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Âèâ÷à¹òüñÿ äèñêðåòíà ñèñòåìà ðiâíÿíü ç ìàéæå âèðîäæåíîþ ìàòðèöåþ. Íà îñíîâi òåî-

ði¨ ïàðàìåòðèçîâàíèõ íåïåðåðâíèõ äðîáiâ i àïðîêñèìàöié Ïàäå çäiéñíåíà ðåãóëÿðèçàöiÿ ¨¨
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Âñòóï
Ó ïðàêòè÷íèõ çàäà÷àõ íàé÷àñòiøå ïîòðiáíî âðàõî-

âóâàòè âåëèêó êiëüêiñòü ìîæëèâî ñóïåðå÷ëèâèõ âè-
ìîã. Òàêi çàäà÷i ìîæíà ðîçâ'ÿçàòè òiëüêè øëÿõîì âè-
áîðó äåÿêîãî êîìïðîìiñó � âñi âèìîãè ìîæóòü áóòè
çàäîâîëåíi íå ïîâíiñòþ, à ëèøå ÷àñòêîâî.

Ñüîãîäíi iñíó¹ ñòðóíêà òåîðiÿ, ÿêà âèðiøó¹ òàêî-
ãî ðîäó ïðîáëåìó ç ïîçèöié ïñåâäîîáåðíåííÿ. Àëå öÿ
òåîðiÿ íåäîñòàòíüî ðîçâèíóòà, îñêiëüêè iñíóþ÷i íèíi
ìåòîäè ïñåâäîîáåðíåííÿ çàëåæàòü âiä òîãî, ÿêi çíà-
÷åííÿ ïðèïèñóþòüñÿ ðàíãó âèõiäíî¨ ìàòðèöi.

Ó çàïðîïîíîâàíié ðîáîòi çðîáëåíà ñïðîáà ïiäâè-
ùåííÿ òî÷íîñòi òà âèáîðó áiëüø âäàëîãî àëãîðè-
òìó ñòîñîâíî çâóæåííÿ êëàñó ìàòðèöü iç íåâèçíà÷å-
íèì ðàíãîì. Öå, ïåðåâàæíî çäiéñíþ¹òüñÿ íà çàñàäàõ
âèêîðèñòàííÿ òåîði¨ ïàðàìåòðèçîâàíèõ íåïåðåðâíèõ
äðîáiâ òà àïðîêñèìàíò Ïàäå. Ïîáóäîâàíà ïðîöåäó-
ðà îöiíîê, ÿêi ¹ íå÷óòëèâèìè äî íàÿâíîñòi ó ìîäåëi
� çàñìi÷óþ÷èõ � ñïîñòåðåæåíü.

I. Âèïàäîê òî÷íîãî çàäàííÿ âõiäíî¨
iíôîðìàöi¨ òà çà òî÷íîãî âèêîíàííÿ
îá÷èñëåíü

Ðîçãëÿíåìî ñèñòåìó ëiíiéíèõ ðiâíÿíü

Hx = b (1)
iç ìàòðèöåþH ðîçìiðiâ m×n, b � äîâiëüíèé ñòîâïåöü
ðîçìiðó m. Íà ïàðàìåòðè m, n i ðàíã ìàòðèöi Í íå
íàêëàäàòèìåìî æîäíèõ óìîâ.

Î÷åâèäíî, ñèñòåìà (1) ìîæå áóòè ñóìiñíîþ, àáî
íåñóìiñíîþ. Àëå âæå ñèñòåìà

HT Hx = HT b, (2)

äå ñèìâîë � T � îçíà÷à¹ òðàíñïîíóâàííÿ, îáîâ'ÿç-
êîâî ¹ ñóìiñíîþ [1, 2]. Ñèñòåìó (2) íàçèâàòèìåìî
íîðìàëüíîþ ñèñòåìîþ.

ßêùî ðîçâ'ÿçîê íîðìàëüíî¨ ñèñòåìè (2) íå ¹äè-
íèé, òî âèíèêà¹ çàäà÷à ïðî âèáið ÿêîãîñü îäíîãî iç
ðîçâ'ÿçêiâ, i íàé÷àñòiøå âèáèðàþòü ðîçâ'ÿçîê iç ìiíi-
ìàëüíîþ åâêëiäîâîþ íîðìîþ.

Îçíà÷åííÿ 1. Íîðìàëüíèì ïñåâäîðîçâ'ÿçêîì
ñèñòåìè (1) íàçèâàþòü ñòîâïåöü iç ìiíiìàëüíîþ íîð-
ìîþ ñåðåä ñòîâïöiâ, ùî íàäàþòü ìiíiìàëüíó çà åâ-
êëiäîâîþ íîðìîþ íåâ'ÿçêó ïðè ïiäñòàâëåííi öüîãî
ñòîâïöÿ â ñèñòåìó.

Iñíó¹ òàêå òâåðäæåííÿ [1].
Òâåðäæåííÿ 1. Êîæíà ñèñòåìà (1) ìà¹ îäèí i

òiëüêè îäèí íîðìàëüíèé ïñåâäîðîçâ'ÿçîê.
Êðiì (1) ðîçãëÿíåìî ñèñòåìè ëiíiéíèõ ðiâíÿíü

Hx = Ii, (3)
äå Ii � i-é ñòîâïåöü îäèíè÷íî¨ ìàòðèöi I ðîçìiðiâ
m×m.

Îçíà÷åííÿ 2. Ïñåâäîîáåðíåíîþ ìàòðèöåþ äî
ìàòðèöi H íàçèâàòèìåìî ìàòðèöþ H+, ñòîâïöi ÿêî¨
� öå ïñåâäîðîçâ'ÿçêè ñèñòåì ëiíiéíèõ ðiâíÿíü (3).

Ìàòðèöÿ H+ ìà¹ òi æ ðîçìiðè, ùî i ìàòðèöÿHÒ.
Êîæíà ìàòðèöÿ H ìà¹ îäíó i òiëüêè îäíó ïñåâäî-

îáåðíåíó [1], ÿêà äëÿ âèïàäêó íåâèðîäæåíî¨ ìàòðèöi
Í ïåðåòâîðþ¹òüñÿ â H−1. Êðiì òîãî,

H+ = (HT H)−1HT

àáî
H+ = HT (HHT )−1

äëÿ âèïàäêiâ, êîëè âiäïîâiäíî ñòîâïöi àáî ðÿäêè ìà-
òðèöi H ëiíiéíî íåçàëåæíi [1].
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Ïñåâäîðîçâ'ÿçîê x+ ñèñòåìè (1) ìîæíà çà-
ïèñàòè ÿê [4]

x+ = H+b. (4)
Ïñåâäîîáåðíåíó ìîòèâàöiþ ìîæíà ïîäàòè i ó âè-

ãëÿäi ãðàíè÷íîãî ñïiââiäíîøåííÿ

H+ = lim
λ→0

(HT H + λ2I)−1HT .

