ln µf (r) = O(ln2 r), r → +∞, (3)

òî äëÿ êîæíîãî a ∈ C ñïðàâåäëèâà ðiâíiñòü

lim
n→∞

|zn−1(a)| n
√
|an| = +∞. (4)

(ii) Äëÿ êîæíî¨ ôóíêöi¨ Φ ∈ Ω òàêî¨, ùî

lim
x→∞

Φ(x)
x2

= +∞,

iñíó¹ ôóíêöiÿ f∈A∞ òàêà, ùî ln µf (r) ≤ Φ(ln r),
r ≥ r0, i äëÿ êîæíîãî a ∈ C ñïðàâåäëèâà ðiâíiñòü

lim
n→∞

|zn−1(a)| n
√
|an| = 1. (5)

Òâåðäæåííÿ (ii) ïîêàçó¹, ùî óìîâó (3) â òâåðä-
æåííi (i) íå ìîæíà ïîñëàáèòè.

Òâåðäæåííÿ (i) òåîðåìè 1 âèïëèâà¹ ç òàêî¨ òåî-
ðåìè.

Òåîðåìà 2. ßêùî ôóíêöiÿ f ∈ A∞ ìà¹ áåçëi÷
a-òî÷îê, òî

lim
n→∞

|zn−1(a)| n
√
|an| ≥ e

lim
r→∞

ln µf (r)
νf (r) . (6)

Íåõàé òåïåð f � äîâiëüíà àíàëiòè÷íà â îäèíè÷-
íîìó êðóçi ôóíêöiÿ, ÿêà ìà¹ áåçëi÷ a-òî÷îê. Òîäi
|zn−1(a)| → 1, n →∞, i limn→∞ n

√
|an| = 1. Òîìó

lim
n→∞

|zn−1(a)| n
√
|an| = 1.

Ç îãëÿäó íà òå, ùî

|zn−1(a)| n
√
|an| =

n
√
|an|
1

|zn−1(a)|
; lim

n→∞
ln n

√
|an| = 0;

ln
1

|zn−1(a)| ∼ 1− |zn−1(a)| → 0, n →∞,

äîñëiäæóâàòèìåìî ìîæëèâi çíà÷åííÿ íåâèçíà÷åíîñòi

Gf (a) := lim
n→∞

ln n
√
|an|

ln 1
|zn−1(a)|

= lim
n→∞

ln |an|
n(1− |zn−1|)
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çàëåæíî âiä çðîñòàííÿ àíàëiòè÷íî¨ â îäèíè÷íîìó
êðóçi ôóíêöi¨ f.

ßñíî, ùî ÿêùî êîåôiöi¹íòè |an| ≤ 1, òî ñïðà-
âåäëèâà íåðiâíiñòü Gf (a) ≤ 0.

Äëÿ ôóíêöi¨ f ∈ A1 íåõàé

ρf = lim
r↑1

ln µf (r)
ln 1

1−r

.

Ñïðàâåäëèâà òàêà òåîðåìà.

Òåîðåìà 3. (i) ßêùî ôóíêöiÿ f∈A1 ìà¹
áåçëi÷ a-òî÷îê i ρf = ∞, òî Gf (a) ≥ 1.

(ii) Iñíó¹ ôóíêöiÿ f ∈ A1 ç ρf = ∞ òàêà, ùî
Gf (a) = 1 äëÿ óñiõ a ∈ C.

Òâåðäæåííÿ (i) òåîðåìè 3 âèïëèâà¹ ç òàêî¨
òåîðåìè.

Òåîðåìà 4. ßêùî ôóíêöiÿ f ∈ A1 ìà¹ áåçëi÷
a-òî÷îê, òî

Gf (a) ≥ ρf

ρf + 1
. (7)

I. Äîïîìiæíi ðåçóëüòàòè
Äîáðå âiäîìèì ¹ òàêå òâåðäæåííÿ (äèâ., íàïðèê-

ëàä, [2, c. 195�199]).

