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Abstract. A free oscillations of a system with one degree of freedom, caused either by the
initial deviation from the stable equilibrium position or by the initia velocity provided by the
oscillator in this position was considered. Analytical solutions of the nonlinear Cauchy problem for a
second-order differential equation were constructed. The solutions are expressed in terms of Jacobi's
periodic éliptic functions relating to occultation of special functions. Compact equals are derived for
calculating the displacements of the oscillator and the oscillation periods for various methods of
motion perturbation and for various variants of the elastic characteristic. The restrictions on the
initial excitations for an oscillator with a soft eastic characteristic are determined, when its free
oscillations are possible. The existence of a solution of the nonlinear dynamics problem in
elementary functions is established. The behavior of an oscillator with a soft characteristic of
elasticity under conditions of its freezing are studied. It is shown that from the derived equals, as
special cases, the results known in the theory of linear oscillators, as well as oscillators with a purely
quadratic nonlinearity, without a linear component, follow when the solution of the problem can be
expressed in terms of Ateb-functions. The aim of the work was to derive new calculation equals for
determining the displacements of a mechanical system with one degree of freedom under conditions
of free oscillations, in the absence of friction. To achieve this objective, the representation of the
second integral of the differential equation of motion due to the incomplete dliptic integral of the
first kind were used. Using the known tables of the indicated integral, examples of calculations are
given in which the probability of the derived equals is confirmed. According to the results of the
study, it is also established that in the case of a quadratic elasticity characteristic of the linear
component, the motion of the oscillator is described by the periodic eliptic Jacobi function, both in
providing it with an initial deviation from the stable equilibrium position, and giving it the initial
velocity in this position. In the case of a soft easticity characteristic, free oscillations are possible
only with certain restrictions on the initial perturbations of the system.

Keywords: quadratically nonlinear oscillator, soft and rigid elasticity characteristic, free
oscillations, analytical solution, periodic dliptic functions.

I ntroduction

Due to linear oscillations with large amplitudes, emergency destruction of structural elements or
premature failure of them can occur. Therefore, despite significant advances in the study of nonlinear
oscillations and a fairly long history of their conduct [1], this topic is still being given considerable
attention.

Problem Statement

The purpose of this article is to construct and approximate new analytical solutions describing the
free oscillations of a quadratically nonlinear oscillator under two variants of the elastic characteristic. To
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achieve this goal, a method based on reducing the second integral of the differential equation of motion to
an incomplete eliptic integral of the first kind is chosen. To achieve this goal, a method based on reducing
the second integral of the differential equation of motion to an incomplete eliptic integral of the first kind
is chosen. As a result, the displacement of the oscillator is expressed in terms of periodic Jacobi eliptic
functions; therefore, for the calculation, one can use tables of these special functions or tables of an
incomplete dliptic integral of the first kind. The latter are also needed to calculate the periods of
oscillations. To verify the adequacy of the theoretical results obtained, limit transitions are made, by
directing one of the two rigidity parameters of the oscillator to zero. Therefore, the limiting variants are
either a linear oscillator or a purdy quadratic one, without a linear component in the elastic response. A
special rare case is also revealed when the solution of the nonlinear equation of motion is fed into
elementary functions.

Review of Modern | nfor mation Sour ces
Not referring to numerous publications in the form of separate articles, we will single out only
monograph editions of recent years [2-5], where there are corresponding reviews of literary sources.
Partially, the problem of nonlinear oscillations of systems of variable mass with dry friction was aso
violated in [6, 7], where approximate analytical methods were used for research.
Main Material Presentation
We describe the motion of an oscillator by a differential equation:
mi+ax+ bxzsign(x)zo, (1)
where m is the mass of the oscillator; a, b are characteristics of its dlasticity, and a 3 0; x=(t) is
displacement of the oscillator in time t ; the dot denotes the derivative with respect to t .
Wewill distinguish between hard (b >0) and soft (b <0) easticity characteristics.
For theinitial conditions for (1) we take two versions.
a) x(0)=a; %(0)=0;
b) x(0)=0; %(ug) =ug. 2
In the first, the oscillations are caused by the initial deviation a of the oscillator from the
equilibrium position x =0, and in the second - by theinitial velocity ug givento it in this position.
1. Free oscillations of an oscillator with arigid characteristic of elasticity. The transition to new

variables X =u, 8&=u3—u , equation (1), for (x>0) (t>0), wegivetheform:
X

%:-%(ax+bx )

