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A plane axisymmetrical coupled dynamic problem of thermomechanics for an electro-
conductive hollow cylinder under homogeneous non-stationary electromagnetic action is
formulated. To construct its solution, the approximation of the determining functions —
the axial component of the magnetic field strength vector, the temperature, and the radial
component of the displacement vector with respect to the radial variable — by cubic poly-
nomials is used. As the result, the initial-boundary problem for determining functions is
reduced to a Cauchy problem with respect to the time variable for the integral characteris-
tics of these functions. The expressions of integral characteristics are obtained in the form
of a convolution of functions describing the uniform solutions and the given limit values
of determining functions. As an example, the amplitude-frequency characteristics of the
radial stresses in the given cylinder are analyzed numerically, with taking into account the
connectivity between the temperature and the displacement fields as well as without such
accounting.
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1. Introduction

In exploitation of many devices, whose constructive element is a hollow electroconductive cylinder, such
cylinder is subjected to the influence of non-stationary electromagnetic fields (EMF), including the one
of the impulse nature [1]. Impulse electromagnetic field creates the volume non-stationary Joule heat
sources Q and ponderomotive forces F [2–6] in the cylinder. These two physical factors contribute to
the appearance of the non-stationary temperature field T and the field of mechanical movements U .
These fields are interconnected in general. In [2, 7–9] the investigation of thermostressed state (TSS)
of a layer with plane-parallel boundaries under the heat action, under the induction heating caused by
the steady EMF and under the action of impulsed EMF on account of thermostatic energy dissipation
process is presented. However, the influence of impulsed EMF on thermomechanical behavior of the
hollow cylinder taking to account the process of thermostatic energy dissipation was studied not enough.

In this paper, the mathematical formulation of the coupled dynamic problem of thermomechanics for
a long hollow electroconductive cylinder under the homogeneous non-stationary electromagnetic action
is considered. The method of its solving uses an approximation of distributions of all key functions
over the thickness of the cylinder in radial variable r by cubic polynomials and the integral Laplace
transform in time t. The thermomechanical behavior of the cylinder under the electromagnetic impulse
(EMI) action accounting the process of thermostatic energy dissipation and without such consideration
is numerically investigated.
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2. Mathematical formulation of the problem

Let us consider a long hollow electroconductive cylinder reffered to the cylindrical coordinate system
(r, ϕ, z), the axis Oz of which coincides with the axis of symmetry of the cylinder. The material of
the cylinder is homogeneous, isotropic and nonferromagnetic, and its physical and mechanical charac-
teristics are constant. The cylinder is under the action of non-stationary EMF, which is given by the
values of the axial component Hz of the magnetic field stress vector H(r, t) on the inner r = r0 and
outer r = r1 surfaces of the cylinder

Hz(r0, t) = H−
z (t), Hz(r1, t) = H+

z (t). (1)

Here H±
z (t) is the given time t functions. The surfaces r = r0 and r = r1 of the cylinder are heat

insulated and free of power loading.
Under these conditions, the estimated model for determination of thermostressed state of the cylin-

der has two stages: at the first stage from the equations of electrodynamics the magnetic field stress
vector H in the cylinder and caused by it Joule heat ejection Q and ponderomotive forces F are deter-
mined and at the second stage from the equations of connected dynamic problem of thermoelasticity
the temperature field T and the radial component Ur(r, t) of the movement vector U = {Ur(r, t); 0; 0}
and the corresponding components σjj (j = r, ϕ, z) of the stress tensor σ̂ are determined.