Ëåìà 1. ßêùî R > 0, òî äëÿ êîæíî¨ ôóíê-
öi¨ f ∈ AR iñíóþòü çðîñòàþ÷à ïîñëiäîâíiñòü
íåâiä'¹ìíèõ öiëèõ ÷èñåë (nk)∞k=0 òà äîäàòíà çðîñ-
òàþ÷à äî R ïîñëiäîâíiñòü (ck)∞k=0 òàêi, ùî

νf (r) = n0, r ∈ (0, c0); (8)

νf (r) = nk+1, r ∈ (ck, ck+1), k ∈ Z+. (9)

Ïåðøà ç ïîñëiäîâíîñòåé ¹ ïîñëiäîâíiñòþ çíà÷åíü,
à äðóãà � ïîñëiäîâíiñòþ òî÷îê ñòðèáêà öåíòðàëüíîãî
iíäåêñó νf (r).

Âèêîðèñòîâóþ÷è ëåìó 1, íåñêëàäíî âñòàíîâèòè
òàêi ñïiââiäíîøåííÿ:

νf (r) = r(ln µf (r))′+, r ∈ (0, R); (10)

min{n ∈ Z+ : an 6= 0} = n0; (11)

|ank
|cnk

k = |ank+1 |cnk+1
k , k ∈ Z+; (12)

|an|cn
k ≤ |ank

|cnk

k , n ∈ (nk; nk+1), k ∈ Z+. (13)

Ç iíøîãî áîêó, ñïðàâåäëèâèì ¹ òàêå òâåðäæåííÿ
[3].

Ëåìà 2. Íåõàé R > 0 i äëÿ ðÿäó (1) iñíóþòü
çðîñòàþ÷à ïîñëiäîâíiñòü íåâiä'¹ìíèõ öiëèõ ÷èñåë
(nk)∞k=0 òà äîäàòíà çðîñòàþ÷à äî R ïîñëiäîâíiñòü
(ck)∞k=0 òàêi, ùî ñïðàâäæóþòüñÿ ñïiââiäíîøåííÿ
(11), (12) i (13). Òîäi öåé ðÿä çàäà¹ àíàëiòè÷íó
ôóíêöiþ f ∈ AR, äëÿ ÿêî¨ âèêîíóþòüñÿ ðiâíîñòi (8)
òà (9).

Äëÿ r ∈ (0, R) ÷åðåç nf (r, a) ïîçíà÷èìî ëi÷èëüíó
ôóíêöiþ a-òî÷îê àíàëiòè÷íî¨ ôóíêöi¨ f ∈ AR, à ÷åðåç
Nf (r, a) � íåâàíëiííîâó õàðàêòåðèñòèêó ðîçïîäiëó
a-òî÷îê:

Nf (r, a) =

r∫

0

nf (t, a)− nf (0, a)
t

dt + nf (0, a) ln r.

Ïðèéìà¹ìî, ùî nf (r) = nf (r, 0), Nf (r) = Nf (r, 0).
Çà ôîðìóëîþ �íñåíà (äèâ., íàïðèêëàä, [4, c. 24])

Nf (r) =
1
2π

2π∫

0

ln |f(reiθ)|dθ − ln |an0 |. (14)

II. Äîâåäåííÿ òåîðåì
¤ Äîâåäåííÿ òåîðåìè 1. Òâåðäæåííÿ (i) âèïëèâà¹

ç òåîðåìè 2, äîâåäåíî¨ íèæ÷å. Äîâåäåìî òâåðäæåííÿ
(ii).

Íåõàé Ψ(x) = 1
2Φ(x) i ψ(x) = Ψ′+(x). Òîäi Ψ ∈ Ω i

lim
x→∞

Ψ(x)
x2

= +∞. (15)

Îñêiëüêè ôóíêöiÿ Ψ � îïóêëà, òî ψ � íåñïàäíà íà
(−∞; +∞) ôóíêöiÿ, à òîìó

Φ(x)− Φ(0) =

x∫

0

ψ(t)dt ≤ xψ(x).

