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In the paper, based on the Fokker–Planck–Kolmogorov equation and the statistical control
theory, a mathematical model for the operative synthesis of optimal controlling influences
for stabilization of the electric mode of an electric arc furnace in a two-contour structure
with a high-speed electric circuit for regulating the arc currents is suggested.
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1. Introduction

Electric arc furnaces (EAFs) belong to complicated electrotechnical installations with random nature of
the load in the space of three-phase arcs and the power circuit of their supply. This feature complicates
the processes of control of such objects and imposes restrictions on systems engineering, e.g. models,
methods, and approaches for improving the existing modes of control systems and for the regulation
of electric coordinates. At the same time, the problem of complex enhancement of the indicators of
electrotechnical efficiency and electromagnetic compatibility of the modes of EAF and an electrical
grid is a basis for enhancement of the competitiveness of electric steels and high alloys in the domestic
and foreign markets of metal products.

It is obvious that for such electrotechnical nonlinear stochastic objects of control, it is expedient to
use models based on probabilistic coordinate characteristics that most fully correspond to the nature
of the processes, which occur in such objects.

At present, the control of modes in the vast majority of arc steel smelting furnaces is realized on
the basis of classical deterministic models of identification of state, parameters, phase adjustment of
coordinates, and control of modes that do not correspond to the stochastic nature of the processes
governing their functioning and do not provide the required electrical energy indices.

In order to solve the problem outlined above, in our opinion, it is expedient to improve the existing
and create new effective methods and approaches for the control, in particular, the operative formation
of the controlling influences based on the three-dimensional vector of phase currents and its probabilistic
characteristics.

2. Mathematical model

The main objective of this study is to develop a mathematical model for operative synthesis of the
electric control signal of an electric arc furnace on a base of three-dimensional vector of the arc currents,
which corresponds to the nature of the processes in the object and is of a low sensitivity to the change
of parameters; the use of this model in comparison with known solutions enables us to increase the
dynamic accuracy of the stabilization of the arc currents at given levels. The practical implementation
of this developed model requires the creation of an appropriate algorithm, which will perform the
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adaptive optimal control of the electric mode of an arc steel smelting furnace according to the criterion
for minimizing the dispersion of the distribution of the three-dimensional vector of phase currents.

The dynamics of the regulation of the coordinates of the electric mode of the ASF, in particular
of the arc currents, in the vast majority of existing (serial, standard) control systems of the process of
electro-steelmaking (arc strength) do not fully meet the high modern requirements for energy efficiency
and electromagnetic performance of the arc furnace and the electrical grid. Therefore, solving the
problem of the creation of the effective control systems that provide an increase in the rate of the
processes of regulation of phase currents (arcs) and, on this basis, fully improve the indicators of
energy efficiency and electromagnetic compatibility of the modes, is important and relevant for the
current electrometallurgical industry.

For the first time, the theoretical basis for the formation of controlling influence for the elec-
tromechanical system of displacement of electrodes of the three-phase EAFs based on probabilistic
characteristics is given in [1]. The coefficients of the relationship between the half-period average cur-
rents of the arcs included in the created model of EAF are suggested to be determined on the basis
of the probabilistic analysis and the correlation of the processes in the furnace space. The method of
controlling the electric mode of EAF obtained in this paper has made it possible to correct the control
signals of typical electric current regulators and, thereby, avoid the false triggers of the regulator of
the i-th phase (eliminate the false displacements of the electrodes) due to perturbation in the neighbor
phases. By means of this method of control, the phase autonomy of the control of the electric mode is
achieved, which, in turn, improves the capacity of EAF.

Similarly, the task of the phase autonomy of controlling the electric mode according to the phases of
EAF on the basis of taking into account the stochastic parameters of perturbations of neighbor phases
is considered in the work [2]. According to this work, the signal that controls the displacement of an
electrode in each phase is additively composed of the signals of mismatch of all three phases, which are
normalized by the coefficients of the weight. To obtain the values of these coefficients, a mathematical
model is suggested describing the reactions of such a complex object as an EAF on the pre-synthesized
controlling influences and on the perturbation processes which put the electric modes of a furnace into
one or another state. In the end, these coefficients are also some coefficients of the weight of mismatch
of phases. Nevertheless, it should be emphasized here that in this paper it is noted that optimization
of the system of regulation of the electric mode of an EAF should be conducted with an orientation
to such an integrated characteristic of the mode as the dispersion of the three-dimensional vector of
currents of the arcs but specific solutions in this direction have not been proposed.