Based on the Maxwell’s equations the nonzero axial component Hz(r, t) of the magnetic field stress
vector H = {0; 0;Hz(r, t)} can be determined from the equation

∂2Hz

∂r2
+

1

r

∂Hz

∂r
− σµ

∂Hz

∂t
= 0 (2)

under the boundary conditions (1) and zero initial condition

Hz(r, 0) = 0. (3)

Here σ is the electroconductivity coefficient, µ is the magnetic penetration of material of the cylinder.
Using obtained function Hz(r, t) the specific densities of Joule heat ejection Q(r, t) and pondero-

motive force F = {Fr(r, t); 0; 0} are presented in the form

Q =
1

σ

(
∂Hz

∂r

)2

, Fr = −µHz

∂Hz

∂r
. (4)

The temperature T (r, t) and radial component Ur(r, t) of the movement vector are determined from
the system of equations for the connected dynamic problem of thermomechanics for the cylinder

∂2T

∂r2
+

1

r

∂T

∂r
− 1 + εx

κ

∂T

∂t
− ε∗

1 + 2ν

καE

∂2Ur
∂t∂r

= − 1

λ
Q,

∂2Ur
∂r2

+
1

r

∂Ur
∂r

− Ur
r2

− 1

c2
∂2Ur
∂t2

= α
1 + ν

1− ν

∂T

∂r
− (1 + ν)(1 − 2ν)

E(1− ν)
Fr

(5)

Here κ, λ, ν, α are the temperature and the thermal conductivity coefficients, Poisson’s coefficient,
the linear thermal expansion coefficient; E is the Young’s constant; ρ is the density of material of
cylinder; c =

√

E(1− ν)/ (ρ(1 + ν)(1− 2ν)) is speed of elastic wave of expansion; ε∗ is the parameter
that characterizes the connectivity of strain and temperature fields.

The system (5) is solved under the boundary conditions

∂T (r0, t)

∂r
= 0,

∂T (r1, t)

∂r
= 0 (6)
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of heat insulation of surfaces r = r0 and r = r1, conditions of absence of power loading on these
surfaces

∂Ur(r0, t)

∂r
+

ν

1− ν

Ur(r0, t)

r0
= α

1 + ν

1− ν
T (r0, t),

∂Ur(r1, t)

∂r
+

ν

1− ν

Ur(r1, t)

r1
= α

1 + ν

1− ν
T (r1, t)

(7)

and also zero initial conditions.

T (r, 0) = 0, Ur(r, 0) = 0,
∂Ur(r, 0)

∂r
= 0. (8)

From the resulting functions T (r, t), Ur(r, t), the radial σrr, circular σϕϕ and axial σzz components of
the stress tensor were determined by the expressions

σrr =
2E

1− 2ν

[

(1− ν)
∂Ur
∂r

+ ν
Ur
r

− α(1 + ν)T

]

,

σϕϕ =
2En

1− 2ν

[

(1− ν)
Ur
r

+ ν
∂Ur
∂r

− α(1 + ν)T

]

,

σzz = ν (σrr + σϕϕ)− αE(1 + ν)T. (9)

3. The method of solving the problem

To construct the solutions of the described above initial boundary value problems of electrodynam-
ics (1)–(3) and connected thermoelasticity (5)–(8), we use an approximation of determining functions
in radial variable by cubic polynomials [10].

Solutions of defined above initial boundary value problems of electrodynamics (1)–(3) and connected
thermoelasticity (5)–(8) were constructed using an approximation of determining functions Φ(r, t) =
{Hz(r, t), T (r, t), Ur(r, t)}, in radial variable by cubic polynomials

Hz(r, t) =

3∑

i=0

ai(t)r
i, (10)

T (r, t) =

3∑

i=0

bi(t)r
i, (11)

Ur(r, t) =

3∑

i=0

ci(t)r
i. (12)

The coefficients ai(t), bi(t), ci(t) of approximation polynomials (10)–(12) are taken in the form of linear
combinations

ai(t) = ai1Hz1(t) + ai2Hz2(t) + ai3H
+
z (t) + ai4H

−
z (t), (13)

bi(t) = bi1T1(t) + bi2T2(t), (14)

ci(t) = ci1Ur1(t) + ci2Ur2(t) + ci3T (r0, t) + ci4T (r1, t) (15)

and integral characteristics of axial component Hz(r, t) of the vector H

Hzs(t) =

∫ r1

r0

Hz(r, t) r
s+1dr, s = 1, 2, (16)
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the temperature T (r, t)

Ts(t) =

∫ r1

r0

T (r, t) rs+1dr, s = 1, 2, (17)

the radial component Ur(r, t) of the vector U

Urs(t) =

∫ r1

r0

Ur(r, t) r
s+1dr, s = 1, 2 (18)

and functions that describe the limit values of determining functions Φ(r, t) on the surfaces r = r0 and
r = r1 of the cylinder.