Ðîçãëÿíåìî ñèñòåìó ëiíiéíèõ ðiâíÿíü iç íåâèðî-
äæåíîþ ìàòðèöåþ

(HT H + λ2I)xλ = HT b (5)
i çàïèøåìî ¨¨ ðîçâ'ÿçîê ó âèãëÿäi

xλ = (HT H + λ2I)−1HT b. (6)
Çäiéñíèâøè òóò ãðàíè÷íèé ïåðåõiä ïðè λ → 0,

ìàòèìåìî

x+ = lim
λ→0

(HT H + λ2I)−1HT b. (7)

Îñòàííié çàïèñ ìà¹ ñóòò¹âå òåîðåòè÷íå çíà÷åííÿ.
Ði÷ ó òîìó, ùî X+ íå ¹ íåïåðåðâíîþ ôóíêöi¹þ ñòî-
ñîâíî åëåìåíòiâ ìàòðèöi Í. Çàïèñ (7) âêàçó¹ íà òå, ùî
ñèñòåìà (1) ìîæå áóòè âêëþ÷åíà ó ñiì'þ ñèñòåì (5) iç
ïàðàìåòðîì λ òàê, ùîá ðîçâ'ÿçîê ñèñòåìè íåïåðåðâíî
çàëåæàâ âiä öüîãî ïàðàìåòðà.

Ââåäåíî ïîçíà÷åííÿ HT · H = A i λ2 = s. Òîäi
çãiäíî ç (4) � (7) òà ðåçóëüòàòàìè [3�5] ìàòèìåìî

H+ = lim
λ→0

sr−1B0 + sr−2B1 + ... + Br−1

sr + d1sr−1 + ... + dr
HT (8)

i

x+ = lim
λ→0

sr−1B0 + sr−2B1 + ... + Br−1

sr + d1sr−1 + ... + dr
HT b, (9)

äå B0 = I

d1 = tr A B1 = d1I −B0A

d2 =
1
2

tr (B1A) B2 = d2I −B1A

................... ......................

dk =
1
k

tr (Bk−1A) Bk = dkI −Bk−1A

..................... ...........................

dn−1=
1

n−1
tr (Bn−2A) Bn−1 =dn−1I−Bn−2A

dn =
1
n

tr (Bn−1A) 0 = dnI −Bn−1A

. (10)

Ñèìâîëîì trA ïîçíà÷åíî ñëiä ìàòðèöi A.
ßêùî ó ñïiââiäíîøåííÿõ (8) i (9) çäiéñíèòè ãðàíè-

÷íèé ïåðåõiä, òî ìàòèìåìî

H+ =
Br−1

dr
HT (11)

i

x+ =
Br−1

dr
HT b, (12)

Çàóâàæèìî, ùî ÿêùî dr+1 = 0, òîäi dr+2 =
= dr+3 = . . . = dn = 0. Ïîçíà÷èìî r � íîìåð êðàéíüî-
ãî âiäìiííîãî âiä íóëÿ åëåìåíòà dr(r ≤ n, BrA = O).
Ñëiä íàãîëîñèòè, øî ÿêùî âiäîìèé ðàíã ìàòðèöiH,
òî r = Rang H.

Ïðèêëàä 1. [6]. Ðîçãëÿíåìî ñèñòåìó (1) iç

H =




14 35 −7 −63
−10 −25 5 45

26 65 −13 −117




i b =




777
−555

1443


 .

Îá÷èñëåííÿ Rang H = 1,

A =




972 2430 −496 −4374
2430 6075 −1215 −10935

−496 −1215 243 2187
−4374 −10395 2187 19683




i

HT b =




53946
134865

−26973
−242757




äîçâîëÿþòü, íà çàñàäàõ (12), çàïèñàòè

x+ =
B0

d1
HT b, àáî x+ =

HT b

d1
,

äå

d1 = trA = 972 + 6075 + 243 + 19683 = 26973

Îòæå,

x+ =
1

26973




53946
134865
−26973
−242758


 =




2
5
−1

9


 .

Ó öüîìó ïðèêëàäi

B1A = (269731 · I −A)A = 26973A−A2 = O.

Òàêèé ðåçóëüòàò íå âèïàäêîâèé. Âií äîçâîëÿ¹ âè-
çíà÷èòè H+ i x+ áåç ïîïåðåäíüîãî ïiäðàõóíêó ðàíãó
ìàòðèöi H.

Íàäàëi íàì áóäå âàæëèâèì i ïîêîìïîíåíòíå ïîäà-
ííÿ xλ (6), ó âèãëÿäi ñêií÷åííèõ j-äðîáiâ [7]. Çãiäíî
ç [8, 9] êîæåí åëåìåíò ñòîâïöÿ íåâiäîìèõ xλ ìîæíà
îá÷èñëèòè çà ôîðìóëîþ

52 Ìàòåìàòèêà
Lviv Polytechnic National University Institutional Repository http://ena.lp.edu.ua



ÐÀÖIÎÍÀËÜÍÈÉ ÀËÃÎÐÈÒÌ ÏÑÅÂÄÎÎÁÅÐÍÅÍÍß ÌÀÉÆÅ ÂÈÐÎÄÆÅÍÈÕ ÌÀÒÐÈÖÜ ...

x
(k)
λ =

β
(k)
1

s + β
(k)
2

−
β

(k)
2 β

(k)
3

s + (β(k)
3 + β

(k)
4

− ... −
β

(k)
2r−2β

(k)
2r−1

s + (β(k)
2r−1 + β

(k)
2r )

, k = 1, n, (13)

äå xλ = (x(1)
λ , x

(2)
λ , ..., x

(n)
λ )T .

Äðiá (13) çàìiíîþ s =
1
α

ìîæíà ïîäàòè ó âèãëÿäi ïðàâèëüíîãî RITZ-äðîáó [8]

x
(k)
λ =

β
(k)
1

1 +
β

(k)
2

1 + ... +
β

(k)
2r α

1
, (14)

äå αx
(k)
α = x

(k)
λ .

