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1. Introduction

For the first time, an interpolation integral continued fraction (interpolation ICF) was introduced
in [1]. Moreover, in this article the fact has been proved that the introduced there definition of a kernel
is a necessary condition that the integral continued fractions to be interpolative for the functionals
F: L;(0,1) — R on the continual set of nodes

2"(, ") = +ZH (-—&) "Ez()_ﬂji—l('))’ (1)

where Q,n = {2":0 < 21 < ... < 2, < 1}7 §” = (&,&,...,&) € Qun. Here Q[0,1] is the space
of piecewise continuous functions on [0,1] with the finite number of break points of the first type,
zi(z) € Q[0,1], i« = 0,1,..., are arbitrary fixed elements from the space Q0,1], and H(t) is the

Heaviside function.

Sufficient conditions of integral fraction interpolativity (see [1]) were discovered in the work [2].
These conditions state that the substitution rule takes place. In the article [3|, the sufficient conditions
for functional F'(z(-)) were given to fulfill the substitution rule.

For the shortened notation of a finite ICF, we will use following;:

n
ai a; _ai|  as an|
— =D =0t+t =+t
bi+ 2P b b [b b
%
The ICF investigated in [1,2]| has the following problem. In (1) we put z;(z) = z; = const,
i =0,...,n, ©(2) = x = const. Then the interpolation ICF will not transform in a interpolation

continued fraction for a function of a single variable. To solve this problem, in [4] the new class of the
interpolation ICF of the following type has been introduced

Quat) = &+ D5 )

=3

where g, (x fo f21 . fzm ) KL T (2(2) — 21-1(21)) dz.

l
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2 Demkiv ., Ivasiukl., Kopach M.

In [4] it is proved that the necessary condition for interpolativity of ICF (2) for a smooth functional
F(z()) : Q[0,1] — P! on continual nodes set (1) is following: its kernel must be defined by formulas

P 1P TT (e — o (€))7 i@ )
K308 = O i) —eiate) ™ g P
1 1 1 m
()= [ ) [ K E ] (@) ma()da,
q // /Zm [T (stat )~ 1-s(a0) .,

qo(27(-,€7)) = F(xo(")) — F(2P(-,€")) + 1, K§ = F(xo(")),
K{(&") = —(21(&1) — 900(51))_16%117(960(') + H(- = &) (x1(0) —z0("))),
m=12,..., p=2.3,...,n,

and a sufficient condition is holding of the following substitution rule

oP
- p+1/. _p+1
821822...6219 (F(x ( 72 ))‘Zp+1:Zp>
= L (F(a:p"'l( Zp—l—l))) Tp+1(2p) — Tp-1(2p) — n )
N 821822...82p ’ Zp1=2p xp(zp)_l’p—l(zp) , p=1,...,n.

According to [5], for the ICF (2) the following theorem takes place.
Theorem 1. If for a smooth functional F(x(-)) substitution rule (4) holds then the representation

= gilz(-

F(a()) = Plao()) + ) “00) )
i=1

takes place, where kernels qp(z(-)), p = 0,...,n, defined by forlulas (3) and the kernel gn41(z(-)) =

g, 1 (x(-)) satisfy (3) forp=n+1, zpi1(z) = 2(2).

The kernel g%, | (z(-)) can be considered as residual.

The aim of this work is to solve the following problem.

Problem formulation. Let us consider the functional F': L1(0,1) — R! on the continual nodes
set (1) for n = m+1 and suppose that for this functional the substitution rule (4) holds. Then our task
is to construct the interpolant QF_, (z(+)) with k-th twofold nodes using interpolative ICF of Newton
type (2), (3) and prove that the constructed ICF is an interpolant of Hermitian type, i.e.

m+1 m+1
Qrt1 (ﬂfo(') + > (@) =z ()H( — 61)) = F<ﬂ?0(') + > (@) —wa()H( - fl)>= (6)

=1 =1
I+ £+
, m+1
Qm+1 <330( )+ Y (@) = () H(-— él)) Ok()H (- = Ert1)
=1
m+1
=F (ﬂfo( )+ D (@) =z () H( — fl)> ok(VH(- = &k1)- (7)
=1
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Interpolation integral continued fraction with twofold node 3

