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Abstract

The article considers the methods of calculating the transition matrix of a dynamic system, which is based on the
transient matrix representation by the matrix exponent and on the use of the system signal graph. The advantages of the
transition matrix calculating using a signal graph are shown. The application of these methods to find the transition
matrix demonstrated on the simple electromechanical system example. It is shown that the expression for the transition
matrix as a matrix exponent completely corresponds to the expression found by means of the inverse matrix and based
on the use of the signal graph. The transient matrix of a dynamical system thus found as a matrix exponent can be used
to analyze processes in a system that is described by differential equations with integer derivatives. The formation of a
transient matrix for the analysis of system processes, which is described by equations with fractional derivatives, is aso
considered. It is shown that the description of processes in systems with fractional derivatives based on the transient
matrix and the representation of the fractiona derivative in the form of Caputo-Fabrizio makes it possible to study
coordinate transients without approximations in the description of the fractional derivative.

Keywords:. control theory; electromechanical system; fractional derivative; linear system; state representation;
transient matrix.

1. Introduction

The modern approach of the dynamic systems simulation and researching is based on their time domain
representation [1]. Description of the physical systems that are described by differential equations of the n-order
traditionally move to a system of the n first order differential equations. Having written these equations in a compact
vector and matrix form, we obtain a model in state variables [2], [3]. Note that the description of systemsin the time
domain is the basis of modern optimization methods for such systems[4].

The main characteritic for the time processes calculation of the state and output variables is the transient matrix of a
dynamic system [5]7]. The most widely used cal culation methods of the dynamic system's transient matrix are based on:

o the method of the inverse matrix;

o the representation of the transient matrix by the matrix exponent [3], [8];

o the method based on the a signal graph of the system.

Each of these methods has some advantages and disadvantages. In particular, the use of inverse matrix system
for higher order is quite a tedious task. When finding L~1®(t) as the matrix exponent, the accuracy of the obtained

kik
solution when using an expanding in a series ®(t) = exp[At] = Z,‘fzo’qk—t significantly depends on the number of
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members of the series [8]. The advantages of calculating a state transition matrix based on the signal graph become
obviousif we consider the matrix differential equation of state X = AX + BU and his Laplace transformation:

X(s) = [sI — A]71X(0) + [sI — A]™* - B - U(s). @

Then, for U(s) =0, get X(s) = ®(s) - X(0), and the state transition matrix will be the inverse Laplace
transform from @(s) = [sI — A]~L. Transformation ®(s) in this case, we find using the signal graph after setting
relationship between the state variable transform X; (s) and initid conditions [x; (0), x,(0), ... x,(0)]. The dependence of
an arbitrary state variable x;(t) on the initial conditions is determined using the known Mason's formula. So, for an
n™ order system we can write:

x1(s) ©11(8)  @12(8) . @1a(8)] |%1(0)
xz'(s) — ‘P21'(S) <P2g(5) - 4’2@(5) . xz_(o)l )

Xn (5) Pn1(8)  Pn2(s) . @pa(S)l 1x,(0)
. =1 p..A..
;C‘EZ)) = %”A” are elements of the state transition matrix getting by the setting from the dependence;
J

P;; is path transfer coefficient (gain) from initial value x;(0) to variable x;; A;; is cofactor for the path P;; ; Ais
determinant of the graph.

where (p”(S) =

2. Presentation and discussion of the resear ch work results

We demonstrate the application of the last two methods of finding the dynamic system's transition matrix for the
electromechanical system (example from [6], [9]) shown in Fig. 1. State variables for thiscase are y(s) = x; = wy, —
angular motor speed; x, = i —field current; x; —internal coordinate.

Ns+1) u 1 I 6 wm =Y(9)
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Y

Fig. 1. Structure model of the electromechanical system [6], [9].

The signal graph of such a system with the state variables initial values presented in Fig. 2.

x5(0) x(0) x(0)

A

Fig. 2. The signal graph of a system with the state variables initial values.