Çäiéñíèâøè òåïåð â (13) ãðàíè÷íèé çàλ → 0 ïåðåõiä, îäåðæèìî òàêå òâåðäæåííÿ [6, 8].
Òåîðåìà 1. ßêùî äëÿ âñiõ k = 1, n ïiäãðàíè÷íèé âèðàç ó (9) äîïóñêà¹ j-äðîáîâå ïîäàííÿ (13), òî

x+
k =

β
(k)
1

β
(k)
2

−
β

(k)
2 β

(k)
3

β
(k)
3 + β

(k)
4

− ... −
β

(k)
2r−2β

(k)
2r−1

β
(k)
2r−1 + β

(k)
2r

, (15)

äå x+
k � k-òà êîìïîíåíòà ïñåâäîðîçâ'ÿçêó ñèñòåìè (1).
Ëåãêî ïåðåêîíàòèñü i â ñïðàâåäëèâîñòi íàñòóïíîãî òâåðäæåííÿ [6, 8].
Òåîðåìà 2. Äðiá (15) åêâiâàëåíòíèé ñêií÷åííié ñóìi

x+
k =

r∑

i=1

β
(k)
1 β

(k)
3 ...β

(k)
2i−1

β
(k)
2 β

(k)
4 ...β

(k)
2i

=
β

(k)
1

β
(k)
2

(
1 +

β
(k)
3

β
(k)
4

(
1 + ... +

β
(k)
2r−3

β
(k)
2r−2

(
1 +

β
(k)
2r−1

β
(k)
2r

)
...

))
.

Çàóâàæåííÿ 1. Êîìïîíåíòè äðîáó (13) ìîæíà îäåðæàòè òàêîæ çi ñêií÷åííîãî ìàòðè÷íîãî ðÿäó

ω + αAω + α2A2ω + α3A3ω + ... + α2r−1A2r−1ω, (16)

äå α = −1
s
, ω = HT b, A = HT H.

Äëÿ íüîãî ó ðîáîòi [8] âèâåäåíi ðåêóðåíòíi ñïiââiäíîøåííÿ

β
(k)
m+1 = − (−1)m

β
(k)
1 ...β

(k)
m

(Am
k + Q

(k)
m,1A

m−1
k + ... + Q

(k)
m,[m/2]A

m−[m/2]
k ), (17)

äå Ai
k � k-òà êîìïîíåíòà âåêòîðà Aiω, íàïðèêëàä,

β
(k)
1 = ω(k), β

(k)
2 = − 1

β
(k)
1

A1
k, β

(k)
3 =

(A1
k)2 − c(k)A2

k

ω(k)A1
k

, β
(k)
4 =

ω(k)((A2
k)2 −A1

kA3
k)

A1
k(ω(k)A2

k − (A1
k)2)

. (18)

Ó (17)

Q
(k)
m,j = Q

(k)
m−1,j + β

(k)
2 Q

(k)
m−2,j−1, Q

(k)
m,0 = 1, Q

(k)
2,1 = β

(k)
2 , Q

(k)
2m,m = β

(k)
2 β

(k)
4 ...β

(k)
2m.

Ïðèêëàä 2. Íåõàé ó ñèñòåìi (1)

H =




2 −1 3 3
1 2 1 6
−1 1 2 3
3 2 0 7
1 −2 3 0
2 1 −2 2
−2 3 1 5
3 1 −4 1




b =




3
22
20
30
−2
14
5
15




Öÿ ñèñòåìà íåñóìiñíà iç Rang H = 3. Òóò ìàòðèöÿ
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A =




33 2 −10 27
2 25 −8 44
−10 −8 44 18
27 44 18 133


 , à HT b =




159
169
−18

479


 .

Çãiäíî ç (10) ìà¹ìî

d1 = 33 + 25 + 44 + 133 = 235, B1 = d1I −A =




202 −2 10 −27
−2 210 8 −44

10 8 191 −18
−27 −44 −18 102


 ,

d2 =
1
2

trB1A =
1
2

tr




5833 −914 −2050 1955
−914 3246 −2100 2478
−2050 −2100 7916 1666
1955 3478 1666 10577


 = 13786.

B2 = d2I −B1A =




7953 914 2050 −1955
914 10540 2100 −3478
2050 2100 5870 −1666

−1955 −3478 −1666 3209


 ,

d3 =
1
3

tr B2A = 222824, d4 = 0, B3H
T b = (0000)T .

Îòæå,

xλ =
s2I + sB1 + B2

s3 + 235s2 + 13786s + 222824




159
169
−18
479




i, íàïðèêëàä,

x
(1)
λ =

159s2 + 18657s + 445648
s3 + 235s2 + 13786s + 222824

=
159

s + 117, 6404− 2823, 043s + 106956, 63
s2 + 117, 3396s + 2802, 8176

=

=
159

s + 117, 6604− 2823, 0403

s + 79, 4506− 207, 3272
s + 37, 8870

.

Ç öüîãî âèðàçó âèïëèâà¹, ùî

β
(1)
1 = 159; β

(1)
2 = 117, 6604; β

(1)
2 β

(1)
3 = 2823, 0430; β

(1)
3 + β

(1)
4 = 79, 4506;

β
(1)
4 β

(1)
5 = 207, 3272; β

(1)
5 + β

(1)
6 = 37, 8870.

Iç öèõ ñïiââiäíîøåíü âèçíà÷à¹ìî

β
(1)
3 = 23, 9931; β

(1)
4 = 55, 4575; β

(1)
5 = 3, 7385; β

(1)
6 = 34, 1485.

Ïðèíàãiäíî çàóâàæèìî, ùî â öüîìó ïðèêëàäi

β
(1)
2 β

(1)
4 β

(1)
6 = 222824 = d3 i β

(1)
1

β
(1)
2

(
1 +

β
(1)
3

β
(1)
4

(
1 +

β
(1)
5

β
(1)
6

))
=

445648.