The equation for finding integral characteristics Hzs(t) (s = 1, 2) of the function Hz(r, t) is obtained
by integration of the equation (2) according to the formula (16) and using expressions (10), (13). As
a result, the system of equations for functions Hzs (t) was obtained







dHz1(t)

dt
− d1Hz1(t)− d2Hz2(t) = d3H

+
z (t) + d4H

−
z (t),

dHz2(t)

dt
− d5Hz1(t)− d6Hz2(t) = d7H

+
z (t) + d8H

−
z (t),

(19)

which according to (3) is solved for zero initial conditions.
Here

dl =
1

σµ

3∑

i=1

αi1ail, dl+4 =
1

σµ

3∑

i=1

αi2ail, l = 1, 4;

αi1 =
i2
(
ri+1
1 − ri+1

0

)

i+ 1
, αi2 =

i2
(
ri+2
1 − ri+2

0

)

i+ 2
.

Bt integrating the system of equations (5) according to the expressions (17), (18) and using the
representations (11), (12), (14), (15) we obtain the following system of four interconnected equations
to determine the integral characteristics Ts(t) and Urs(t), temperature T (r, t) and radial movements
Ur(r, t). 





d∗3
dur1
dt

+ d∗4
dur2
dt

+ β1
dT1
dt

− d∗1T1 − d∗2T2 = R1(t),

d∗9
dur1
dt

+ d∗10
dur2
dt

− d∗7T1 + β1
dT2
dt

− d∗8T2 = R2(t),

d∗13ur1 + d∗14ur2 −
1

c2
d2ur1
dt2

= Φ∗1(t),

d∗17ur1 + d∗18ur2 −
1

c2
d2ur2
dt2

= Φ∗2(t).

(20)

Here

R1(t) = Q1(t)− d∗5
dT (r0, t)

dt
− d∗6

dT (r1, t)

dt
;

R2(t) = Q2(t)− d∗11
dT (r0, t)

dt
− d∗12

dT (r1, t)

dt
;

Qs(t) =
1

λ

∫ r1

r0

Q(r, t)rs+1dr, s = 1, 2; Φ∗s(t) =

∫ r1

r0

Φ∗(r, t)r
s+1dr, s = 1, 2;

Φ∗1(t) = Φ1(t)− d∗15T (r0, t)− d∗16T (r1, t); Φ∗2(t) = Φ2(t)− d∗19T (r0, t)− d∗20T (r1, t);

Φs(t) =

∫ r1

r0

Φ(r, t)rs+1dr, s = 1, 2; Φ(r, t) = β3
∂T

∂r
− β4Fr,
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where

β1 =
1 + ε∗
κ

, β2 =
1 + ν

καT
, β3 = α

1 + ν

1− ν
, β4 =

(1 + ν)(1− 2ν)

E(1 − ν)
;

d∗1 =
3∑

i=1

αi1bi1, d∗2 =
3∑

i=1

αi1bi2, d∗3 = β2

3∑

i=1

αi3c21,

d∗4 = β2

3∑

i=1

αi3c22, d∗5 = β2

3∑

i=1

αi3ci3, d∗6 = β2

3∑

i=1

αi3ci4,

d∗7 =
3∑

i=1

αi2bi1, d∗8 =
3∑

i=1

αi2bi2, d∗9 =
3∑

i=1

αi4c21,

d∗10 =
3∑

i=1

αi4c22, d∗11 = β2

3∑

i=1

αi4ci3, d∗12 = β2

3∑

i=1

αi4ci4,

d∗13 =
3∑

i=1

ci1

(

αi1 −
ri+1
1 − ri+1

0

i+ 1

)

, d∗14 =
3∑

i=1

ci2

(

αi1 −
ri+1
1 − ri+1

0

i+ 1

)