-1
Given the regulator's structure of such an electromechanical system in the form G,(s) = i:;i_l

relationship between the variables x5 i x, by removing the regulator's direct path from the transfer function (branch
with factor 5) from the system input to the signal ur. We can write the transfer function of such a system according to
Mason's rule as equation

, we find the

55716572 4+ 5+ 6572

. 3
1—(—5s1—2s1—-3s71) 455712571 + 55713571 4 25713571 4+ 55712571351 ®

G(s) =
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Then, when we must find the determinant of the graph and corresponds us . After these transformations,
expression for ®(s) looks like:

1 6 6 —40 60 20
G+3) G+2) G+3) G+ G+3) G+
20 20
o) =| o _ 1 3 .3 (4)
(s+2) (s+2) (s+5)
1
0 0 (s+5)

and then the matrix ®(t) will look like:

e 3t 6e %t —6e 73t —40e7%t + 60e73 — 20e75¢

o) =| 0 e 2t et 4 DSt : ©)

0 0 e~ 5t

It is easy to show that the transient function ®(t), which is found by the inverse Laplace transform of ®(s) in
the form of an inverse matrix will look the same.

®(t) = L' [@(s) = [sI - A]']. (6)
Now we find the transient matrix as a matrix exponent for this electromechanical system. When finding the

transient matrix exponent, we will proceed from the following reguirements:

o First, asystem with zero control signal is called as open;
e Second, transition matrix that describes the transition of the system since the time t at time to is an inverse
matrix of the transition matrix, which characterizes the system's transition from time to to time t.

The latter provision is easily proved by such statements:

X(t) = @(t, 1) x(to) - ()

Transient matrix ®(t, t,) moves here the free trajectory of the system from the initial point ¢, in the point X(t),
that correspond to time X(t). So, X(t,) = @ (s, to) X(t,) and X(t,) = @(t,, t;) X(t,). Clearly, ®(t,,t,) =1, then
(D(to' tO) = ¢(t0,t)¢(t, tO)_1 =1.

Thus, (7) can be written as

X(8) = (¢, t0) X(to) + ;. ®(t, t,)BU(E;)dt,y. (8)
If we have only one input signal U(t), this equation can be written in the following expanded form [5]
xl-(t) = ;-1=1 q)i,j(t' tO) x}(to) + ftto 2}1:1 q)i,j (t, tl)b]U(tl)dtl y (9)

where @, ; is element of matrix @ in i-th raw and j-th column; b; is vector's component B.

When all theinitial values are zeros (x;(t,) = 0 for al j) and asingle pulseis applied to the system () at time
1, there is easy to show that the close relationship is between the transition matrix and the impulse response:

t
x(6) = [, Xje1 Py (8 t)bjuo (t)dty = K- @y (¢, t1)b; when > ¢, .

If we represent now the transition matrix of the state by the matrix exponent and take into account that free
movement of linear system X = AX + BU, which according to [5] is described by the expression: X(t) =
= ®(t,ty) x(ty), wewill obtain the expression for the free component of the state variables vector X(t) .
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In the case of a stationary system, the general solution of the equation (10):
X() = eAt=t0) X (¢0) + f; eACOBU(L,)dt, (10)

If the matrix A is diagonal, the elements of which are eigenvalues or poles of the transfer function (solutions of
the characteristic equation det (AI — A) = 0), then the fundamental matrix will have the form (11)

eA1(t—to) 0 0
eA(t—to) _ 0 el1(f—to) 0 (11)
0 0 . enlt-to)

When the matrix A isn't diagonal, it's need to find the matrix T, which converts the matrix into a diagonal matrix
A. [7] showsthat if all eigenvalues A; of matrix A are different, then such amatrix is transformed into a diagonal form
by finding a nondegenerate matrix T such that T"TAT = A, e4(t~t0) = TeAlt-to)T-1 or At = TeAtT™ 1,

To find the matrix T we use the condition under which it is necessary to find the vector X and the scalar value 1
so that the equation AX = AX is satisfied for any given quadratic matrix A. The values of those scalars for which this
equation is satisfied are called the eigenvalues of the quadratic matrix A. We write the mentioned equation in the
form (A — ADX = 0 or det(A — AI) = 0, which isanecessary and sufficient condition for the existence of non-trivial
solutions of the eguation. Note that this equation will hold when such avector V is found in the state space, which is
transformed by the matrix A to the nearest factor itself. So, we find the roots of the equation det(A — AI) = 0, where
for each value 4; corresponds the vector V; — eigenvector and AV; = 4;V;.