2. Solution of the problem

Let us consider the functional F: Q[0,1] — P'. At first, we consider the case of two nodes, i.e.
m = 1. Let us consider possible cases according to [6], where the functional has the form F(z(:)) =

3
(f) x(t)dt)’, (1) € Q[0,1].
Case 1. We need to construct an interpolation ICF with the single node z((-) and the double node
x'(-,&1) that satisfies the continual interpolation conditions

QF (z0(-) + (21() — wo(-NH( — &) = F(20(-) + (21() — 20 () H(- — &),
Plzo() + (@1(:) — 2o () H( — &))vi (VH(- — &)
= F'(zo(-) + (x1(-) = 2o(-)H (- — &) v () H(- — &).

Let us consider the interpolants (2), (3) of degree n = 2. We consider a sequence of functions z¢(t),
x1(t), za(t) of the form zo(t), x1(t), z2(t) = xo(t) + av1(t). Since we have three functions then we
will search an interpolation ICF in the following form

We have to find expressions for ¢ (z(-)) and ¢¥(x(+)). Since ¢¥(z(-)) does not depend on x5(2), then

1 V4 — Tl 2
Fe) =) = - | @) Zro(e) O g4y () - ao()H( - —21))dan.

331(2’1) — xo(zl) 821
From (3), we have
/ / —xo(z1) x(22) — z1(22)
r1(21) —@o(21)  wi(22)
q1(zo() + (21() = xo()H( = 21) + a1 (VH(- = 22))
321522 ar(F(zo(-) + (z1(-) = xo(-))H(- — 21) + aro1 (VH(- — 22)) — F(x("))) )

Let us consider a limit for oy — 0. We obtain

)= [ HednC s om0 - A - 2)
2 xl 21

—xo(z1)  vi(22)

X lim ——(F(a:o( )+ (21(:) —2o()H( — 2z1) + a1 (- VH(- — 22)) — F(a:()))_1> dzo dzy

a1—0 o

/ / —z0(21) w(22) — 71(22) (qlE(xO(') il ol ) ) dze dzy.
xl

- Fleo()+ @ (-0 (A1) —F @ ()
zo(z) - vilz) Frlao() (a1 ()0 () HC—z ) or (VA(—22)

Let us check the interpolation conditions. Interpolativity in the node x'(-,&1) = zo(-) + (z1(-) —
zo(-))H(- — &) follows from [4] because ¢f’(z!(-,&1)) = 0. Now we will check interpolativity of the
derivatives. By the definition of derivative by Gato, we have:

QY (wo() + (1(-) — 2o (NH(- — &)1 (VH(- — &)
~ lim Qa(zo(-) + (x1() — 2o () H(- — &) + a1 (VH(- — &))
a1—1 o

—QQ(Z’O(') + (951() o Jf()())H( o 51))) = lim F($0() + (:L'l() - xO())H( B 61) + OZl’Ul(')H(' B 52))7

ar1—1 (&3]
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4 Demkiv ., Ivasiukl., Kopach M.

—F(zo(-) + (z1(-) =20 () H(- = &))) = F'(wo(") + (21(-) — 2o () H (- — &))vi (VH(- — &)

Example 1. Let us consider the functional F'(z ( fo ) z(t) € Q[0,1]. In the case of the
single node zo(+) and the double node z!(-,£;), we have

Q5= [ (1) i)

3

13 /01 (/Ozalco(t) dt + /Zlacl(t) dt>2 (x(21) — zo(21)) d=
* ! 12 I 1 I3 zo(s ds—f21x1(s)ds sz
! 9/0 /Z1 E( (21) = @i z))<( e aoyis + [ eno > (fo s )3>4Ad
where

A= ( /0 wo(t)dt + / 113:1(t)dt>3 << /0 “vo(s)ds + / }1(8)61,9)3 - < /0 ;0(3)d8>3>
9 </1 </Osxo(t)dt + /Slasl(t)dt>2 (w1(s) — xo(s))d8>
« (2 < /0 “vo(s)ds + / }1(s)d8>3+ ( /0 lo(s)dsf).