The mathematical and computer models of control systems of electric arc furnaces operation modes
suggested in [3–7] have some advantages and disadvantages, which are determined by the completeness
and accuracy of the description of electric modes, by the complexity and precision of state identification,
and by the conveniences in use and adjustment. The results obtained in these works demonstrate a
slight improvement in energy efficiency and electromagnetic compatibility, firstly due to the use in the
synthesis of controlling influences of the models that with a not high accuracy describe the nature of
the real processes of changing the coordinates of the electric mode, as well as due to the high level of
sensitivity of the indicators of the quality of the dynamics to the change of the parameters of an object
to be controlled, which is extremely undesirable under the conditions of non-stationary parametric
continuous disturbances in the furnace power circuit and in the phase arc intervals.

Let us consider the problem of creating a mathematical model of the formation of controlling
influences by the phase channels of the regulation of the electric mode of an EAF on the basis of the
distribution density of the three-dimensional vector of phase currents I = (y1, y2, y3). We assume that
the density of the three-dimensional vector of phase currents is ruled by the distribution law in terms
of density

p(y1, y2, y3) =
1

(2π)3/2
√

det Λy
· exp

[
− 1

2
·

3∑

i,j=1

Λ−1
yi,j · (yi − yi) · (yj − yj)

]
(1)

Λ−1
yi,j = 1

det Λy
· Ai,j are the elements of the inverse correlation matrix Λ−1

y .
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To synthesize the vector of controlling influences of the three phases of an arc furnace, we apply the
principle according to which the optimal change in the distribution density of the three-dimensional
vector of the arc currents is made, which approximates this distribution to the distribution with a
minimal dispersion of the three-dimensional vector.

Ideally, if the system performs its purpose better, the sooner it converts the initial distribution
density p(y1, y2, y3, t0) of the three-dimensional coordinate vector of the object into a normal distri-
bution with a minimized dispersion of the three-dimensional vector, the mathematical expectation of
which coincides with the point (yi) = yi.set, where i = 1, 2, 3; yi.set are the given averaged values of the
components of the three-dimensional vector of the regulated coordinates of the control object.

This conclusion follows from the assertions of the statistical theory of transient processes, according
to which, on the basis of the Fokker–Planck–Kolmogorov equation [8], an optimal control concerning
the transient process of changing the density of the n-dimensional distribution of probabilities to the
normal density with the minimal dispersion of the three-dimensional vector is obtained.

For our case, we write the Fokker–Planck–Kolmogorov equation in the form

dp

dt
=

3∑

i=1

d(p · Fi)
dyi

(2)

as an equation for a system in the absence of noise of dataware devices. In Eq. (2) p is the distribution
density of the probability of the three-dimensional vector p = p(y1, y2, y3); yi + Fi(y1, y2, y3) = 0 is an
equation describing the motion of the coordinates of the system.

For the system of automatic control, the functions Fi can be represented as a set of two functions [8]:

Fi = fi(y1, y2, y3) − u(y1, y2, y3),

where the functions fi belong to the control object and are called its characteristics and the functions
ui refer to the control system and are called controlling influences.

Being synthesized in [8], the control for dynamic systems that provide an optimal change in the
distribution density of an n-dimensional vector of regulated coordinates yi are calculated as follows:

ui = di · sign

(
∂ ln(p)

∂yi

)
, (3)

here di is the maximal allowable value of the controlling influence; yi is the component of the vector
of the regulated coordinates.

Such a control with respect to one of the coordinates, for example, with respect to the first one,
for our case, will be written as:

u1 = d1 · sign

(
∂ ln(p(y1, y2, y3))

∂y1

)
.

To find the appropriate control, we write the distribution density (1) of the three-dimensional vector
of the regulated coordinate of the electric mode of an EAF in a convenient for differentiation form:

p(y1, y2, y3) =
1

(2π)3/2
√

det Λy
· exp

[
− 1

2
· 1

det Λy
·
{
A11(y1 − y1)

2 + 2 ·A12(y1 − y1) · (y2 − y2)

+ 2 · A13(y1 − y1) · (y3 − y3) +A22(y2 − y2)
2 + 2 ·A32(y2 − y2) · (y3 − y3) + A33(y3 − y3)2

}]
, (4)

where y1, y2, y3 are the mathematical expectations of the regulated coordinates, which for the consid-
ered object are given by values of the arc currents according to the phases of an arc furnace; Ai,j = Aj,i
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since the matrix of correlation Λy between the components of the elements of the three-dimensional
vector is symmetric.

Using (4), we obtain:

ln p(y1, y2, y3) = ln
1

(2π)3/2
√

det Λy
− 1

2
· 1

det Λy
·
{
A11(y1 − y1)2 + 2A12(y1 − y1) · (y2 − y2)

+ 2A13(y1 − y1) · (y3 − y3) +A22(y2 − y2)
2 + 2A32(y2 − y2) · (y3 − y3) +A33(y3 − y3)

2
}

;

∂ ln p(y1, y2, y3)

∂y1
= − 1

det Λy
·
[
A11(y1 − y1) +A12(y2 − y2) +A13(y3 − y3)

]
; (5)

∂ ln p(y1, y2, y3)
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= − 1

det Λy
·
[
A12(y1 − y1) +A22(y2 − y2) +A32(y3 − y3)

]
;

∂ ln p(y1, y2, y3)

∂y3
= − 1

det Λy
·
[
A13(y1 − y1) +A32(y2 − y2) +A33(y3 − y3)

]
.