Çâiäñè i ç (15) îòðèìà¹ìî

lim
x→∞

ψ(x)
x

= +∞. (16)

Âiçüìåìî çðîñòàþ÷ó ïîñëiäîâíiñòü íåâiä'¹ìíèõ
öiëèõ ÷èñåë (nk). Âèáåðåìî çãiäíî ç (16) çðîñòàþ÷ó
äî +∞ ïîñëiäîâíiñòü (ck) òàê, ùîá c0 = 1,

[ψ(ln ck−1)] < [ψ(ln ck)],
[ψ(ln ck)]

[ψ(ln ck−1)] ln ck
→ +∞,

k → +∞,
ck+1

ck
→ +∞, k → +∞,

xk :=
(

(1 + ε)ck

ck+1

)nk+2−nk+1

<
1
4
.

Íåõàé n0 = 0; äëÿ êîæíîãî k ≥ 0 ïîêëàäåìî
nk+1 = [ψ(ln ck)].

Ïðèéìåìî a0 = an0 = 1, i íåõàé

ank+1 =
k∏

j=0

1

c
nj+1−nj

j

, k ∈ Z+.

ßêùî äëÿ äåÿêîãî n ≥ 0 âåëè÷èíà an ùå íå
âèçíà÷åíà, òî ïðèéìåìî an = 0.

Ðîçãëÿíåìî ñòåïåíåâèé ðÿä ç òàêèì âèçíà÷åíèìè
êîåôiöi¹íòàìè an :

f(z) =
∞∑

n=0

anzn =
∞∑

j=0

anj z
nj .
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Çà ëåìîþ 2 öåé ðÿä çàäà¹ öiëó ôóíêöiþ f, äëÿ
ÿêî¨ ñïðàâåäëèâi ðiâíîñòi (8) òà (9). Ïîêàæåìî, ùî
äëÿ ïîáóäîâàíî¨ ôóíêöi¨ f âèêîíó¹òüñÿ ðiâíiñòü (5).

Çàôiêñó¹ìî äîâiëüíå ÷èñëî ε > 0. Îñêiëüêè
ck+1
ck

→ +∞, k → +∞, òî (1 + ε)ck ∈ [ck, ck+1),
k ≥ k0. Îñêiëüêè nk = o(nk+1), k → ∞, òî
nk+1 ≥ 2nk, k ≥ k0, òîìó

nk+1 − nk ≥ nk+1 − 1
2
nk+1 =

1
2
nk+1 ≥ 1

2
(k + 1).

Îòæå
∑

j≤k

anj ((1 + ε)ck)nj ≤ (k + 1)ank
(1 + ε)nkcnk

k =

= (k + 1)(1 + ε)nkank+1c
nk+1
k =

= ank+1((1 + ε)ck)nk+1(k + 1)(1 + ε)nk−nk+1 =

=
k + 1

(1 + ε)nk+1−nk
µf ((1 + ε)ck) <

<
k + 1

(1 + ε)
1
2 (k+1)

µf ((1 + ε)ck) = o(µf ((1 + ε)ck)).

Äàëi ∑

j≥k+2

anj ((1 + ε)ck)nj =

=ank+1((1+ε)ck)nk+1
∑

j≥k+2

anj

ank+1

((1 + ε)ck)nj−nk+1≤

≤ µf ((1 + ε)ck)
∑

j≥k+2

(
(1 + ε)ck

ck+1

)nj−nk+1

≤

≤ µf ((1+ε)ck)
(

(1 + ε)ck

ck+1

)nk+2−nk+1

<
1
4
µf ((1+ε)ck).

Ç îòðèìàíèõ îöiíîê íà êîëi {z : |z| = (1 + ε)ck}
ïðàâèëüíå òâåðäæåííÿ

|f(z)− a− ank+1z
nk+1 | < |ank+1z

nk+1 |, k ≥ k0(a).