Case 2. We need to construct an interpolation ICF with the double node x((t) and the single node
xo(+) + (x2(+) — zo(+))H (- — &2), which will satisfy the continual interpolation conditions

Q% (zo() + (w2() = 2o (N H (- = &) = F(w0() + (w2(-) — zo(-))H(- — &),
QY (wo())wo(VH(- — &) = F'(zo())wo(VH (- — &)

Let us represent the sequence of functions xo(t), x1(t), x2(t) in the form xo(t), z1(t) = zo(t) +
aguo(t), z2(t). We will construct an interpolation ICF in the form

(@)
I+ g (a()

At first we build ¢ (z(-)) and ¢¥(z(-)). Using (3), we have

Q7 (2() = Flzo() +

1 —x0(z
q(z(-)) = / MiF(aco(') + agvo () H (- — 21))dz1,

aOUO(Zl) 0z

/ / (21) — :130 21) x(22) — xo(z2) — avo(22)

vo 21 ZL"2(22) - 330(22) - OéOUO(Zz)

( q1(wo(+) + apvo()H (- — 21) + (z2(-) — wo(+) — apvo () H (- — 22))
8»’3152‘2 a1 (F(xo() + aovo(-)H (- — 21) + (z2(-) — 2o(-) — oo (-)) H (- — 22)) — F(z0(-)))

Let us consider a limit for oy — 0. We obtain

> dZQ le .

1 T\(Z1) — ol =2
o) = [ BB () - )

vo(21)
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Interpolation integral continued fraction with twofold node

?)() 21 xg(ZQ) — 330(22) 82’2

/’/ o) ) B = LT (0B () + (wa() ~ ao(DH( ~ )

(zo() + aovo(-)H (- — 21) + (22() — o(+) — agvo(-))H (- — 22)) — F(z0(-))) ' dzp dz

(21) — wo(21) (22) —wo(22) 0 qt (zo() + (w2(-) —2o(-)H(- —
vo(21) xo(2z9) — xo(22) 021029 (F(Io()+(x2() zo())H(—22))— F(l‘o(~)))

Fl(@o(-)+(@2() =20 () H(-=22))vo () H(-—
Let us check the interpolation conditions in the node Z(-,&2)

To do this, we will need following lemma.

X lim ——F
a1—0 o 821

)
2

= 2o(-) + (w2()) = 2o()H (- = &2).

Let the functional F(x(-)) is differentiable by Gato and a linear functional

Lemma 2.
F'(xo(-))u(-) has the representation
1
— [Mute) ar )
0
where M (t) € C[0,1]. Then the following equality
o (m&) (&) d oo Ty _ 4 ) _
i (DEIZIELE p 2 (60,607 - P8 =0 )

takes place.

Proof. Since the functional F(z(-)) is differentiable by Gato then the following equalities hold:

d

——F('(-,&)) = F'(z'(, 51)) H(- = &)(z1()) — zo(")),

d§1 dx J (10)
F(? (0 (6,6)7) = F (2 (. (6,60)7)) g HC =€) @2() = 20().

dé
If we substitute the equalities (10) into the left part of the equation (9) and use the representation

(8) then we have the following equalities:

21(€) —wo(&) d oo )y _ 4

(e P @a) — g P

— 1 M/:E?. N z2(-) — zo(-
_511@1(3:2(51)—%0(51)]?( (€8 ))dle( é1)(2() = o())
d

- B~ ) () 50l
:<2@Lﬁﬂ@F((»mp—Hb%M@U—%W

22(&1) — xo(&1) 1d¢
—F@dﬂmg%HVmeO—%OO

L (&) —x0(&1) o

= 5lllg1 < ) — 1061 / M(t d& — &) (z2(t) o(t))dt

—Akmmam#£Mm@—m@MQ=&

Lemma is proved.
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6 Demkiv ., Ivasiukl., Kopach M.

Let us consider in the notations of Lemma 2 the substitution x;(t) = zo(t) + agvo(t). We obtain

lim <—aovo(-) i
-1\ 22(&) — xo(&1) d&y

Let us denote that the substitution rule (4) has the form

Fxo() + (22()) —20()) H(- — &1)) — %F(!EO( ) + aouo() H (- — 51))> = 0.

d;‘zll (F(zo() + (22(-) = zo(-)) H(- — 21)))

- diF(wO( )+ aguo() H (- — 21) + (22(-) — zo(-)aovo(-) H(- — 22)) r _(:EO)(zl).
A1 zo=21 QU 21

Let us make necessary calculations.