222824
= 2 = x+

1 .
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II. Âèïàäîê íåòî÷íî¨ âõiäíî¨
iíôîðìàöi¨

ßêùî äîâiëüíà ïðàêòè÷íà çàäà÷à çâîäèòüñÿ äî
ñèñòåìè ëiíiéíèõ ðiâíÿíü, òî êîåôiöi¹íòè òàêî¨ ñè-
ñòåìè íàé÷àñòiøå âiäîìi íåòî÷íî. Êðiì òîãî, çàïèñ
âõiäíèõ äàíèõ òà ¨õ îá÷èñëåíü ïîâ'ÿçàíi ç ïîõèáêà-
ìè çàîêðóãëåíü, âïëèâ ÿêèõ ðiâíîñèëüíèé äåÿêîìó
âèêðèâëåííþ êîåôiöi¹íòiâ ñèñòåìè.

Óíèêíóòè âêàçàíèõ âèêðèâëåíü ìè íå â çìîçi,
àëå ìîæåìî, ïî-ïåðøå, îöiíèòè îäåðæàíó ïîõèáêó
i, ïî-äðóãå, ïîñòàðàòèñü âèáðàòè òàêèé ìåòîä ðîç-
â'ÿçóâàííÿ ñèñòåìè, ÿêèé áè íå çáiëüøèâ íåòî÷íiñòü
ðåçóëüòàòó, âæå çàêëàäåíîãî â ñàìó ñèñòåìó.

Çáóðåííÿ êîåôiöi¹íòiâ ñèñòåìè ëiíiéíèõ ðiâíÿíü
ìîæå íå òiëüêè âèêðèâèòè ¨¨ ðîçâ'ÿçîê, à ìàòè i ñåð-
éîçíiøi íàñëiäêè. Âðàõóâàííÿ ïîõèáîê çàîêðóãëåíü
òà çáóðåíü ðîáëÿòü ðîçìèòèìè ìåæi ìíîæèí ìàòðèöü
äåÿêîãî ôiêñîâàíîãî ðàíãó. Ðîçìèòèì ñòà¹ òàêîæ i
ïîíÿòòÿ ëiíiéíî¨ çàëåæíîñòi ñèñòåìè âåêòîðiâ òîùî.

Íåõàé çàìiñòü (1) çàäàíà çáóðåíà ñèñòåìà

H̃x = b̃, (19)

äëÿ ÿêî¨ ìàòðèöi H̃ i ñòîâïåöü b̃ çàäîâîëüíÿþòü íå-
ðiâíîñòi

||H̃ −H|| < δ, ||b̃− b|| < δ (20)

(ðîçãëÿäàòèìåìî ñïåêòðàëüíó íîðìó ìàòðèöü).

Îçíà÷åííÿ 1. Ìàòðèöþ A íàçèâàþòü ìàéæå âè-
ðîäæåíîþ, ÿêùî ìàëi çìiíè ¨¨ åëåìåíòiâ ìîæóòü
ïåðåòâîðèòè ¨¨ ó âèðîäæåíó ìàòðèöþ.

Ìàëiñòü âèçíà÷íèêà ìàòðèöi íå ¹ íåîáõiäíîþ ÷è
äîñòàòíüîþ óìîâîþ ¨¨ ìàéæå âèðîäæåíîñòi. Âëàñòè-
âiñòü ìàòðèöi áóòè ìàéæå âèðîäæåíîþ ïîâ'ÿçàíà
iç íîðìîþ ¨¨ îáåðíåíî¨ ìàòðèöi òà ÷èñëîì îáóìîâ-
ëåíîñòi. Êðiì òîãî, ìîæå òðàïèòèñü, ùî ìàòðèöÿ
A = HT H ¹ ìàéæå âèðîäæåíà, õî÷à ìàòðèöÿ H öi-
¹þ âëàñòèâiñòþ íå âîëîäi¹. Ìàòðèöÿ A = HT H ¹,
âçàãàëi êàæó÷è, çíà÷íî ãiðøå îáóìîâëåíà, íiæ ñàìà
ìàòðèöÿ H.

Íàäàëi âèêîðèñòîâóâàòèìåìî òàêi ïîíÿòiéíi çàñà-
äè.

Ïîçíà÷èìî ÷åðåç Fd,t ìíîæèíó ÷èñåë, ÿêi çàïè-
ñóþòüñÿ ÷åðåç d äåñÿòêîâèõ öèôð iç çíàêîì � + � àáî
� � �, ïðè÷îìó t öèôð ðîçìiùåíi ïiñëÿ êîìè, òîáòî
çîáðàæàþòü äðîáîâó ÷àñòèíó. ÌíîæèíàFd,t ñêií÷åí-
íà, õî÷à çà âåëèêîãî d ¹ äóæå âåëèêîþ. Äiéñíå ÷èñëî
ìîæíà íàáëèæåíî ïîäàòè ÷èñëîì iç Fd,t,ÿêùî öiëà
÷àñòèíà ìåíøà çà 10d−t .

ßêùî ÷èñëî íàáëèæåíå ÷èñëîì ã iç Fd,t, òî ìî-
äóëü àáñîëþòíî¨ ïîõèáêè |a− ã| íå ïåðåâèùó¹ 1

2
10−t.

Ïðè ïñåâäîîáåðíåííi íàéáiëüø íåçðîçóìiëîþ ¹
ïðîáëåìà âèçíà÷åííÿ ðàíãó ìàòðèöi. Àëå òóò äîïî-
ìîãòè ìîæå ïðîñòiøå ïèòàííÿ � âèÿñíèòè, ÷è ¹ ó ðîç-
êëàäàõ (8), (9), (13) ÷è (14) çíåâàæëèâî ìàëi îêðåìi
äîäàíêè.

Äëÿ çàäà÷i (1), âðàõîâóþ÷è îöiíêè i ïîõèáêè âõiä-
íî¨ iíôîðìàöi¨ é çàîêðóãëåíü (19)�(20) òà ïîõèáêè,
ùî âíåñåíi ïðè îá÷èñëåííi çà ñõåìîþ (10), ÷è (13),
âñòàíîâëþþòü äåÿêå ÷èñëî ε ÿê ïåâíó ìåæó: ÿêùî
dr, dr−1, . . . , dr−p+1 ÷è β

(k)
2 β

(k)
4 ...β

(k)
2(r−p+1) ìåíøi íiæ

ε, òî ðàíã ìàòðèöi ââàæàòèìåìî òàêèì, ùî äîðiâíþ¹
r − p.