For the above-mentioned electromechanical system we can write vector-matrix

.7.('1 -3 6 0 X1 0
G=AX+BU=|0 -2 —20| |%|+|5|r@. (12)
%5 0 0o -5l lul |1

Now find det(A — AI) = 23 + 104% + 314 + 30 = 0 hassuchroots A, = —2; A, = —3; 13 = —5.

Similarly, to above algorithm we write matrixes T and T~ in form:

} (1) _11 0 6 —40 1
. SlandT' =11 —6 60 |, considering that det(T) = —.
00 = 0 0 —20

20
Thus, the transient matrix @ (t) using matrix exponent can be written as

e 3t Ge 2t —pe 3 —40e %t + 60e 73t — 2075t
o(t)=| 0 e %t _Tme_2t+?e_5t : (13)

0 0 e~ 5t

The expression (13) fully corresponds to expression ®(t), that was found by using the inverse matrix and based
on the signal graph.

Calculation of the transition matrix element using signal graph requires constructing a model system based on
Laplace transform, then search for Mason paths from the initial value of the variable x;(0) to variable x; and
following inverse Laplace transform to find ®(t). In the case of calculating ®(t) by the method of matrix exponent,
L aplace transforms can be avoided, which can be considered as an advantage of such a method. This advantage is not
pull down, but rather reinforced for the case when the characteristic equation of the system matrix will have complex-
conjugate roots and, accordingly, the vectors will have complex components.
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When finding the transient matrix &®(t) by calculating inverse matrix ®(s) = (s — A)~! or search for
components ®(s) using signal graph followed by the inverse Laplace transform in both cases ®(t) = L™1®(s), itis
possible to analyze the frequency characteristics of the system too. Because matrix function of a complex variable sis
atransfer function from control “u” to output “y” for the system

Y=CX

and is called the frequency response of the system H(jw) = C(jwl — A)~1B.

Using transient matrix ®(t), transients of changing state variables X(t) for open-loop (no control action U =
—KX) electromechanical systems (Fig. 1) calculate by the following formula

X(t) = @) X(0) + f, ®(t — D, w(r)dr, (15)

where w(t) = r(t) is vector of input signals (external perturbations or setting influences); D, =0 5 1|T is
matrix of these input signals.

So
e 3t 6e % —6e73  —40e72t + 60e73 — 20e7| |x,(0)
X@®)=| 0 e 2t ety et ()| +
0 0 e—St X3(0)
e—3(t‘—‘r) 6e—2(t‘—‘r) _ 6e—3(t—‘r) _406—2(t‘—‘r) + 606—3(1‘—17) _ Zoe—S(t—‘r) 0
+f0t 0 e~2(t-1) _Tme‘z(f‘f)+23—oe‘5(t‘f) x [5|r(r)dr. (16)
0 0 ) 1

Multiplying the matrixes in (16), we get equations for state variables transient x; (t), x,(t), x5 (t) of the studied
electromechanica system. Graphs of such variables are given on Fig. 3 and Fig. 4.

x,(t) = e 3%, (0) + (6e7%t — 6e73%) x,(0) + (—40e 72t + 60e73t — 20e75¢) -
- x3(0) + fot(—loe‘z(t_f) + 30730 — 205D (7)dr ;

x,(t) = e 2t x,(0) + (_Tzoe‘z%?e‘”) x3(0) + fot (_?5 e‘z(t‘f)+?e‘5(t‘f))r(r)dr ; a7

x3(t) = e >t x3(0) + fot(e‘s(t‘f))r(r)dr .