IZL'Z — Xl Z
L¢P (E( &) = A—iﬁ—éiﬁﬁwﬁuwmww«—m»wy

Uo(zl) 621

/1 xg(zl) —1‘0(2’1) lim 1 1 82

vo(zl) ao—=0 g J, 021029

2. ¢y (E(-£2))

( Q1 (- +0<01)0( JH (- = 21) + (w2(-) — 20(") — oo (1)) H (- — 22)) >d2:2 iz
)+ aguo(-)H (- — 21) + (22(") — z0(-) — agvo(-))H (- — 22)) — F(x0("))
/ xg - 1‘0 2’1 li 1 8
£ vo 2’1 a0—>0 Qq (92’1
q1(zo(+) + aguo () H (- — 21) + (z2() — 2o (-) — apvo(-))H (- — 22)) ' iz
F(zo(-) + aovo() H (- = 21) + (22() = 20(") — aovo()) H (- = 22)) = F(z0(")) /| _
:/1 za(z1) —wo(z1) 1 9 q1(wo(-) + aovo () H (- — 21)) iz
& vo(21) an—0 ag 0z1 F(o(-) + aguo(-)H(- — 21)) — F(zo(-))
_/1 :Eg(Zl) —l’o(zl) lim 1 8
& Uo(zl) ap—0 O 621
( q1(wo() + agvo()H (- — 21) + (z2(-) — 20()) — oo (")) H (- — 22)) 1 iz
F(xo(-) + aguo(-)H (- — 21) + (z2(-) — wo(+) — agvo(-)) H (- — 22)) — F(zo(- _—

__/1 a(z1) —xo(z1) o 1 gy (F(20(") + aquo(-) H(- — 21)))
Ja o w(z) as0ag \ Fao() + (22() — 20()H (- — 21)) — Flao())

+af (20() + (22() = 20 () H (- — 21))

o5z (F00) + aowOH( —21) + (20) —ao() —eomOHC =),
) (F(xo() + (@2(-) — 20()H(- — 21)) — F(ao())? “
v e (Y (o Juo (VH (- — 21))

Je, Fzo() + (w2() — o ()H(- — 21)) — F(x0("))
1 /1 aF (xo() + (22() = 20 () H (- — 21)) 5= F(wo () + (22(-) — 2o () H(- — 21))

& (F(xo(-) + (z2(-) — zo(") :

L RO (F o) () H (- — 21))

vo(21)

Je Fzo() + (x2() — 20()H(- — 21)) — F(ao(-))
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Interpolation integral continued fraction with twofold node 7

l’Q 81 —ZE(] 31) d
+a;m0 - /62/ o0Ge) dslf(xo()Jrao’uo( YH (- — 21))dsy

X a—zl(F(xo( )+ (22(") — o("))H (- — 21))) " 'dz1.
In the last equality, we use the substitution rule. Now we calculate the last integral. We obtain

) [ 0O - 2)
2 (x(,§2)) = —

e Flxo(-) + (22(-) — 20 () H(- — 21)) = F(zo("))

le

1(13 S§1) — TS
X (o) + () = 2ol DH( — 22))) :;

L PO (F (v (H( — 1)) .
" Je, Flzo() + (22() — wo(NH( — 21)) — Flzo())

o e n) d piag () + aguo () H (- — #1))dsy
+ lim — [ 1 (51)

a1 F(ao() + (@2() — () H( — 1)) — F(zo()

B 612 %L&F( o(-) + aguo () H (- — zl))dsl)

F(zo(-) 4 (w2(-) — xo(-)) H(- — &)) — F(zo(-))
fl x2(s1) xo(81) d g

vo(s1) ds1

—

zo(-)vo () H(- — z1))ds1

 Flao() + (w2() —20()H( — &)) — F(xo())
14 gt (wo() + (22(-) — 2o () H(- — &)) .
F(xo(-) + (w2(-) = 20(-))H(- — &2)) — F(20("))

Here we calculate the limit using L’Hopital’s rule, Lemma 2 and Q¥ (zo(-)+(z2(:)—x0(-)) H(-—£2)) =
F(zo(-) + (x2(-) — xo(:))H(- — &2)). Therefore, the first interpolation condition takes place. Now we
check interpolativity of derivatives. Using the definition by Gato, we have