Îòæå, êiëüêiñòü îá÷èñëåíèõ ðåêóðåíòíî ÷åðåç
(10) ïàðàìåòðiâ Bk−1 i dk, íåîáõiäíèõ äëÿ ïîáóäî-
âè (11) ÷è (12), çàëåæèòü âiä âåëè÷èíè ε. Ó òàêèõ
îá÷èñëþâàëüíèõ ïðîöåñàõ ìà¹ìî ñïðàâó íå iç ñàìîþ
ìàòðèöåþ Ã = H̃T H̃, à ç iíøîþ ìàòðèöåþ Àε.

ÐàíãAε çàëåæèòü âiä ε, ïðè÷îìó Rang ε≤Rang Ã,
ñïåêòðàëüíå ÷èñëî îáóìîâëåíîñòi c çàäîâîëüíÿ¹ íå-
ðiâíîñòi

c(Aε) ≤ α1

ε
≤ c(A),

äå α1 � íàéáiëüøå ñèíãóëÿðíå ÷èñëî ìàòðèöi A;
c(A) = ||A−1|| ||A||.

Îòæå, çðîáèâøè ε áiëüøèì, íiæ ìiíiìàëüíå ñèí-
ãóëÿðíå ÷èñëî ìàòðèöi A, ìè â çìîçi âèáðàòè iç Ã
íàéâiðîãiäíiøó iíôîðìàöiþ, ÿêî¨, ïðèðîäíî, çàìàëî.
Öåé åôåêò íàäàëi áóäå âèêîðèñòàíèé äëÿ âèäiëåííÿ
íàéñóòò¹âiøî¨ ÷àñòèíè äàíèõ, çàïèñàíèõ ó ìàòðèöi,
à öüîìó, ÿê áóäå ïîêàçàíî íèæ÷å, äîïîìàãà¹ òåîðiÿ
àïðîêñèìàíò Ïàäå àáî ¨¨ ÷àñòêîâèé âèïàäîê � òåîðiÿ
íåïåðåðâíèõ ïàðàìåòðèçîâàíèõ äðîáiâ. Äëÿ öüîãî ε
çàäàþòü íàñòiëüêè âåëèêèì, ùîá îäåðæàòè ìàòðèöþ
Aε ïðèéíÿòíîãî ðàíãó, à ñàìå: äîñòàòíüî ìàëîãî äëÿ
òîãî ùîá, äàíi áóëè îãëÿäîâèìè, i äîñòàòíüî âåëè-
êîãî, ùîá âîíè áóëè çíà÷èìèìè. Êðiì òîãî, ÿê áóäå
ïîêàçàíî íèæ÷å, âäàëèé âèáið ε îá'¹äíó¹ äâà ðiçíi
ïîíÿòòÿ: òî÷íiñòü òà ñòiéêiñòü.

Òåîðåìà 1.(Ïðî ðåãóëÿðèçàöiþ).
Íåõàé äëÿ ñèñòåìè (19) âèêîíóþòüñÿ óìîâè (20).
Òîäi ó ðîçêëàäàõ (8)�(9) ÷è (13)�(14) äëÿ âñòàíîâ-
ëåííÿ ðàíãó ìàòðèöi Aε òðåáà âèáðàòè ε áëèçüêèì
äî
√

δ, äå δ âèçíà÷åíå â (20).
ßê ïðàêòè÷íî âèêîðèñòàòè òåîðåìó ðåãóëÿðèçàöi¨

ïiäêàæóòü òàêi ìîäåëüíi ïðèêëàäè: ïåðøèé iç ìàé-
æå íóëüîâèì âèçíà÷íèêîì i äðóãèé ç ïîãàíî îáóìîâ-
ëåíîþ ìàòðèöåþ.

Ïðèêëàä 1. Ðîçãëÿíåìî âèðîäæåíó ñóìiñíó ñèñ-
òåìó ðiâíÿíü

{
x1 +

√
2x2 = 1√

2x1 + 2x2 =
√

2
(21)

i ¨¨ íàáëèæåíèé âàðiàíò
{

x1 + 1, 414x2 = 1
1, 414x1 + 2x2 = 1, 41 . (22)

Ñèñòåìà (22) ìà¹ ¹äèíèé ðîçâ'ÿçîê: x1 = 10, 36; x2 =
−6, 62, ùî çàïèñàíèé çãiäíî ç òî÷íiñòþ ïðàâî¨ ÷àñòè-
íè.
Iíøà íàáëèæåíà (21) ñèñòåìà
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Î. Ðèáèöüêà

{
x1 + 1, 41x2 = 1

1, 41x1 + 2x2 = 1, 41

ìà¹ òàêîæ ¹äèíèé ðîçâ'ÿçîê: :x1 = 0, 529; x2 = 0, 336.
ßê áà÷èìî, òóò ñòiéêîñòi íåìà¹. Öå ¹ íàñëiäêîì

òîãî, ùî ó ðàçi íåòî÷íîãî çàäàííÿ
√

2 ñèñòåìà (21)
ïåðåòâîðþ¹òüñÿ ó íåâèðîäæåíó ñèñòåìó ç ¹äèíèì
ðîçâ'ÿçêîì, ÿêèé íå ¹ áëèçüêèì äî íîðìàëüíîãî

ðîçâ'ÿçêó x+ =

(
1
3
,

√
2

3

)
.

Ðîçâ'ÿæåìî òåïåð (22) çà ñõåìîþ (9)�(10) iç âèêî-
ðèñòàííÿì òåîðåìè ðåãóëÿðèçàöi¨. Äëÿ íå¨d1 = 3, à

B1 =
(

3 0
0 3

)
−

(
1 1, 414

1, 414 2

)
=

=
(

2 −1, 414
−1, 414 1

)

i

B1A =
(

1− (1, 414)2 0
0 2− (1, 414)2

)
=

=
(

0, 000604 0
0 0, 000604

)
.

Îñêiëüêè â íàøîìó âèïàäêó δ =
1
2
10−2 i

√
δ =

1
10
√

2
,

òî òðåáà ââàæàòè (iç òî÷íiñòþ
√

δ) ìàòðèöþ B1A íó-
ëüîâîþ, à öå îçíà÷à¹, ùî íàáëèæåíèì çíà÷åííÿì íîð-
ìàëüíîãî ðîçâ'ÿçêó çàäà÷i (22) ¹

x+ ≈ B0

d1

(
1

1, 41

)
=

1
3

(
1

1, 41

)
≈

(
0, 33
0, 47

)
.

