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Abstract: The analysis and design of electro-
mechanic devices involve the solution of large sparse 
linear systems, and require, therefore, high performance 
algorithms. In this paper, the Schur complement method 
with a parallel preconditioned conjugate gradient (PCG) 
solver is introduced into two-dimensional parallel time-
stepping finite element formulation to analyze a rotating 
machine considering an electromagnetic field, external 
circuit and rotor movement. The proposed parallel solver 
with two preconditioners is analyzed concerning its com-
putational efficiency and number of iterations. The 
results of the simulation of a rotating machine are also 
presented. 

Key words: Parallel finite element method, coupled 
problem, Schur complement method, movement 
modeling. 

1. Introduction 
The numerical design of electromechanic devices is 

a very complex task because many different physical 
aspects should be considered. The performance of 
electric equipment cannot be described only by 
electromagnetic field equations because electromagnetic 
field distribution depends on mechanical quantities, 
characteristics of external circuits, etc. Induction 
machines are the most obvious examples. 

The finite element method (FEM) [1–2] is a well-
known technique for the solution of a wide range of 
problems in science and engineering. However, a few 
years ago, the simulation of complex structures 
considering multiple aspects in the same set of equations 
was restrictive due to the unavailability of sufficient 
computer capabilities for data processing. However, 
nowadays, thanks to the improvements in computer 
architecture, the analysis of complex electromagnetic 
systems is more affordable. 

Nevertheless, the analysis of complex systems, e.g. 
electric machine analysis considering the movement and 
the voltage source requires a computing effort to solve 
large sparse linear systems. These large linear systems 
arise from the discretization by FEM. The solution to 
these large equation systems are very resource-intensive 
and time consuming, wherein the resources and time of 

the simulation plays an important role for designers and 
researchers. Therefore, the solution of a complex system 
should be parallelised in order to speed up the numerical 
computations with less computer requirements.  

In this paper, we propose to solve a two-dimensional 
parallel time-stepping finite element problem using the 
domain decomposition method (DDM) [3, 4]. The used 
DDM is the Schur complement method with a parallel 
Krylov method, the parallel preconditioned conjugate 
gradient method [3], which is currently one of the most 
popular methods for the systems with real symmetric 
positive definite matrices. Two preconditioners, and 
namely Jacobi and Neumann-Neumann preconditioners 
are used in the solver algorithm to improve the 
convergence behaviour. We present the numerical 
behaviour of a parallel preconditioned conjugate gradient 
solver with preconditioners for modeling an electric 
machine with direct-coupled field formulations. 

The paper is organized as follows. The next section 
briefly describes the equations and methods used to 
introduce the formulation of the parallel time-stepping finite 
element method coupled with circuit and mechanical 
equations. The third section describes the Schur 
complement method and the way in which this method and 
its iterative solver algorithm can be used to formulate and 
solve a coupled problem. Section 4 collects numerical 
results to illustrate the potential of the method, and present 
an induction machine with different mesh size. Finally, 
some extensions of the method are discussed. 

2. Formulation 
The electric machine is modelled in 2D using the 

FEM to discretize the domain, which is based on the 
weak formulation of partial differential equations, which 
can be obtained by Maxwell’s equations and the 
weighted residual method [1]. The magnetic vector 
potential formulation has been applied, and the temporal 
derivatives are discretized by the backward Euler 
scheme. The field and external circuit equations are 
combined together using the direct coupling method [2, 
5, 6]. Equation (1) shows the matrix system of the field 
equations [2, 5]: 
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Schur-Complement Based Parallel Finite Element Analysis Coupled With Circuit … 

The matrix ΓΓK  and the vector Γb  are assembled after 
interprocess data transfer because they are the assembly of 

Γ Γj j
K  and Γ j

b , where j is the index of sub-domains. 

The assembly and solution of the sub-matrices can 
be performed parallelly by independent processors. 
However, the solution requires exchange of the interface 
values, Γ j

a  between the processes in charge of the 

various sub-domains. In many practical applications, the 
preconditioned conjugate gradient (PCG) method is used 
because of its simplicity and efficiency. The parallel 
implementation of the preconditioned conjugate gradient 
method can be presented  by algorithm 1 [3]. 