,

d∗15 =
3∑

i=1

ci3

(

αi1 −
ri+1
1 − ri+1

0

i+ 1

)

, d∗16 =
3∑

i=1

ci4(αi1 −
ri+1
1 − ri+1

0

i+ 1
),

d∗17 =
3∑

i=1

ci1

(

αi2 −
ri+2
1 − ri+2

0

i+ 2

)

, d∗18 =
3∑

i=1

ci2

(

αi2 −
ri+2
1 − ri+2

0

i+ 2

)

,

d∗19 =
3∑

i=1

ci3

(

αi2 −
ri+2
1 − ri+2

0

i+ 2

)

, d∗20 =
3∑

i=1

ci4

(

αi2 −
ri+2
1 − ri+2

0

i+ 2

)

;

αi3 =
i
(
ri+2
1 − ri+2

0

)

i+ 2
, αi4 =

i
(
ri+3
1 − ri+3

0

)

i+ 3
.

According to the conditions (8), the system of equations (20) is solved for zero initial conditions on
integral characteristics Ts(t) and Urs(t) of temperature T (r, t) and radial motions Ur(r, t).

To find solutions of the Cauchy problem for functions Hzs(t), Ts(t) and Urs(t) that are described
by systems of equations (19) and (20) at zero initial conditions on these functions, the integral Laplace
transform in time variable t is applied to equations of systems (19) and (20). Then systems of algebraic
equations regarding to transformants of the functions Hzs(t), Ts(t) and Urs(t) are obtained







(p − d1)Hz1(p)− d2Hz2(p) = d3H
+
z (p) + d4H

+
z (p)

−d6Hz1(p) + (p− d6)Hz2(p) = d7H
+
z (p) + d8H

−
z (p),

(21)







d3pur1 + d4pur2 + (β1p− d1)T1 − d2T2 = R1(p),

d9pur1 + d10pur2 − d7T1 + (β1p− d8)T2 = R2(p),

(
p2

c2
− d13

)

ur1 − d14ur2 = Φ∗1(p),

−d17ur1 +
(
p2

c2
− d18

)

ur2 = Φ2(p).

(22)
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Here p is the parameter of Laplace transform, and the top line describing the Laplace transformants
of the respective functions.

The systems (21) and (22) are solved by Cramer’s rule. We use Theorems of expansion and of the
functions convolution to the obtained transformants of solutions of these systems. As the result the
solutions of (19) are obtained in the form

Hzs(t) =

2∑

k=1

∫ t

0

[
H+(τ)Bs1(k) +H−(τ)Bs2(k)

]
epn(t−τ)dτ, s = 1, 2 (23)

where

B11(k) =
d3(pk − d6) + d2d7
2pk − (d1 + d6)

, B12(k) = H−(τ)
d4(pk − d6) + d2d8
2pk − (d1 + d6)

,

B21(k) =
d7(pk − d1) + d3d5
2pk − (d1 + d6)

, B22(k) = H−(τ)
d8(pk − d1) + d4d5
2pk − (d1 + d6)

,

pk are the roots of the characteristic equation p2 − p(d1 + d6) + d1d6 − d2d5 = 0.
Solutions of the system (20) have been written in the form

ur2(t) =
6∑

n=1

∫ t

0

[
A3(pn)Φ2(τ)−A4(pn)Φ1(τ)

∆′(p)

]

epn(t−τ)dτ,

T1(t) =

6∑

n=1

∫ t

0

[
A5(pn)Φ1(τ)−A6(pn)Φ2(τ) +R1(τ)A7(pn)−R2(τ)A8(pn)

∆′(pn)

]

epn(t−τ)dτ,

T2(t) =

6∑

n=1

∫ t

0

[
A10(pn)Φ2(τ)−A9(pn)Φ1(τ)−R1(τ)A11(pn) +R2(τ)A‘12(pn)

∆′(pn)

]

epn(t−τ)dτ. (24)