Ïðèêëàä 2. [13]. Íåõàé ìàòðèöÿ A = HT H i âå-
êòîð HT b äëÿ (1) ìàþòü âiäïîâiäíî âèãëÿä

A =




7 8 9
8 9 10
9 10 8


 , HT b =




24
27
27


 .

Ìàòðèöÿ A ïîãàíî îáóìîâëåíà, îñêiëüêè ¨¨ íîðìàëi-
çîâàíèé âèçíà÷íèê

|Ā| = detA

A1A2A3
=

3√
194 · 2452

≈ 8, 79 · 10−4,

äå Ai=

√
3∑

j=1

a2
ij , i=1, 2, 3, à aij � åëåìåíòè ìàòðèöi A.

Çà òàêèõ òî÷íèõ çíà÷åíü ïàðàìåòðiâ ñèñòåìà (2) ìà¹
¹äèíèé ðîçâ'ÿçîê x = (1, 1, 1)T .
ßêùî òåïåð íåçíà÷íî çìiíèòè âåêòîð g = HT b, íà-
ïðèêëàä, ââàæàòè éîãî òàêèì:

g̃ = (24, 2; 27, 0; 27, 2)T ,

òî îäåðæèìî ðîçâ'ÿçîê x̃ = (−0, 933; 2, 866; 0, 866)T .

Òàêèé ðåçóëüòàò ¹ íàñëiäêîì òîãî, ùî ìàòðèöÿ ïðè-
êëàäó ìàéæå âèðîäæåíà. Äëÿ òîãî, ùîá i òóò çíàéòè
ñòiéêèé ðîçâ'ÿçîê, ïîòðiáíî âèêîðèñòàòè òåîðåìó ïðî
ðåãóëÿðèçàöiþ.
Çà ñõåìîþ (16) äëÿ íàáëèæåíîãî g̃ ìà¹ìî




24, 2
27, 0
27, 2


 + α




630, 2
708, 6
705, 4


 + α2




16428, 8
18437
18401


 + ...

Íåõàé êîåôiöi¹íòè âåêòîðà g̃ îá÷èñëþ¹òüñÿ iç òî÷íi-
ñòþ δ = 4 · 10−2. Îòæå, òóò

√
δ ≈ 0, 2 i òîìó çãi-

äíî ç òåîðåìîþ ïðî ðåãóëÿðèçàöiþ íàäàëi ó ðàõóí-
êàõ âñi ïàðàìåòðè, ùî ¹ ìåíøèìè, àáî ðiâíèìè, íiæ
0,2, ââàæàòèìåìî òàêèìè, ùî äîðiâíþþòü íóëþ. Íà-
ïðèêëàä, äëÿ êîîðäèíàòè x̃1 âåêòîðà-ðîçâ'ÿçêó x̃ =
(x̃1, x̃2, x̃3)T ìà¹ìî

β
(1)
1 = 24, 2; β

(1)
2 = − 1

β
(1)
1

A1
1 = − 1

24, 2
630, 2;

β
(1)
3 =

(630, 2)2 − 24, 2 · 16428, 8
24, 2 · 630, 2

≈ 0.

Òîìó,

x̃1 = −β1

β2
=

(24, 2)2

630, 2
≈ 0, 9.

Àíàëîãi÷íî, x̃2 = x̃3 ≈ 1, 0.

Îòæå, äëÿ ïðèêëàäó ðàíã ìàòðèöi Aε ïîòðiáíî âè-
áðàòè òàêèì, ùî äîðiâíþ¹ îäèíèöi. Òîäi îá÷èñëþ-
âàëüíèé ïðîöåñ ñòàáiëiçó¹òüñÿ, à ðåçóëüòóþ÷i äàíi
ñòàþòü îãëÿäîâèìè i çíà÷èìèìè.

Ïiäñóìîâóþ÷è âèùåíàâåäåíå, çàçíà÷èìî, ùî âêà-
çàíèé ó ðîáîòi ìåòîä ðåãóëÿðèçàöi¨ íå ïîòðåáó¹ ãðî-
ìiçäêèõ îá÷èñëåíü äëÿ çíàõîäæåííÿ ïàðàìåòðà ðå-
ãóëÿðèçàöi¨ (äèâ., íàïðèêëàä, ìåòîä ðåãóëÿðèçàöi¨
Òiõîíîâà-Ôiëiïñà [12]). Âií ñïîðiäíåíèé ç iòåðàöiéíè-
ìè ìåòîäàìè ðåãóëÿðèçàöi¨, â ÿêèõ äëÿ çíàõîäæåííÿ
íîðìàëüíîãî ðîçâ'ÿçêó ïîòðiáíî â÷àñíî ïðèçóïèíè-
òè iòåðàöiéíèé ïðîöåñ, òîáòî çíàéòè ïîòðiáíèé iíäåêñ
iòåðàöi¨. Âàðòî òóò íàãîëîñèòè i íà òîìó, ùî âäàëå âè-
êîðèñòàííÿ íåïåðåðâíîãî äðîáó ÷àñòî ïðèâîäèòü äî
áàæàíèõ ðåçóëüòàòiâ. Öå, íàïðèêëàä, ïðîáëåìà äî-
âåäåííÿ ñòiéêîñòi ìíîãî÷ëåíà [7], ïîáóäîâà àïðîêñè-
ìàíò Ïàäå [14] òîùî. Ó ðîáîòi âèêîðèñòàíà ùå îäíà
äóæå âàæëèâà âëàñòèâiñòü íåïåðåðâíîãî äðîáó: çäà-
òíiñòü çîñåðåäæóâàòè îñíîâíó ðåçóëüòóþ÷ó iíôîðìà-
öiþ íà ïåðøèõ ïîâåðõàõ äðîáó.