Çà òåîðåìîþ Ðóøå â êðóçi {z : |z| ≤ (1+ ε)ck} ïðè
k ≥ k0(a) ôóíêöiÿ f ìà¹ nk+1 a-òî÷îê, ïðè÷îìó

|znk+1−1(a)| ≤ (1 + ε)ck.

Òîäi

lim
n→∞

|zn−1(a)| n
√
|an|= lim

k→∞
|znk+1−1(a)| nk+1

√
|ank+1 |≤

≤ lim
k→∞

(1 + ε)ck
nk+1

√
1

cn1−n0
0 . . . c

nk+1−nk

k

≤

≤ (1 + ε)ck
nk+1

√
1

c
nk+1−nk

k

=

= (1 + ε)c
nk

nk+1
k = (1 + ε)e

nk ln ck
nk+1 → (1 + ε), k →∞,

çâiäêè çàâäÿêè äîâiëüíîñòi ε îòðèìà¹ìî ðiâíiñòü
(5). ¥

¤ Äîâåäåííÿ òåîðåìè 2. Ââàæà¹ìî, íå
çìåíøóþ÷è çàãàëüíîñòi, ùî a = 0.

Íåõàé öiëà ôóíêöiÿ f ∈ A ìà¹ áåçëi÷ íóëiâ.
Äîâåäåìî, ùî äëÿ f âèêîíó¹òüñÿ (6).

Íåõàé q < 1 � äîâiëüíå ÷èñëî, (nk) � çðîñòàþ÷à
ïîñëiäîâíiñòü óñiõ çíà÷åíü νf (r).

Ïðèïóñòèìî, ùî

|znk−1| nk

√
|ank

| ≤ qe
ln µf (ck−1)

nk , k ≥ k0. (17)
Òîäi çà ëåìîþ 1 ç (17) ìàòèìåìî

|znk−1| ≤ q(µf (ck−1))
1

nk |ank
|− 1

nk =

= q(|ank
|cnk

k−1)
1

nk |ank
|− 1

nk = qck−1,

òîáòî
nk ≤ nf (qck−1), k ≥ k0.

Îòæå, äëÿ óñiõ k ≥ k0:

Nf (qck)−Nf (qck0−1) =

qck∫

qck0−1

nf (t)
t

dt =

=

qck∫

qck−1

nf (t)
t

dt + . . . +

qck0∫

qck0−1

nf (t)
t

dt ≥

≥ nk ln
ck

ck−1
+ . . . + nk0 ln

ck0

ck0−1
=

ck∫

ck0−1

νf (t)
t

dt =

= ln µf (ck)− ln µf (ck0−1),

çâiäêè, âðàõîâóþ÷è ôîðìóëó �íñåíà, îòðèìà¹ìî
lim

k→∞
(ln Mf (qck)− ln µf (ck)) > −∞,

ùî ñóïåðå÷èòü êëàñè÷íié òåîðåìi Âàëiðîíà, çà ÿêîþ
äëÿ êîæíîãî ôiêñîâàíîãî q < 1 âèêîíó¹òüñÿ
ñïiââiäíîøåííÿ

Mf (qr)
µf (r)

→ 0, r → +∞.

Îòæå, íåðiâíiñòü (17) íå âèêîíó¹òüñÿ, à òîìó

lim
n→∞

|zn−1(a)| n
√
|an| ≥ e

lim
r→∞

ln µf (r)
νf (r) ,

ùî i ïîòðiáíî áóëî äîâåñòè. ¥
¤ Äîâåäåííÿ òåîðåìè 3. Òâåðäæåííÿ (i)

âèïëèâà¹ ç òåîðåìè 4, äîâåäåíî¨ íèæ÷å. Íàâåäåìî
äîâåäåííÿ òâåðäæåííÿ (ii).

Äëÿ êîæíîãî k ≥ 0 âèáåðåìî ïîñëiäîâíîñòi
(ck), (rk) â òàêèé ñïîñiá:

ck = 1− 1
2k + 2

, rk = 1− 1
2k + 3

.