Here

A1(p) =
β21
c2
p4 − β1(d1 + d8)

c2
p3 +

(
d1d8 − d2d7

c2
− d18β

2
1

)

p2 + β1d18(d1 + d8)p+ d18(d2d7 − d1d8),

A2(p) = −β21d14p2 + β1d14(d1 + d8)p − d14(d1d8 − d2d7),

A3(p) =
β21
c2
p4 − β1(d1 + d8)

c2
p3 +

(
d1d8 − d2d7

c2
− d13β

2
1

)

p2 + β1d13(d1 + d8)p+ d13(d2d7 − d1d8),

A4(p) = −β21d17p2 − β1d17(d1 + d8)p + d17(d2d7 − d1d8),

A5(p) = −β1d3
c2

p4 +
d3d8 − d2d9

c2
p3 + β21 (d3d18 − d4d17) p

2

+ (d2d9d18 − d2d10d17 − d3d8d18 − d4d8d17) p+ d3d8d18,

A6(p) =
β1d4
c2

p4 +
d2d10 − d4d8

c2
p3 + β1 (d3d14 − d4d13) p

2 + d13 (d4d8 − d2d10) + d14(d2d9 − d3d8) p,

A7(p) =
β1
c4
p5 − d8

c4
p4 − β1(d13 + d18)

c2
p3 +

d8(d13 + d18)

c2
p2

+ β1(d13d18 − d14d17)p+ d8(d14d17 − d13d18),

A8(p) = −d2
c2
p4 +

d2(d13 + d18)

c2
p2 + d2 (d14d17 − d13d18) ;

pn are the roots of the characteristic equation

∆(p) = a6p
6 + a5p

5 + a4p
4 + a3p

3 + a2p
2 + a1p

1 + a0 = 0, (25)
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where

a0 = d∗2d
∗
7d

∗
14d

∗
17 − d∗2d

∗
7d

∗
13d

∗
18 + d∗1d

∗
8d

∗
13d

∗
18 + d∗1d

∗
8d

∗
14d

∗
17,

a1 = β1(d
∗
1 + d∗8)d

∗
14d

∗
17 − β1(d

∗
1 + d∗8)d

∗
13d

∗
18,

a2 =
d∗2d

∗
7(d

∗
13 + d∗18)

c4
− d∗1d

∗
8(d

∗
13 + d∗18)

c2
+ β21(d

∗
13d

∗
18−d

∗
14d

∗
17),

a3 = −β1
c2

(d∗1 + d∗8)(d
∗
13 + d∗18),

a4 = −d
∗
2d

∗
7(d

∗
13 + d∗18)

c2
+
d∗1d

∗
8

c4
+
β21
c2

(d∗13 + d∗18),

a5 = −β1
c4

(d∗1 + d∗8), a6 = −β
2
1

c4
.

Substituting expressions (23)–(24) into (10)–(15), we obtain the general solution of the coupled
problem of thermomechanics for the considered electroconductive cylinder under homogeneous non-
stationary electromagnetic action.

4. Investigation of amplitude-frequency characteristics of radial stresses under ampli-
tude modulated radioimpulse (AMRI)

The AMRI action is mathematically described by the function [11]

H±
z (t) = kH0

(

e−β1t − e−β2t
)

cosωt. (26)

Here k is a normalizing factor; H0 is the maximum value of the magnetic field stress on the surfaces
r = r0 and r = r1; β1 and β2 are parameters corresponding to times of fronts growth τiner and decay
τdecr. of AMRI; ω is the frequency of withstanding electromagnetic waves. Substituting (26) into the
obtained expressions of integral characteristics (23)–(24) and using formulas (10)–(15) we can write
down the solution of the problem of thermomechanics for the considered electroconductive cylinder
under the AMRI action.
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0.024 
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222

0
/mPa,/ AHσ

F
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6−

⋅ω  

s 

s 

s 

Fig. 1. Amplitude-frequency characteristics of stresses
σF
rr in cylinder under the radioimpulse action.