Îñêiëüêè âêàçàíèé ó ðîáîòi ìåòîä ðåãóëÿðèçàöi¨
ñóòò¹âî âiäðiçíÿ¹òüñÿ âiä íàéóæèâàíiøîãî íà ñüîãî-
äíi Òiõîíîâñüêîãî ìåòîäó ðåãóëÿðèçàöi¨ íåêîðåêòíèõ
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çàäà÷, ðîçãëÿíåìî äåùî äåòàëüíiøå îñòàííié. Ìå-
òîä Òiõîíîâà�Ôiëiïñà ìiñòèòü äåÿêi ñóòò¹âi âàäè. Ïî-
ïåðøå, çãiäíî ç òàêèì ïiäõîäîì çìiíþ¹òüñÿ ñàì îïå-
ðàòîð ñèñòåìè ðiâíÿíü, ùî ñòà¹ êîðåêòíèì, òîáòî
ñòiéêèì äî çáóðåíü. Îòæå, òóò íå çíàõîäèòüñÿ ðîçâ'ÿ-
çîê âèõiäíîãî ðiâíÿííÿ i íå ñòàâèòüñÿ ïèòàííÿ ïðî
ïîáóäîâó ðåãóëÿðèçóþ÷îãî àëãîðèòìó éîãî ðîçâ'ÿçó-
âàííÿ. Ïî-äðóãå, ïiä ÷àñ òiõîíîâñüêî¨ ðåãóëÿðèçàöi¨
íåìàëîâàæíå çíà÷åííÿ ìà¹ âäàëèé âèáið ïàðàìåòðà
ðåãóëÿðèçàöi¨. Çäåáiëüøîãî éîãî âiäøóêàííÿ ¹ ñêëàä-
íiøîþ çàäà÷åþ çà ïåðâiñíó, òîìó ïðàêòèêè íàé÷àñòi-
øå âèáèðàþòü éîãî åìïiðè÷íî. Ïî-òðåò¹, ñàìå çíàõî-
äæåííÿ ðîçâ'ÿçêó çáóðåíîãî ðiâíÿííÿ çáiãà¹òüñÿ äî-
ñèòü ïîâiëüíî. Êðiì òîãî, çà òàêî¨ ðåãóëÿðèçàöi¨ îäåð-
æóþòü íå ïðÿìi, à çìiùåíi îöiíêè.

III. Ðåãóëÿðèçóþ÷èé àëãîðèòì çàäà÷i
ëiíiéíîãî ïðîãðàìóâàííÿ

Áóäü-ÿêó çàäà÷ó ëiíiéíîãî ïðîãðàìóâàííÿ (ËÏ)
ìîæíà çàïèñàòè â ìàòðè÷íié ôîðìi òàê:

ìàêñèìiçóâàòè ôóíêöiþ

(cT , xT ), (23)
çà óìîâ

Ax = b, x ≥ 0. (24)
Òóò: x � n-âèìiðíèé øóêàíèé âåêòîð-ñòîâïåöü;xT

� éîãî òðàíñïîíåíòà; cT � n-âèìiðíèé âåêòîð-ðÿäîê;
b � m-âèìiðíèé âåêòîð-ñòîâïåöü;A � ïðÿìîêóòíà ìà-
òðèöÿ ðîçìiðiâ m× n.

Â îñíîâi òåîði¨ ËÏ ëåæèòü òåîðåìà Êóíà-Òàêêåðà
ïðî íåîáõiäíi òà äîñòàòíi óìîâè iñíóâàííÿ îïòèìàëü-
íî¨ òî÷êè x∗, ÿêà á çàäîâîëüíÿëà óìîâè (23) i (24).
Óìîâè Êóíà-Òàêêåðà ìàþòü âèãëÿä

Ax = b (25)
AT λ− ν = c (26)

xjνj = 0, j = 1, n. (27)
Îòæå, äëÿ iñíóâàííÿ ðîçâ'ÿçêó x∗ çàäà÷i (23)�

(24), òðåáà i äîñèòü, ùîá âiäíàéøëèñÿ òàêi âåêòîðè
ν∗ ≥ 0 i λ∗, ùîá ñèñòåìà âåêòîðiâ x∗, λ∗, ν∗ çàäîâîëü-
íÿëà óìîâè (25)�(27).

Ëåãêî ïåðåêîíàòèñÿ â òîìó, ùî äîâiëüíèé2n+m-
âèìiðíèé âåêòîð (x, λ, ν), ùî ¹ ðîçâ'ÿçêîì ñèñòåìè
(25)�(26) çà óìîâ x ≥ 0 i ν ≥ 0, áóäå ¨¨ áàçèñíèì
ðîçâ'ÿçêîì (êðàéíüîþ òî÷êîþ).

Äëÿ çàäà÷i (23)�(24) ïîøóê òî÷êè Êóíà-Òàêêåðà
çâîäèòüñÿ äî ðîçâ'ÿçàííÿ äâîõ ÑËÀÐ (25) i
(26). Ó ïåðøié ñèñòåìi ìà¹ìî n íåâiäîìèõ
x = (x1, x2, . . . , xn). Ó äðóãié m + n íåâiäîìèõ
λ = (λ1, λ2, . . . , λm) i ν = (ν1, ν2, . . . , νn).

Îá÷èñëþâàëüíèé ïîøóê îïòèìàëüíî¨ òî÷êè
(x∗, λ∗, ν∗) ïîëÿãà¹ îñü ó ÷îìó. Ïåðåäóñiì ðîçâ'ÿçó¹ìî
ñèñòåìó (25) çà ñõåìîþ (13), (15). Îäåðæèìî íîð-
ìàëüíèé ðîçâ'ÿçîê, ñåðåä êîìïîíåíò ÿêîãî, ìîæëèâî,
¹ i âiä'¹ìíi ÷èñëà. Çàìiíèìî îñòàííi íóëÿìè i ïîâåð-
íåìîñü çíîâó, çà òèì æå àëãîðèòìîì äî âiäøóêàííÿ

ðîçâ'ÿçêiâ ñêîðî÷åíî¨ ñèñòåìè. Îòæå, áóäå çíàéäåíèé
íîðìàëüíèé íåâiä'¹ìíèé ðîçâ'ÿçîê ñèñòåìè (25). Àíà-
ëîãi÷íî îá÷èñëþ¹òüñÿ ñòîñîâíî íåâiä'¹ìíèõ çíà÷åíüν
íîðìàëüíèé ðîçâ'ÿçîê ñèñòåìè (26). Òàêèé ðîçâ'ÿçîê
(x, λ, ν) çà óìîâ x ≥ 0 i ν ≥ 0 áóäå áàæàíèì ðîçâ'ÿç-
êîì çàäà÷i (25)�(26).

ßêùî äëÿ öüîãî ðîçâ'ÿçêó äëÿ ïåâíîãî j óìîâà
(27) íå âèêîíó¹òüñÿ, òî ïðèéìà¹ìî â (25) xj = 0 i
ïðîäîâæó¹ìî âåñü ïðîöåñ (25)�(27) çàíîâî äî ïîâíî-
ãî âèêîíàííÿ óìîâ Êóíà-Òàêêåðà.