1
Xl(t) ) /-_\\
x(0) /
x3(t) 0. B A D U AU

t

Fig. 3. Graphs of state variables transients at zero initial conditions x; (0) = x,(0) = x5(0) = 0.
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Fig. 4. Graphs of state variables transients at nonzero initial conditions x; (0) = 0.1; x,(0) = 0.1; x3(0) = 0.3.

When t = o the obtained value of the output signal (variable x; (t)) corresponds to the step response of the
system, which is described by the transfer function (18) and when s = 0, that is, for a steady process.

30s + 30
s3+10s2+31s+30°

G(s) = (18)

Thus, found by this method, the transient matrix of a dynamic system in the matrix exponent form can be used to
analyze processes in the system, which is described by a system of differential equations with integer derivatives.

Let us now consider the formation of a transient matrix for the transient analysis in a system described by
equations with fractional derivatives.

There are several models for describing the fractional derivative today, but the most effective and suitable should
be considered the model Caputo-Fabrizio, which is proposed in [10], according to which we can easy to show that for
linear systems described by fractional derivatives, we can write

d*f(t)
TR A-X(t). (19)

Now performing the Laplace transform [11] for both parts of (19) and taking into account the model of the
description of the fractional derivative under theinitial conditionsx(t,) = x,, we get

L(A . X(t)) © ﬁ (ﬁ (sX(s) — X0)> =A-X(s), (20)

where 3 = ﬁ

After the transformations of equation (19), marking N = (I — (1 — a)A)~* and multiplying by N both parts of
the equation (19) we obtain the expression to find X(s) and as a result of the inverse Laplace transform, the
expression for X(t)

X(s) = (sI — aNA)"'NX,, (21)

where e ™NAt = ¢At jsmatrix exponent.

The algorithm for forming a transient matrix in the matrix exponent form through eigenvalues and eigenvectors
of amatrix, which is an exponent, is given above in this article. The considered general principle of formation of the
system's transition matrix, which is described by differential equations with fractional derivatives, allows performing
similar researches, such in the case of the electromechanical system, which is described by integer derivatives. For
example, to do this for a system which is described in a model with integer derivatives by a transfer function, we
write its analogue when describing the process of fractional derivatives as (22):
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bs(s¥)* 4 by(s*)? + by (s¥)" + by (s%)°

W) = e T ay s F @ () + alse)? (22)
Constructing the graph that corresponds to (22) we obtain a system of equations by state variables
d:til = X2 (Ziz = X35 ddt? = X4
d;t? =71(t) — azxy — aX3 — A1X; — ApXy ;
Y = byXq + byx, + byx3 + bsx,
and the corresponding vector-matrix equation of the system in the form
X1 0 1 0 0 X1 0
wl=lo o o 1l 23)
Xg —Q —a1 —a; —azl %l (1]
A B

Fig. 5. Signal graph of the system represented by fractional derivatives.

Fig. 6. Signal graph of the system represented by fractional derivatives.

For the electromechanical system (see Fig. 5), which is described by a system of equations with fractional
derivatives with power a = 1/2 :

1

dzx,

1

dtz
d%x

12 = 0x; — 2x, — 20x3 + 5r(t);
dtz

= —3X1 + 6X2 + 0X3 ;
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1
dzx
13 = 0x; + 0x, — 5x3 + 1r(t) .
dtz

We form amatrix N considering that N = (I — (1 — a)A)~!. So taking into account that A= 35/2, we will find
matrix N and it component aNA

2 3 127 3 6 12
55 7 5 10 7

1 10 1 10

N = Z _Z| ;aNA= -z =
0 3 7 0 7

0 0 2 0 0 >

7 7

The eigenvalues of thismatrix are 1, = _75 i Ay = _?3; Az = _71 . Now let’ s write the expression for the transition

matrix @(t) through the diagonal matrix and the matrix Ti T~ as

-20 1 6| [e7t 0 0 0 1
20 —

W)= 0 1o 3 o[ & Of, (24)
1 ool |, o .xI©1 —%

where T i T~! —found matrices through eigenvectors of the matrix aNA.
After the transformations (24), we get (25):