Íåõàé (nk) � çðîñòàþ÷à ïîñëiäîâíiñòü öiëèõ ÷èñåë
òàêà, ùî n0 = 0, i äëÿ êîæíîãî k ≥ 0 âèêîíóþòüñÿ
óìîâè

nk+1
1

1−ck
ln 1

1−ck

→∞, k →∞,
nk−1

nk(1− rk)
→ 0, k →∞.

(18)
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xk := (k + 1)
(

ck

rk

)nk+1−nk

<
1
3
,

yk :=
(

rk

ck+1

)nk+2−nk+1

<
1
4
.

(19)

Âiçüìåìî a0=an0=1 i íåõàé ank+1=
k∏

j=0

1

c
nj+1−nj

j

,

k ≥ 0. ßêùî äëÿ äåÿêîãî n ≥ 0 âåëè÷èíà an ùå íå
âèçíà÷åíà, òî ïîêëàäåìî an = 0.

Ðîçãëÿíåìî ñòåïåíåâèé ðÿä ç òàêèìè âèçíà÷åíèìè
êîåôiöi¹íòàìè an :

f(z) =
∞∑

n=0

anzn =
∞∑

k=0

ank
znk .

Çà ëåìîþ 2 öåé ðÿä çàäà¹ àíàëiòè÷íó â îäèíè÷-
íîìó êðóçi ôóíêöiþ, äëÿ ÿêî¨

νf (r) = nk+1, µf (r) = ank+1r
nk+1 ,

r ∈ [ck, ck+1), k ≥ 0.
(20)

Ïîêàæåìî, ùî äëÿ ïîáóäîâàíî¨ ôóíêöi¨ f ñïðàâ-
äæó¹òüñÿ òâåðäæåííÿ òåîðåìè.

Çàôiêñó¹ìî k ≥ 0. Íåõàé rk ∈ [ck, ck+1).
Âèêîðèñòîâóþ÷è (19) i (20), îòðèìà¹ìî

∑

p≥k+2

anpr
np

k = ank+1r
nk+1
k

∑

p≥k+2

anp

ank+1

r
np−nk+1
k ≤

≤ µf (rk)
∑

p≥k+2

(
rk

ck+1

)np−nk+1

≤

≤ µf (rk)
∑

p≥k+2

(
rk

ck+1

)(p−k+1)(nk+2−nk+1)

=

= µf (rk)
yk

1− yk
< µf (rk)

1/4
1− 1/4

=
1
3
µf (rk). (21)

Îñêiëüêè äëÿ r ∈ [ck, ck+1) âèêîíó¹òüñÿ ñïiââiä-
íîøåííÿ

an0r
n0 ≤ an1r

n1 ≤ . . . ≤ ank
rnk ≤ ank+1r

nk+1 ,

òî ìàòèìåìî
∑

p≤k

anpr
np

k ≤ (k + 1)ank
rnk

k =

= (k + 1)
ank

ank+1

r
nk−nk+1
k ank+1r

nk+1
k =

= µf (rk)(k+1)
(

ck

rk

)nk+1−nk

=µf (rk)xk <
1
3
µf (rk).

(22)
Ðîçãëÿíåìî ôóíêöi¨

h(z) = ank+1z
nk+1 i g(z) =

∑

p 6=k+1

anpznp .

Çãiäíî ç (21) i (22) íà êîëi Ck = {z : |z| = rk}
âèêîíó¹òüñÿ îöiíêà

|g(z)− a| < µf (rk) = |h(z)|, k ≥ k0(a).

Òîìó çà òåîðåìîþ Ðóøå ôóíêöiÿ f(z)−a = h(z)+
+g(z)−a ìà¹ âñåðåäèíi êîëà Ck ñòiëüêè æ íóëiâ, ÿê i
ôóíêöiÿ h(z), òîáòî nk+1. Îòæå, f ìà¹ áåçëi÷ a-òî÷îê,
ïðè÷îìó

|znk
(a)| ≤ |znk+1−1(a)| < rk, k ≥ k0(a).