Q5 (wo(-))vo(-) H(- — &) = lim kX (QF (wo(-) + ago(VH (- — &)) — QF (wo(-)))

ag—0 (7))

. 1
= Jim 2o (F(zo() + aovo()H( = &1)) = Flzo())) = F'(zo(-))vo(VH (- = &).
The second condition also holds. Now we will find a form of interpolation ICF if z¢(z) = z¢ = const,
x9(z) = w9 = const, x(z) = x = const. From [5], we obtain that for n = 2 the interpolation ICF has

the form .
Qo(() = Fla()) + —E= w0
1= T et (1- 12

=1

F(zg)—F(wo)

where Fp = e k = 1,2. The sequence of nods xg, x1, ro we will represent in the form xg,
r1 = To + g, X2, where ag € R. After some transmutations and if ag — 0 we obtain

@), @)

Qfia(a()) = Flag) + 170 + 0L

where q{f(aj) = (x — x0)F'(z0), ..., qf(a:) == (fg_—?o) (1 - F;%O))
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8 Demkiv ., Ivasiukl., Kopach M.

Example 2. Let us consider the functional of the following form F(x ( x(t )
x(t) € Q[0,1]. If we have the double node z((t) and the single zq(-) + (z2(-) — xo( )) (- —¢&) then
1 2

Q5 = ( | 2() dtf’
3 </x(t)dt> /01(95(21) — x0(21)) dzy
</ dt) / / i) — wo(21)) << <f022 zo(s)ds + [, w2(s ds)
21 =1
0

(t)dt + [, wa(t ) —(folxo(t)dt>3>3

Bdz?,

where

B= </0 ()dt+/ ><</0 zo(t dt+/ ()dt>3—</olxo(t)dt>3>
—2/221(3;2(21)—330 (21))d21 (2 </0 dt+ 1 ()dt>3+</ola:0(t)dt>3).

3. The general solution

Let us denote by D,; dzd = dzjdzj_1 . ..dz1;

= 821822 .0z )

ey = DB o) = Plap() - P ) 41 k=1

Let us consider the interpolants (2), (3) of degree m + 1. We represent the sequence of functions (%),
x1(t), ..., Tm41(t) in the form

330(75)7 :L'l(t)7 I 7$k(t)7 xk—i—l(t) = :L'k(t) + Oék’[)k(t), $k+2(t)7 s 733m+1(t)7 (11)
where oy, € R,vi(t) € Q[0,1]. Then
m+1

2 = 2o () + YD H( = &) (@) — 21 () + arve H (- — &),
i
§m+1 (&1,82, - Emt1) € Qmtr = {2m+1: 0<z <...2;m41 < 1}

Let us substitute the expression (11) into formulas (2), (3) for n = m+1 and find a limit if o — 0.
Let us suppose that the respective Gato derivative exists and the substitution rule (4) holds. Having
made necessary calculations, we obtain the ICF QF_ (z(+)) of the form

m+1 E

QL (x() = +D il (12)

where

L ¢ (2(-) = qi(=()) for 1<

2. qf" (x( // /Zk+1 (2k+1) — Tr(2841)) - - /1 (13)

l

D (fz,(wl(',zl))F'(wl(',zl))H(' - Zk-l—l)) H () = i () dz'.

i=liitk+1 ziz) = @i (2)

Mathematical Modeling and Computing, Vol. 6, No. 1, pp. 1-13 (2019)



Interpolation integral continued fraction with twofold node 9

Here if [ = 2p
2p
a5 <9€0(’) + > H( =& (@) —ﬂfi—l('))>
i

=1
z?ék-l-l

2
<F< o() + Z H( —éz)(ivz()—fvi—l('))) —F(ﬂfo('))>

=1
i£k+1

1 (wo(') + Z H(- = &) (i) — xi—l(-))> vk(VH (- = 2x41)

and if [ =2p+1

2p+1
a5 <330(')+ > H('—ﬁz’)(iﬂi(')—iﬂi—l(')))
ik -
ZF/<330(’)+ > H('—&)(ﬂfi(')—ﬂfi—l(‘))>vk(’)H(‘—Zk+1)-
i#hh

Theorem 3. Let the substitution rule (4) takes place and integrals (13) exist on Q[0,1]. Then the
continual interpolation conditions (6), (7) take place for interpolant of the Hermitian type and it does
not depend on direction of differentiation.