Ïðèêëàä 1. [11]. Íåõàé â (23)�(24)

A =




2 −2 1 1 0, 5
1 1 1 0 0, 5
3 −1 2 1 1


 ,

b =




2
1
3


, cT = (−1,−1, 0, 0, 0)

(28)

Ñòàíäàðòíà ïðîãðàìà ðîçâ'ÿçàííÿ öi¹¨ çàäà÷i,
ïîáóäîâàíà çà ñiìïëåêñ-ìåòîäîì, âèäàëà ÿê ðîçâ'ÿ-
çîê âåêòîð (0, 0, 1, 1, 0)T .
Öå íàñïðàâäi ðîçâ'ÿçîê çàäà÷i (28), õî÷à âií íå âîëî-
äi¹ ìiíiìàëüíîþ íîðìîþ.

Çáóðèìî òåïåð â (28) âåêòîð b, ïðèéíÿâøè
b3 = 3, 01 (çàìiñòü 3), çàëèøèâøè áåç çìií âñi iíøi
äàíi öüîãî âåêòîðà. Òåïåð öÿ æ ñàìà ñòàíäàðòíà ïðî-
ãðàìà íå âèäà¹ æîäíîãî ðîçâ'ÿçêó i ïîâiäîìëÿ¹ ïðî
íåñóìiñíiñòü îáìåæåíü. Òàêó æ âiäïîâiäü îäåðæèìî i
çà iíøèõ çáóðåíü (íàâiòü äóæå ìàëèõ).

Ç ïîãëÿäó êëàñè÷íîãî ïiäõîäó öi ðåçóëüòàòè öië-
êîì ïðèðîäíi i êàæóòü ïðî äîñòàòíüî âèñîêó ÿêiñòü
ñòàíäàðòíî¨ ïðîãðàìè. ßêùî æ ðîçãëÿíóòè ç ïîãëÿäó
ðåãóëÿðèçàöi¨, òî öi æ ñàìi ðåçóëüòàòè âêàçóþòü íà
íåïðèäàòíiñòü ñiìïëåêñ-ìåòîäó ÿê ðåãóëÿðèçóþ÷îãî
àëãîðèòìó.

Ðîçâ'ÿæåìî òåïåð öþ çàäà÷ó çàïðîïîíîâàíèì ó ðî-
áîòi àëãîðèòìîì. Ó ïðèêëàäi x = (x1, x2, x3, x4, x5)T ,
λ = (λ1, λ2, λ3) i ν = (ν1, ν2, ν3, ν4, ν5)Tq. Ïî÷àòêîâà
ñèñòåìà (25) iç êîåôiöi¹íòàìè (28) ìà¹ íîðìàëüíèé
ðîçâ'ÿçîê (òî÷íiñòü 10−4)

x = (0, 5748; −0, 0861; 0, 4094; 0, 1654; 0, 2047)T .

Ïðèéíÿâøè òåïåð ó ñèñòåìi (25) x2 = 0, ¨¨ ñêîðî-
÷åíèé âàðiàíò âñòàíîâëþ¹ íåâiä'¹ìíèé íîðìàëüíèé
ðîçâ'ÿçîê

x+ = (0, 6429; 0; 0, 2857; 0, 3571; 0, 1429)T .

Ðîçãëÿíåìî ñèñòåìó (26)



2 1 3
1 1 2
1 0 1

0, 5 0, 5 1







λ1

λ2

λ3


−




ν1

ν3

ν4

ν5


 =




−1
0
0
0


 .

�¨ íîðìàëüíèé ðîçâ'ÿçîê ìà¹ âiä'¹ìíi çíà÷åííÿν3, ν4

i ν5. ßêùî ïðèéíÿòè ¨õ çà íóëi, ìàòèìåìî ñèñòåìó
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Î. Ðèáèöüêà

2λ1 + λ2 + 3λ3 − ν1 = −1
λ1 + λ2 + 2λ3 = 0
λ1 + λ3 = 0

0, 5λ1 + 0, 5λ2 + λ3 = 0,

äëÿ íîðìàëüíîãî ðîçâ'ÿçêó ÿêî¨ ν1 = 1. Òîáòî íå âè-
êîíó¹òüñÿ óìîâà (27): x1 · ν1 = 0, 6429 · 1 6= 0.

Òîìó ñëiä â ñèñòåìi (25) âçÿòè x1 = 0 (à ðàíiøå íà-
ìè áóëî ïðèéíÿòî, ùî i x2 = 0). Òîìó íîðìàëüíèé
ðîçâ'ÿçîê ïðèêëàäó âèçíà÷à¹òüñÿ ÷åðåç íîðìàëüíèé
äîäàòíèé ðîçâ'ÿçîê ñèñòåìè

x3 + x4 + 0, 5x5 = 2
x3 + 0, 5x5 = 1

2x3 + x4 + x5 = 3

Âií òàêèé: x+
opt = (0; 0; 0, 8; 1; 0, 4)T .

Çäiéñíèâøè äëÿ çàäà÷i (28) àíàëîãi÷íi ðîçðàõóíêè iç
çáóðåíèìè äàíèìè a11 = 2, 001 i b3 = 3, 01, à âñi iíøi
ïàðàìåòðè íå çìiíåíî, îäåðæèìî ðåçóëüòàò

x+
opt = (0; 0; 0, 8027; 1; 0, 4013)T .

Ïîðiâíÿâøè öåé ðåçóëüòàò iç çàïðîïîíîâàíèì ó
ðîáîòi [11] ìåòîäîì iòåðàòèâíî¨ ðåãóëÿðèçàöi¨, ùî îá-
÷èñëþ¹ çà 19000 iòåðàöié çíà÷åííÿ

x+
opt = (0; 0; 0, 8052; 0, 9916; 0, 4026),

ïåðåêîíó¹ìîñü ó âèñîêié åôåêòèâíîñòi äðîáîâî-ðàöiî-
íàëüíîãî ìåòîäó ðåãóëÿðèçàöi¨.
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The discrete system of linear equations with almost degenerate matrix is investigated. The
regularization of such system solution is realized on the base of parameterized continuous frac-
tions theory and Pade Approximants. The proposed algorithm makes it possible to solve linear
equations systems with matrix having inde�nite rank. The theoretical results are illustrated by
a number of test examples including linear programming task.
Keywords: almost degenerate matrix, pseudoinversion, regularisation, continuous fraction, linear
programming task.
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