If in Eqs. (5), instead of generalized regulated coordinates yi, substitute the phase currents (arcs)
IA, IB , IC and instead of Λy substitute the correlation matrix ΛI of the three-dimensional vector of
the arc currents, we obtain the expressions for the above-mentioned controlling influences uA, uB, uC
for each of the phases of the arc furnace in the following form:

uA = d1 · sign

{
− 1

det ΛI
·
[
A11

(
IA − IA

)
+A12

(
IB − IB

)
+A13

(
IC − IC

)]}
;

uB = d1 · sign

{
− 1

det ΛI
·
[
A21

(
IA − IA

)
+A22

(
IB − IB

)
+A23

(
IC − IC

)]}
; (6)

uC = d1 · sign

{
− 1

det ΛI
·
[
A31

(
IA − IA

)
+A32

(
IB − IB

)
+A33

(
IC − IC

)]}
.

Here we note that the control signals for the obtained Eqs. (5) are formulated as boundary controls
and they can be considered only as conditionally optimal. However, in [8] the investigations are
shown that these controls can be quite close, and even coincide with the strictly optimal controls that
transfer the n-dimensional distribution into a normal distribution with a minimal dispersion of the
three-dimensional vector.

It should be also noted that for the case of controlling the electric mode of an arc furnace using the
known two-circuit system [9–11], this conclusion is completely substantiated, because the dynamics of
the high-speed circuit is extremely close to the non-inertial one.

3. The optimal control synthesis algorithm

The computational procedure for the developed in this paper mathematical model of control synthesis
on the basis of the three-dimensional vector of phase currents is reproduced by the shown in Fig. 1
algorithm.

At the start of the algorithm (block 2), there are inputted the arc furnace phase currents IA, IB ,
IC , the value of the change discrete of the controlling influence d, the time interval ∆t of the calculation
of the current true value of the phase currents, the value N , which specifies the length of the stationary
interval of the phase currents change processes, Ai,j are the elements of the adjoint matrix, and the
determinant det ΛI of the correlation matrix ΛI of the three-dimensional vector of the arc currents.
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The presented algorithm contains three cycles. In the first internal cycle (blocks 5, 6, 7), on each
computation interval (for example, over the voltage period ∆t = 0.02 s) the current values of phase
currents IA, IB, IC are found.

1

2

3

4

5

6

7

8

9

10

11

BEGIN

Input:

Measurement:

Calculation:

Calculation:

Formation of arrays of current active values
of phase currents, calculated on intervals ∆t

IA, IB, IC , ∆t, N , Akn, det ΛI

l = 1, 2, . . .

m = 1, 2, . . . , N

t = 0, 0.001, . . . ,∆t

iA(ti), iB(ti), iC(ti)

IA, IB , IC

uA, uB, uC

Calculation of elements λk,n of the matrix ΛI

Calculation of elements Ak,n of the matrix det ΛI

Fig. 1. Algorithm for synthesis of optimal control of electric mode according to the criterion of minimization
of dispersion of three-dimensional vector of phase currents.

The second inner cycle includes the blocks 5, 6, 7 and the blocks 8 and 9. This cycle is performed
N times on each m-th interval of the stationary processes of the furnace arc current changes: N =
Tc/∆t, where Tc is the duration of stationary interval. For different arc furnaces and technological
smelting stages Tc = 100 − 200 s. This loop is designed to form the arrays of current active values of
phase currents A, B, or C, respectively, in the block 8 on each m-th stationary interval. The time
dependencies of changes in the values of the elements of these arrays reflect the stochastic properties
of the processes of change of the phase currents on the current stationary interval. In the last block 9
of this cycle, taking into account the current active values of phase currents IA, IB , IC , the calculation
of the controlling influences uA, uB, uC of each phase of the control system of the arc furnace electric
mode is performed on the basis of the obtained mathematical model (5).

At the end of each m-th stationary interval, the function performances of the blocks 10 and 11 of
the third outer loop are initialized. In these blocks, adaptation of the parameters of the obtained above
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mathematical model (5) of the synthesis of optimal control of the electric mode is conducted according
to the criterion of the minimum of dispersion of the three-dimensional vector of the phases currents
of an arc furnace to the change in the parameters of stochastic characteristics of the processes of the
change of the phase currents. For this to be done, in the block 10, the elements λk,n of the correlation
matrix ΛI of three-dimensional vector of the arc currents (matrix of second moments) are calculated

ΛI =

∣∣∣∣∣∣

λAA λAB λAC
λBA λBB λBA
λCA λCB λCC

∣∣∣∣∣∣
,

where λkn = λnk = M
[
(Ik − Ik)(In − In)

]
, k = A,B,C; n = A,B,C.