Proof. According to [4] equality Qm+1 (z™ (-, &™) = F (2™ F1(-, ™)) takes place. Taking into
consideration (11) we have that Qm41 (™1(-, &™) = F (21(-,€™%1)). In the last equality we
consider limit if a; — 0 and obtain (6).

Now we prove interpolativity of derivatives. By definition of Gato derivative we obtain

=y (33 +Z (1) — -1 () H ('—Ez)> vpH (- = &kt1)

k
= lim <QE¢+1 (330(') + Z(xl(') — 21 () H( = &§) + apvp () H (- — §k+1))
=1

Qp—>

k
—QﬁH(!Eo () + D (@) =z ()H ('—Ez)>>
=1

k
= lim < < )+ (@) =z )H(-—él)+akvk(')H('—£k+1))
=

ap—0

k
- F <9€o(‘) + ) (@) = m—a () H(- - fl)))
k
=F (:Eo(') + ) (@() =@ () H(- — Ez)) VR H (- — &t1)-

Therefore the condition (7) takes place. For construction of the function ¢ (z(-)), we use vg(zx4+1) in

the kernel Zrt1)—2e(zre1) o0
vk (2k41)

k
F (330(') + ) () = () H (- — 51)) opH (- = k1)
=1
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10 Demkiv ., Ivasiukl., Kopach M.

ifk+1<I<m+1. So the function

oF (@() = (—1)! /01 /211.../21;1(%(2/&—1—1)_mk(z’k—l—l))-.,/;l

I
Dat (fl/(‘rl("zl))F,("El(‘azl))H(' - Zk+1)) I1 wlai) = Lo () g

xz(Zz) - wi—l(z’i)

does not depend on direction of differentiation. Here if [ = 2p then

2p
q(]E(xo(-H Z H('—&)(wi(')—wi—l('))>
iAhh1

2p 2
=— <F (!Eo(') + > H( = &) (i) - !Ei—l('))> - F(JJO(‘)))
ik

and if [ =2p+1
2p+1
% (wo(') + > H(—&) (@) —wi—l('))> =1

The theorem is proved. [

Case of functions of a single variable

Let us find a representation of a interpolation ICF (12), (13) if z;(z) = x; = const, i = 0,...,m + 1,
x(z) = x = const. The next theorem takes place.

Theorem 4. The continued fraction

m+41

qi\T
Qur(z) = Flag) + ) 12 (1)
i=1
is a interpolation fraction for the function F(zx): [a,b] — R with nods z; € [a,b], i = 0,...,m + 1,
where
2 r—x
— 2
qi(z) = (& —z0)For, @) = — [[ ———(1 — fa(@2)),. ..,
T2 T Tl
l
r—Tj-1
q(z) = — 1= fil@));
@ =115 =550 )
_ For, A 6-i(@) _ L
folz) =22 file)=1]) ., qo(x) = F(wo) — F(z) —1; 1=3,4,...,m+1, (15)
F02 =1 1
F —F
Foy = (z1) — F(zo) 1.2,
Ty — X
We will represent a sequence of the nods xg, x1, ..., Tme1 in the form zg, x1, ..., T, Tpr1 =
Tk + Qky Tkt2, - - - , Tm+1, Where a; € R.
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After some transformations and if o, — 0 we have

2
of (@)= (@) = (@~ a0 af (@) = (@) = ~[[ 200 fle)): o
i=1 =

k .
of (@) = @) =~ [[ =0~ fuler))s @)= Dy @) = fula);
i=1 i
T — Tg

k
E . T — Ti—1 E
g 1(x) = lim H = fig1(Trs1
Fale) = m ) [0 o)

~ i Tk T —Ti—1 qg(ﬂ?k-i-ak) B >

_alk—>0 Qg ZHZEkHJrOék—wz 1 <f;f(9€k+04k)—1 !

i 2 T e G on) = () — (e on) = S )
v (@1 + o — 1) (ff (2 + ) — 1)

ap—0

=1 (16)

b r—ai ¢F (@
:(a:—a:k)Hx Z_lqk(k() ()7

T — Tij—1 f]f? :Ek)