In the parallel PCG algorithm [3], KS and bS are the 
mass matrix and right-hand side of the sub-domain, a is 
the vector of unknown potentials, r is the residual vector, 
subscript Γint denotes the external interface entries from 
neighbouring sub-domains, M is the preconditioning 
matrix [8], w and p are working vectors, and ε is the 
specified error tolerance. 

Algorithm 1. Parallel PCG Algorithm. 
1  Initialization: 0 0a = , 
2  0 sr b=  
3  Assembly local 0r  with 

int
rΓ  entries 0r→ , 

4  for i = 0, 1, … do 
5  ,i i=w Mr , 

6  T wi i irγ = , 
7  Assembling iγ , 
8  Assembling local w i  with 

int
wΓ  entries w i→ , 

9  if i = 0 then 
10  p wi i= , 
11  else 
12  ( )1 1p w / pi i i i iγ γ − −= + , 

13  w pi s iK= , 

14  Tp wi i iβ = , 
15  Assembling iβ  
16  Assembling local w i  with 

int
wΓ  entries w i→  

17  ( )1a p / pi i i i iγ β−= + , 

18  ( )1 / wi i i i ir r γ β−= + , 

19  if 0/iγ γ ε<  then 
20  return 
In this case, two preconditioners have been used, the 

Jacobi preconditioner [3], and the Neumann-Neumann 
preconditioner [8]. The Jacobi preconditioner is one of 
the simplest forms of preconditioning, in which the 
preconditioner is chosen to be the diagonal of the matrix 

( ) 1
diag S

−
 =  M K . The Neumann-Neumann precondi-

tioner is defined by approximating the inverse of the sum 

of the local Schur complement matrices by the weighted 
sum of the inverses [7], 

( )T 1

1

,
S

j j j j

N

j j jj j j
j

−
Γ Γ Γ Γ

=

= −∑M D K K K K D    (6) 

where Dj is the diagonal weight matrix, which must 

verify 
1

.
SN

j
j=

=∑D I  

To illustrate how the above mentioned domain 
decomposition method with parallel PCG is implemen-
ted into the field-circuit coupled finite element method. 

4. Application 
In this section, to demonstrate the operation of the 

methods presented, a 4-pole 3-phase 3kW induction motor 
with unskewed rotor slot fed by sinusoidal voltage is tested. 
The test problem and its parameters were described in [7], 
and the GMSH model was taken from the free GetDP 
models in [9]. 

The domain being studied consists of one pole of the 
machine, i.e. a 45° domain, as you can see in Fig. 1. The 
anti-periodic boundary conditions are used to represent 
the whole problem. In this simulation, 20 periods have 
been calculated, and a period of the 50Hz voltage 
excitation has been divided into 300 time steps. 

The numerical experiments have been performed on 
the platform composed of four CPUs Intel Xeon L5420. 
Each CPU is a Dual-core processor running at 2.5 GHz. 
It supplies 8×4GB RAM memory. The benchmark 
presented in this paper consists in performing 10 times 
the same operation in order to overcome the problem 
caused by the finite precision of the clock. The 
implemented program has been developed under the 
Matlab computing environment in C language and in 
own scripting language of Matlab. 

We compare the implemented method for different 
mesh size. Table 1 contains data on the partitioned finite 
element mesh in various global element size factors. 

In order to use the same stop criterion for the 
methods, 810ε −= , the speedup was calculated by the 
following formula,  

 1 / ,sf sfSpeedup Time Time=  (7) 

where 1Time  is the running time in the case of the 
smallest element size factor, and nTime  is the running 
time of the different size factor [10]. The efficiency was 
calculated by the following formula  

 / ,sfEfficiency Speedup n=  (8) 

where nSpeedup  is the speedup in the case of the 
different element size factors, and n  is the applied 
processor cores [10]. 
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