Itsintegral, up to aconstant C , isthe expression:
a%_ ix2+2x32 3

m§ 3 o
For initial conditions @) in (2) the constant takes the value C :%az 2 3. Therefore, the speed of

the oscillator is given by the equal'

X H (a2 22)+ 2 (a2- ),

dx _ |2b A _.x& A6, U
- = ea +—a+cat—oxX+X 4
dt 3m\/( ) b & @)

or

g 2 " 20 b
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Further integration of expression (4) gives:

5(1) du _ [0,
X € 1 3aoo 3%, aa 3a20u 3m ®)
(a- u)e§u+fga+— .+ =

&

a
In calculating this integral, we distinguish three cases. Consider the first of these, corresponds to

small oscillation amplitudes, or weak nonlinearity, when a’ +aa. §a—<O Then the sum in square

b 4p?
brackets under the root can be submitted in the form of a product, (u+b)(u+d) and:

lee 306 3®a’ , aal
b__ =+ —C———F-a - T
287 20 5 \akap2 b
lee 306 38a’ , aal
d=-3 2ced g2 24
282 205 \aka 2 b
So the expression (5) takes the form:
5 du =2 (6)
X\/(a -u)(u+b)(u+d) V3m
and its left part reduces to an incomplete dliptic integral of thefirst kind F (j ,k) [8]. Therefore, instead of
(6), we get:
F ,k)=va+b‘/&t=t, @
2 3m

_/a+d_._ . /a-x_
where k=,|——; ] =arcsin =
atb a+d

From the last expression it follows that:

2=l §1’+— %t k), ®)

ag
where sn(t k) =singam(t ,k)g — Jacobi's elliptical sine [9, 10]. Let’s carry out the passage to the limit in

(8) for b ® 0. For such a variation of the system: d® a; b® ¥; \/a+b\/5® ,/%; t® %\/%t;
k® 0; sn(t ,k)® sint and equal (8) takes the form:

——1 2sin? \/7 ——cos\/i 9)

which agrees with the theory of linear oscHIanrs.
Dependences (7) make it possible to derive a equal for calculating the period of oscillations. If you

putthemin x=0;j =j g =arcsin,/a/(a+d); t=T /4. Thenwearriveat therelation:

: T [2(a+b)b
K e

Fiok) =gy~ 5y

Therefore
3m .
T=8—2"0__F(jok
a+opp 00N {10

and in determining the period of oscillations, tables of an incomplete elliptic integral of the first
kind can be used [10].
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If we pass to the Ilimiting transtion b® 0 to a linear oscillator, k® O,

j o ® arcsin 1/+2 =p /4, Flj 0,.K)® j o then, instead of (10), we obtain the well-known equal:
0 0 0

1‘=2va?. (12)

In the second case, when a2+?- %a—2<0 we have: a—;—b; b=d=2a. Theefore, the
b
expression (5) takes the form of
a du 2b

I_\ f—

OF——— =, —t.
~Na-u(u+2a) \V3m
This integral is expressed in terms of eementary functions. Indeed, after making substitutions
a- u:yz; du=-2ydy; u+2a=3a- yz,weget:

Ja-x dy lI J3a++/a- x \/7
3m

=2 9 = (12)
o 3a-y? V3 V3a-Ja-x
It follows that:
X= aa?L 3th2WtO
& 29

/a
wherew =, |— .
m

As we seg, in the second case the solution of the nonlinear differential equation (1) is expressed in
elementary functions.

For such functions, the equal for the period of oscillations reduces, becausein (12):
NBarE_ 1 VBV ﬁ
J_' "z a J_' "B

So,
T=4/T|n@+ﬁ»5,2678 o,
- a
&, 20
Finally, in thethird case 52—§ a2 +28. §a——>O
4 b 4b2-
Then expression (5) takes the form:
a(‘) du _ [2b,
- S\ 3m ! 13
e igurar ey 1o -
lee 320
where q==ca+—=
28 2bgy

The left part of (13) also reduces to an incomplete eliptic integral of the first kind. Thus, using the
reference book [8], we obtain:

2b

F(j« k)=

wherej « = arctg /%; ke = /%c:;a; g=y(q+a)?+s%.

t=t«, (14)
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In accordance with (14):
X g, 2¢él u
—=1- =tg° a—am(t«,k« ) ;. 15
S oL gan(te k) (15)

Calculation of the period of oscillation reduces to the equal:
3m
T=4 K ), 16
\2bgF ¥ ) (16)
wherey =2arctg /a/qg .

To perform the calculations, we need to use tables of an incomplete dliptic integral of thefirst kind.