) k
E (z — ) L —Ti—1 E
q T) = — | | (1—f Tpio)); ...
k+2( ) xk—i—Z —ﬂfk 2 P Thto — Ti_1 k+2( + ))7 3

B AR r—xn \2 i T — Ti_1 B
Eol) =— ] = )11 (1= (o).

jokto Trtl T Ej N\l = Tk /S Tl = Liel
p E
()
fo(@) = D+ wol@) = Flao) = F(a) — 1,

i=1

n+l1 F
“(x
Q1 (x) = Fzo) + D qll( ), p=k+2,...,n+1.

i=1

Theorem 5. The continued fraction (16) is the interpolation fraction for the function F(x): [a,b] —
R with nods z; € [a,b], i =0,...,n, and satisfy the interpolation conditions

/ .
QFi(xi) = Flzi), QFyr (mk) =F'(zx), appr=ak, 1<k<n+1, i=0,...,n+L

Proof. According to Theorem 4, we have Qfﬂ(a:,-) = F(x;), xp+1 = x, 1 = 0,...,n+ 1. Let us check
interpolativity of derivative for

Q) (e1) = lim 1<@n+1<mk+ak> Q1 (2)) = Tim ——(QF.y (a + o) — QF 1 (a0)

ar—0 ap—0 o

. 1
= lim —(F(zp + og) — F(x1)) = F'(xp).
ap—0 o
| |
Let us consider a partial case of a double node. Let z( is a single node and x; is a double node.
From (16) we have that

E T E T

QE (a() = Flzo) + L |<1 )|, o |<1 I} B
&(x() = — (x —z0)(z —x1) (21 — 20)F'(21) — (F(21) — F(20))
2 T1 — o (x1 — z0)(F (1) — F(20)) )

where ¢ (z(-)) = M(F(gnl) — F(x9)).

T1—x0
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The fraction (17) is the interpolation fraction for the function F(x) : [a,b] — R with nods xg, =1
and satisfy interpolation conditions

Q¥ (x0) = Flwo), QF(21) = F(z1), QF (21) = F'(a1). (18)

Interpolativity of a function in the nodes xg, x1 it is easy to prove by checking conditions. The
third interpolativity condition (18) follows from following equalities

QF (x1 + a2) — QF (21)

g/(xl) = lim

as—0 Qa9
1 Ry + ag(r + a — ap)BTEE (éll)__éoF)(le)_F(IO)) )
= lim — 7 = F'(z1).
az—0 (o 1+ q5 (:E1 + 042)

4. Conclusion

The problem of construction of an interpolation ICF is solved. The constructed ICF satisfies the
interpolation conditions. We have shown that the constructed interpolants of the Hermitian type do
not depend on a direction of differentiation, are unique and have property of the ICF of a corresponding
degree. Also it is proved that the obtained interpolation ICF is the logical generalisation of interpolative
continued fractions for a function of a single variable. The corresponding proofs were given in examples.
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IHTepnonsiyiiHnin IHTerpanbHWiIA NaHulrosnin apio
3 OBOKPATHUM BY3/10M

JHemkisI.!, Iaciok .2, Komaua M.2

! Haugonanvruti ynisepcumem “/Ivsiecvra noaimexrnixa”,
eyn. C. Bandepu, 12, JIvsis, 79013, Yxpaina
2 [Ipukapnamevrutd HayionarvHud yHisepcumem imens Bacuasa Cmedarnuxa,
eya. Hlesuenxa, 57, Isarno-Ppankiscor, 76018, Yrpaina

s dyHKIiionasa, 3aaHOr0 Ha, KOHTUHYAJbHINT MHOXKWHI BY3JIiB Ha IiJICTaBl paHimre mo-
OYZI0BAHOTO IHTEPHOJISIIIIHHOTO IHTErPAJIBLHOIO JAHITIOroBoro a1pody tuny Herorona, mody-
JIOBAHO Ta JIOCJI/I2KEHO iHTEPIIOJSHT 3 k-UM JBOKPATHUM By3J0M. loBesieHo, 1110 1obymno-
BaHWi iHTerpaJbHuil JIaHoroBuit api6 Oyme iHTepnossaToMm Tuiy Epwmira.
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