3 3 1 5 3 1
e 5t —6e 5 4+ 6e 28 —20e 7" + 60e75 — 40e 72"

1 20 5, 20 _1
(D(t) =10 e_ft —e_7t — —e_ft ) (25)

5
0 0 e 7"
Given expression (18) for ®@*(t) will look like

3 3 1 5 3 1
0.4e7s8 —2.4e7s +3e77 —%e‘?t +24e75 — 20e72"
5
') =®ON=| 0 05¢7% 105 gyt . (26)
0 0 2 5t
7

It is not difficult to show that for a system described by a vector-matrix equation X = AX + BU, the expression
for the transition matrix is written as

20 s _3, 1,
—76 7 +6e 5 —2.5e 2
20 _5 5 1
d*(t)'a'B= et - —e72t , 27
© 21° 12°¢ @7)
1 _s,
— 7
76

whereB=10 5 1|

After integrating (27) using boundaries from 0 to t, we obtain the following dependence

5 3 1 5 3 1
xi(6) = fy (- 2e 70 + 66750 — 25672V ) dr = 1 - 4e 77 — 10e 75 + +5¢ 77 ;

t20 s 5 1 1 4 5 5 1

_ -2(t-7) —5(t-1) _ -3t -t
xz(t)—f (—67 ——e 2 )dr————e7 +-e 2 ;
o \21 12

L1 s 1 1 s
x5(t) =j (—e_7(t_f)> dr =-——-e 7,
3 o \7 5 5
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for the integral component of (15) and for the component due to the initial values of the vector X(0)

3 1 3 3 5 1
[0.4e75t 3e72f — 2.4e75" 24e75t — X7t — 20677
1 40 57 10 -1 *1(0)
e (O)X0O0)=| o0 0.5¢ 72" Ze_7t - ?e_it x,(0)].
2 —Et x3(0)
0 0 -e 7

7

Thus, based on the obtained expressions according to the above approach, we can write the equation to find the
time dependences of the state variables x, (t), x, (t), x5 (t) and build their plots (see Fig. 7):

_3, 1, 3,
x,(t) = 0.4e7 5" x,(0) + (3e 2°—24e’5 )xz(O) +

3 40 s 1 5 3 1
+ (24e_§t - 7e‘7t - ZOe_ft) x3(0) + (1 —4e 7" —10e75" + 5e‘if> ;

_1 40 5, 10 _1 1 4 5 5 _1
x,(t) = 0.5e 2tx2(0)+<ﬁe 7 —?e Zt)x3(0)+<i—§e 7t+ge Zt);
2 s, 1 1 5
x5(t) =;e 7 x3(0)+<§—§e 7 )
1.
() "

o

x3(t) o, .
o L

t

Fig. 7. Plot of the state variables transient at zero initial conditions x; (0) = x,(0) = x3(0) = 0.

Analyzing the built plots of state variables x,(t); x,(t) ; x5(t) to describe the transients of the considered
electromechanical system by its models described by differential equations with integer (Fig. 3 and Fig. 4) and
fractional (Fig. 7) derivatives, we conclude that the static characteristics of these transients are nearly same for both
models. As for the dynamic properties of these transients, for a system whose model is formed by equations with
integer derivatives for state variables x; (t) and x,(t) under a given control there is some overshoot (up to 20 %), and
for a system whose model contains fractional derivatives such overshoot is absent. But in the system described by the
model in integer derivatives of the speed of transients x; =2.5s; x, =2s andx; =15, and for the system
described by the model in fractional derivatives, the speed of processes is less than about two times smaller, due to
the roots obtained for the integer model 1, = —2; A, = =3 ; A; = —5, and roots in the fractional description of the
5 -3 -

system A, = _7 P Ay, = < Az = 71 As is known, the speed is determined by the magnitude of the real root or real

part of the complex-conjugate root, the larger the value of this negative root, the greater the speed.

3. Conclusion

The calculation of the transients of linear stationary dynamical systems, as highlighted in the works of many
authors, is carried out in two ways. using the transition state matrix and using a discrete approximation of the state
equations. In our opinion, the first way is more promising for electromechanical systems.