In the Ilimiting case, when a® 0, we have : s ®3a2

1
® —a; ® a/3;
. q® ~a; g V3

ke ® % 2++/3=8in75, t« ® /j%bt The equals (15) and (16) are reduced according to:

1- cn / tsm75°
X=1- 3 &V Vam 2,
a e
1+cn Qt,sin?S"i
ANER 2
T=4 / Vam (74,457;sin75°)»6,87 =
b xa ab

where cn(t*,sin75°) — Jacobi’s élliptic cosine.

Previously, such dependencies were derived in [11].
2. Free oscillations of an oscillator with a soft elasticity characteristic. Under the initial
conditions @) in (2) the velocity of the oscillator is described by the expression:

e e Bl

o %\/(a- (b~ X)(x-d). (17)

Hereis arestriction a<a /|b| and the notation is used:

or

2
& o o & 0
\/1 3a 1&3 ag>0:

§2p] g2|b| 5 282p]

1833 ('j \/188351 ('j

“ 282 75 \af2p] " % 2] "

In the case of a soft dasticity characterlstlc, the |n|t|al deflection must %ltlsfy this constraint so that
free vibrations occur.
To obtain the form of displacement of an oscillator, integrate expression (17). Such a transformation
gives:
2 du _ [2]b],

o fa-u)(b- u)(u-a) Vam~

(18)
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In the left part, we have a quadrature that reduces to an incomplete dliptic integral of the first kind
[8]. Therefore, expression (18) takes the form:

Flah)=1 /Wtzx, (19)
"X .o [a-d

As aresult, we get the following displacement equal:

where g =arcsin

1- Qa@-do 2( ,h)
X-_aeb-dpg (20)
a 1. S_dsnz(x,h)

where sn(x,h ) — Jacobi's elliptic sine.
From (19) it follows that:

_ . |b-d_a
where g« =arcsin X— .

T /2|b|(b- d)
Floch)=—,|——1,
(q ) 8 3m
a-d b

Then the period of fluctuationsis:

_ 3m
T=8 /WF(q*,h). (21)

For calculations x/a and T, we aso have to use tables of an incomplete dliptic integral of the first
kind.
Let us find out what the limit transition b ® 0 gives. Inthiscase b® ¥; d® -a; a- d® 2a;

1 |a . & |a 0 . .
h® 0; x® = f—t; g ® p/4; sn(x,h)® sing=, [=t=. Equal (20) goes into (9), and equal (21) —in
2Vm gz m

(1), that is, the nonlinear oscillator becomes linear.
In the limiting case, when a® a /|b|, we have: b® a; d® -0.5a; b/a® 1; ?—3@ 1 and

according to (20):
X ® 1=const. (21)
a

Having received the initial deviation a=a /|b|, the oscillator hangs in this position of unstable
equilibrium. This is how the motion of a quadratically nonlinear oscillator with a soft easticity
characteristic manifests itself in this way.

3. Ogtillations caused by the given initial velocity. Using boundary conditions b) in (2), we can
determine the integration constant in (3) and construct the decoupling again x = x(t) . But, in order not to

perform such actions, we will try to adapt already constructed junctions to new initial conditions. For thisit
is necessary to establish a relationship between max x=a and ug, which is connected with the search for
theroot of the cubic equation:

3 A 2 3m -

a’+—a“- —uj =0.
20" 20 ° (22)
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In this case, one can search for roots by analytical methods [12]. But, the pain is ssmple, we need a
solution to find, according to Newton's scheme, iterations:

A 3m
2+ 2 g Mg
_ 2b 2b ~012

8n+1 = 8n - = a0 ,n=012 .. (23)
3can t— =&,
€" by

As aninitial approximation ag it is advisable to take the smaller of the numbers:

:u\/Eand :3_mu2
ao 03 a9 op 0 -

If, on the other hand, the oscillator has a soft elastic characteristic, then instead of (22) we have to
solve the equation:
a - Eaz +3—mu§ =0.
2]~ 2]b]
Here, also, Newton's scheme can be convenient:

s @ 5, 3m
2™ " 2Jo]

an+1 =@ - ,n=012.., (24)

3gan + 2 2,
§" |bl;

at initial approximation ag =ug /m .
a
With a soft characteristic of dagticity, we haveto limit theinitial velocity by inequality:

Ug <[Uo],
a |a
h = |—.
where [ug] b \3m

In the case when ug =[ug] the amplitude of deflection a=a /|b| and oscillations is absente
So, having calculated the deviations x =a, using the given value ug, the solutions obtained above
can be used to calculate the motion, by replacing in them t by (t -T/ 4) . Calculation of displacements is

carried out for (t2 T /4), and to determine x(t) for smaller ones t, one must use the cyclicity of motion.
In order to verify the validity of the derived equals, let us consider examples for calculations.
Example 1. Let us calculate the displacements of a weakly nonlinear oscillator, to which the initial

velocity ug =2.0656 m/s is given, for, m=2kg, a =3200 N/ m, b =6400 N / m?. To find the initial

deviation, |et's do iteration using equal (23). To do this, we choose an initial approximation of two values:

a :uo\/E »0,0516 m and %:32—?u§ » 0,126 m.
a \/

We take less, that is aj =0.0516 m we accept. Its substitution in (23) and subsequent iterations
yield: g =0.050027 m; ap, =0.050000 m. In this way a=0.05m. Further we find that b» 0.7464;

d » 0.0536; k »0.3607 »sin 21.142°; t » 20.609t . Further calculation x/a is carried out according to
equal (8), using linear interpolation of tabulated values in [10]. In this way, for example, we find that for
t =0.5266 x/a»0.482 andfor t =0.7051 x/a>» 0.144. Based on the series of calculations, we plot the
graph shown in Fig. 1. The dashed part of the graph is obtained as aresult of a symmetric spreading of it to
the left from the ordinate axis to the intersection with the abscissa axis. This part of the graph describes the
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initial stage of the movement from position x=0 to position x=a. It is aobtained purey geometricaly,
without corresponding calculations.

i 05 N o1-7)

-10

Fig. 1. Graph of oscillations of a weakly nonlinear oscillator
with arigid elastic characterigtic

Example 2. In the previous example, let us consider the motion of an oscillator with a small
nonlinearity. Next we analyze the case of essentially nonlinear oscillations, assuming: m=2Kkg,
a=3200N/m, b =32000 N/ m?, a=0,06 m. Thisinitial deviation from the position x=0 can aso be
obtained by giving it the initial velocity ug=2.8397 m/s. For the specified numerical data:

s? =0.001575; g=0.105; g»0.1697; k«»0.9931»sin83.242; g/a»28284; t.»425457t.

Calculations x/a are carried out according to equal (15) from the corresponding linear interpolation of
tabulated data in [10]. So when t« » 0.3562 we get x/a» 0.912, and when t« » 0.7616 -x/a» 0.625.

The results of calculating the movements of the oscillator for others are presented in the form of agraphin
Fig. 2. For comparison, the dotted line shows the graph of the motion of the linear oscillator.

‘x/a

ZO =~

>~
~N

\\
05 \\\

0«0 \\ P
q0 064 128 N\ |12 25  wt

10

Fig. 2. Graphs of vibrations of oscillatorswith a rigid (solid line)
and linear (nuncleline) elagticity characteristics

Example 3. Let's find out how the oscillator moves with a soft elasticity characteristic when it gives
the initial velocity ug=2m/s. For the calculation we accept: m=1kg, a =4800N/m,
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|b|=48000 N / . We calculate the admissible initial velocity [uo]=|%| /3i=4m/s. The initial
m

velocity is less than the admissible one, that is, the condition for free oscillations of the oscillator is
satisfied. To peform iterations according to equal (23). We calculate the initia approximation

aO:uo\/E »0,0289 m. Further substitution of it in (23) and iteration yields: & » 0.0328m;
a

a »0.0327 m. So we accept a=0.0327 m. The calculated numerical data is answered by:

b»0.1440; d »-0.0267; h » 0.5898 » sin36.144°; x » 36.9432t . Further substitution of them into the
equal (20), using the table of an incomplete elliptic integral of the first kind, determines x/a. So,
for x »0.1748 we get x/a»0.964, and for x » 05318 — x/a»0.676. As a result, we plot the
displacement graph shown in Fig. 3.

The dotted part of the graph is obtained in a purely geometric way, namely, by extending the graph
to the left symmetrically about the ordinate axis before crossing with the abscissa axis.

Fig. 3. Displacement of oscillator with a soft elagticity characteristic

Conclusions

1. Analytical solutions of the Cauchy problem for a nonlinear differential equation of motion are
expressed in terms of Jacobi periodic dliptic functions.

2. The derived equals have the ability to calculate the displacements and period of oscillations of a
quadratically nonlinear oscillator, with both rigid and soft elastic characteristics. The reason for the
oscillations may be either the initial deviation of the oscillator from the stable equilibrium position or the
initial velocity in this position.

3. In the case of a soft elasticity characteristic, free oscillations are possible only if the specified
limitations on the initial deviation and on the initial velocity are observed.
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