The values of the main diagonal (k = n) of the resulting matrix ΛI are equal to the dispersion
λAA = DIA , λBB = DIB , λCC = DIC of the current of the corresponding phase, and the values of
the elements for which k 6= n correspond to the values of the second mixed central moment. In the
block 11 of the external cycle, the determinant det ΛI is calculated, as well as the elements Akn of the
adjoint matrix of the inverse matrix Λ−1

I .
Using in the block 9 the parameters of the model of the synthesis of control signals (4) Akn and

det ΛI , operatively updated on each stationary interval, allows us to implement the adaptation of the
process of optimal control of the electric mode to the change of the stochastic characteristics of the
processes of change of the phase currents.

As we see, for the operative formation (computation) of the necessary controlling influences it is
necessary to know the matrix ΛI of the second moments of the three-dimensional vector of currents
of arcs (phases) of an arc furnace. The operative calculation of the controlling influences according to
the obtained model (4) for modern microprocessor devices is a simple (to some extent trivial) technical
problem, according to which on the basis of the values of realization of the half-period average currents
of three phases IA, IB , IC of an arc furnace, the calculation of the matrix ΛI of the second moments of
the three-dimensional vector of the currents of the arcs of an arc furnace, of its determinant det ΛI , as
well as of the elements Akn of the adjoint matrix of the inverse matrix Λ−1

I is carried out are operatively
on each stationary interval (T = 100 − 200 s) of the processes of change of the phases currents of an
electric arc furnace.

Due to the fact that the model (4) uses the correlation matrix ΛI of the second moments of the
three-dimensional vector of arc currents of an arc furnace, being operatively computed on each time
interval of stationary T = 100 − 200 s, the adaptation of the control to the change in the parameters
of the stochastic characteristics of the phase currents determined by stochastic characteristics of the
coordinate and parametric disturbances is automatically implemented, as has already been said, in the
course of changing the technological smelting stages. This enables to implement the adaptive optimal
control over the full smelting period according to the criterion of minimizing the dispersion of the
three-dimensional vector of the arc currents of an arc furnace.

Thus, due to the model of operative formation and adaptation of the vector of controlling influences
obtained in the work and its realization through the adaptive arc current control circuit [10] for the
formation of the dispersion of the three-dimensional vector of the arc currents of an arc furnace, we
can obtain a significant approximation of the distribution of the three-dimensional vector of the phases
currents of an arc furnace to the normal distribution with dispersion, which tends to zero. And the
fact that the reduction of the dispersion of the arc currents substantially affects the improvement of
the indicators of energy efficiency (electrical efficiency of the furnace, specific energy consumption,
specific capacity of an EAF, the price of the ton of smelted steel, etc.) of such an electrotechnical
installation, which the electric arc furnace of an alternating current is, has been shown in the studies
of many domestic and foreign scholars.

It should be also noted that the suggested method for the adjustment of the coordinates of the
electric mode of an EAF and the model of adaptive synthesis of control signals based on the three-
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dimensional vector of the phase currents implements the relay law (in contrast to the existing) of
regulation. Such a control law complied the stability, as it is known, provides the maximal rate of
regulation response and, as a result, high dynamic accuracy of the arc currents stabilization at the level
of optimal values for the chosen criterion, and it also is characterized by a significantly lower sensitivity
to the change in the parameters of the control object, i.e. the three-phase arc parameter and the power
circle (short grid) of an EAF. The last specificity of the proposed method is especially important for
the implementation of strategies of adaptive optimal control in the conditions of continuous action
of intense parametric perturbations in the power circle and in the arcs’ intervals of an EAF during
smelting.

The computing implementation of the obtained adaptive algorithm for operative synthesis of the
control signal is done on the R7FS7G27H3A01CFC-type microcontroller (Renesas) and has the fol-
lowing main technical characteristics: Cortex-M4 Core, 240MHz Clock Rate, 4MB CodeFlash, 126
Inputs/Outputs, 12-bit DAC/ADC.

4. Conclusion

The article deals with the theoretical bases of the method of controlling the electric mode of an electric
arc smelting furnace on the basis of a three-dimensional vector of phase currents (three-phase arcs),
which makes it possible to implement an adaptive optimal strategy of the control of electric mode
according to the criterion of the minimum dispersion of the arc currents.
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У роботi на основi рiвняння Фоккера–Планка–Колмогорова та статистичної теорiї ке-
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