Numerical analysis of the obtained solu-
tion was done for the electroconductive cylin-
der made of steel H18N9T with radiuses r0 =
19 · 10−3 m, r1 = 21 · 10−2 m. The AMRI dura-
tion τi assumed to be τi = 10−3 s, τi = 10−4 s,
τi = 10−5 s. The parameters β1 and β2 were
selected so that τiner/τdecr ≈ 0.1.

The eigen frequencies of mechanical vibra-
tions of the cylinder in connected and non-
connected problem formulations were analyzed
based on the characteristic equation (25).

Putting ε∗ = 0 in this equation, we get the
known equation to determine eigen frequencies
in the case of nonconnected problem of ther-
momechanics for the hollow electroconductive
cylinder.

For the selected cylinder parameters, the fol-
lowing values of the first two eigen frequencies
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of mechanical vibration ωvs (s = 1, 2) in the case of nonconnected

ωr1 = 8.76 · 106 rad/s; ωr2 = 31.52 · 106 rad/s

and connected
ω∗
r1 = 8.96 · 106 rad/s; ω∗

r2 = 32.46 · 106 rad/s

statements of thermomechanics problem were obtained.
The study of amplitude-frequency characteristics (AFC) [12] of radial stresses σrr(r, t) for selected

AMRI durations was made, the research results are presented in Fig. 1.
The solid curves correspond to AFC of radial stress in connected and dashed lines- in non-connected

case. We obtained that on resonant frequencies of EMF equal ωrs ≈ 1/2ωvs and ω∗
rs ≈ 1/2ω∗

vs that
is, in non-connected

ωr1 = 4.38 · 106 rad/s; ωr2 = 15.76 · 106 rad/s

and connected
ω∗
r1 = 4.48 · 106 rad/s; ω∗

r2 = 16.23 · 106 rad/s

statements of the problem of thermomechanics we have the shifts of AFC peaks. The maximum values
of radial stresses in the case of connected and non-connected thermomechanic problems practically
coincide.

5. Conclusions

The application of approximations for all determining functions with respect to the radial variable
by cubic polynomials makes it possible to reduce solving the corresponding initial-boundary value
problems for these functions, which are the components of the complex coupled problem of thermome-
chanics for an electroconductive hollow cylinder under homogeneous non-stationary electromagnetic
action, to the corresponding Cauchy problem for integral characteristics for these functions.

The solutions of the Cauchy problem in the form of functions convolution, which describe the
uniform solutions and the limit values of the determining functions over the whole time period of
nonstationary electromagnetic action were found.

The study of the AFC radial stresses shows that their peak values increase linearly with the increase
of radioimpulse duration, for connected and non-connected thermomechanics problems are practically
the same.
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Розв’язки зв’язаної задачi термомеханiки для електропровiдного
порожнистого цилiндра за нестацiонарної електромагнiтної дiї

Мусiй Р., Дрогомирецька Х., ОрищишинО.

Нацiональний унiверситет “Львiвська полiтехнiка”
вул. С. Бандери, 12, 79013, Львiв, Україна

Сформульовано плоску осесиметричну зв’язану динамiчну задачу термомеханiки для
електропровiдного порожнистого цилiндра за однорiдної нестацiонарної електрома-
гнiтної дiї. Для побудови її розв’язку використано апроксимацiю визначальних фун-
кцiй — осьової комппоненти вектора напруженостi магнiтного поля, температури та
радiальної компоненти вектора перемiщень за радiальною змiнною — кубiчними по-
лiномами. У результатi вихiднi початково-крайовi задачi на визначальнi функцiї зве-
дено до задач Кошi за часовою змiнною на iнтегральнi характеристики цих функцiй.
Отримано вирази iнтегральних характеристик у виглядi згорток функцiй, що опи-
сують однорiднi розв’язки та заданi граничнi значення визначальних функцiй. Як
приклад числово проаналiзовано амплiтудно-частотнi характеристики радiальних на-
пружень у цьому цилiндрi за врахування зв’язностi полiв температури i перемiщень
i без такого врахування.

Ключовi слова: зв’язана задача термомеханiки; порожнистий електропровiдний
цилiндр; нестацiонарна електромагнiтна дiя; апроксимацiя; iнтегральнi характе-
ристики.
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