Âðàõîâóþ÷è öå, à òàêîæ (18) i íåðiâíîñòi ck≥2,
k ≥ 0, ìàòèìåìî

ln |ank
|

nk(1− |znk
|) ≤

ln |ank
|

nk(1− rk)
=

=
−(n1 − n0) ln c0 − ...− (nk − nk−1) ln ck−1

nk(1− rk)
<

<
(n1 − n0) ln 2 + ... + (nk−1 − nk−2) ln 2

nk(1− rk)
+

+(1 + o(1))
(nk − nk−1) ln ck−1

nk ln rk
=

=
(nk−1 − n0) ln 2

nk(1− rk)
+(1+o(1))

ln ck−1

ln rk
→ 1, k→+∞. ¥

¤ Äîâåäåííÿ òåîðåìè 4. Íåõàé ôóíêöiÿ f ∈ A1

ìà¹ áåçëi÷ a-òî÷îê. Äîâåäåìî, ùî äëÿ f âèêîíó¹òüñÿ
(7). Íå çìåíøóþ÷è çàãàëüíîñòi, ââàæà¹ìî, ùî a = 0.
Òâåðäæåííÿ òåîðåìè î÷åâèäíå ó âèïàäêó ρf = 0,
òîìó íàäàëi íåõàé ρf > 0. ßñíî, ùî ó öüîìó âèïàäêó

µf (r) ↑ +∞, r ↑ 1. (23)

Ïðèïóñòèìî âiä ñóïðîòèâíîãî, ùî òâåðäæåííÿ
òåîðåìè íåïðàâèëüíå, òîáòî iñíó¹ ÷èñëî ρ ∈ (0, ρf ),
äëÿ ÿêîãî Gf (0) < ρ

ρ+1 . Íåõàé p = ρ+1
ρ . Òîäi ç

íåðiâíîñòi Gf (0) < 1
p òà ñïiââiäíîøåííÿ (23) äëÿ óñiõ

k > k0 îòðèìà¹ìî

|znk−1| ≤ |ank
|− p

nk = (|ank
|cnk

k−1)
− p

nk cp
k−1 =

= (µf (ck−1))
− p

nk cp
k−1 ≤ cp

k−1.

Îòæå
nk ≤ nf (cp

k−1), k > k0. (24)

Íåõàé r ∈ [ck0 , 1), r ∈ [ck−1, ck), äå k > k0.
Âðàõîâóþ÷è (24) i (10), îòðèìà¹ìî

Nf (rp)−N(cp
k0

) =

rp∫

cp
k0

nf (t)
t

dt =

=

cp
k0+1∫

cp
k0

nf (t)
t

dt + . . . +

rp∫

cp
k−1

nf (t)
t

dt ≥

≥ nf (cp
k0

) ln
cp
k0+1

cp
k0

+ . . . + nf (cp
k−1) ln

rp

cp
k−1

≥

≥ p

(
nk0+1 ln

ck0+1

ck0

+ . . . + nk ln
r

ck−1

)
=
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= p

r∫

ck0

νf (t)
t

dt = p(ln µf (r)− ln µ(ck0)).

Çâiäñè i ç ôîðìóëè �íñåíà (14) âèïëèâà¹ iñíóâàí-
íÿ ñòàëî¨ A > 0 òàêî¨, ùî

ln Mf (rp) ≥ p ln µf (r)−A, r ≥ ck0 . (25)
Àëå

Mf (rp) ≤
∞∑

n=0

|an|rpn ≤ µf (r)
∞∑

n=0

r(p−1)n =

= µf (r)
1

1− rp−1
,

çâiäêè ç óðàõóâàííÿì (25) îòðèìà¹ìî

ln µf (r) ≤ 1
p− 1

(
ln

1
1− rp−1

+ A

)
, r ≥ ck0 ,

òîáòî ρf ≤ 1
p−1 = ρ. Ñóïåðå÷íiñòü, ÿêà é äîâîäèòü

ïðàâèëüíiñòü òåîðåìè. ¥
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