The use of transition matrices to find the transients of state variables x;(t) ... x,,(t) alows having analytical
expressions of these processes in systems described by models with integer and fractional derivatives. This leads to
their widespread use in problems with predictors, in problems with estimators and in problems with transport delay
for formation of necessary properties of such systems dynamics.
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The description of processes in systems with fractional derivatives based on the transient matrix and the
representation of the fractional derivative in the form of Caputo-Fabrizio makes it possible to study coordinate
transients without any approximations in the description of the fractional derivative, in particular, as done according
to Oustaloup model.
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®opMmyBaHH (PYHIAMEHTAJIbHOI MATPHUILI BIIKPHUTOI eJIeKTPOMEXaHIYHOL
CHUCTEMH i il 32CTOCYBaHHA VISl PO3PAXYHKY YaCOBHMX NPOIECiB 3MIHHUX CTAHY

Opect Jlo3uncekuit, FOpiit bineuskuii, Auapiii Jlosuncskuit, Bononumup Mopos, Jligis Kama
Hayionanvuuii ynisepcumem “ Jlvgiecoxa nonimexuixa” , ¢yn. C. Banoepu, 12, Jlveis, 79013, Vrpaina

AHoTanis

VY crarti po3rJSIHYTO METOAM OOYMCIEHHS NEpeXiZIHOi MaTpulli JMHAMIYHOI CHCTEMH, SIKIi IPYHTYIOTHCS Ha
NpeJICTaBICHH] (QYHIaMEHTAIBHOI MaTPHIl MAaTPUYHOIO EKCIIOHEHTOIO Ta Ha BUKOPHCTAHHI CUTHAIBHOTO rpada cucre-
Mmu. [lokaszaHi mepeBarn OOYMCIICHHS TIEPEXiTHOI MATPHIli CTaHy Ha OCHOBI BHKOPHCTaHHS CHTHaJbHOTO Tpada. IIpo-
JICMOHCTPOBAHO 3aCTOCYBAaHHS LIUX METOIB JUIA 3HAXO/DKCHHS IEPEXiMHOI MATPHUIl Ha MPHKIAAl MPOCTOI EIeKTPO-
MexaHiuHO1 cuctemu. [lokazaHo, 0 BUpa3 JUIsl MepexifHOI MaTpulli SIK MaTPUYHOI €KCIIOHEHTH HOBHICTIO BiJOBiTae
BHUpasy, 110 3HANICHUH 32 JOIIOMOT00 0OEpHEHOI MaTpHIli T2 HA OCHOBI BUKOPHCTAHHSI CUTHAJILHOTO Tpada. 3HalaeHy
TaKUM YHHOM (YHZAMEHTAJIbHY MATPHULIO TMHAMIYHOI CHCTEMH SIK MaTPHYHY SKCIOHCHTY MO)XXHAa BHKOPHCTOBYBATH
JUTSL aHAJI3y MPOLIECIB Y CHCTEMI, SIKa OMKCYEThCs AU(EpEHINIATbHIMU PIBHAHHIMH 3 I[UTOYHCETLHIUMHU TOXiTHAMHE. Ta-
KOX pO3ITISIHYTO (opMyBaHHs (DyHIAMEHTAIBHOI MaTpHIl JJIs aHANI3y MPOIECIB Y CUCTEMI, sIKA OIHCYETHCS PIBHSH-
HIMH 3 ApoOOBMMHK mMoXimHuMHU. loka3zaHo, IO ommc IMpOIECiB y CHCTeMax i3 APOOOBHMH MOXiTHHUMH Ha OCHOBI
(yHIaMeHTaIBHOT MaTPHIl Ta MpeACTaBIeHHS apo6oBoi moxiaHoi y dopmi Caputo-Fabrizio nae moxuBicTs mocii-
JUKYBATH MIEPEXiIHI TPOIECH KOOPAUHAT 0e3 HaONMKEeHb B OMHKCI IPOOOBOT MOXIiTHOI.
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