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HocaigxeHno mnpodaeMy KOONEPATHBHOIO NPUHHSATTH PpilleHb Y MYJbTHATEHTHHUX
CHCTeMax HAa OCHOBi Mojesi CTOXaCTHYHOI I'PH 3 KopeaboBaHUMH cTpaterismu. Copmyibo-
BaHO irpoBy 3aaavy, po3po0/eHO0 MeTOJ Ta aJropuT™m JJjs ii po3s’sisyBanHsi. HaBemeHo ta
NPOAHATI30BAHO Pe3yJbTATH KOMII OTEPHOI0 MOJCJIIOBAHHS CTOXACTHYHOI I'PH 3 KOpPEJIbo-
BAHUMHU CTpPATErisiMH.

KuarouoBi cjioBa: koomepaTuBHe NMPUAHATTH pillleHb, CTOXaCTHYHA rpa, KOpeJabOBaHi
cTpaTerii, MyJIbTHATEHTHA CHCTEMA.

The problem of co-operative decison-making in multiagent systems on the bass of
stochagtic game mode with the correlated strategies is investigated. The formulation of a game
problem is executed, the method and algorithm are developed for its solving. Results of computer
modelling of stochastic game with the correlated strategies are described and analysed.

Key words. co-operative decision-making, stochastic game, correlated strategies,
multiagent system.

Beryn

Cy4acHuii pO3BUTOK MEPEKHUX 1HPOPMALiIHHUX TEXHOJIOTIH CIPsIMOBaHUH y HANIPSIMKY PO3pOOJICHHS Ta
BIPOBA/DKEHHS] MYJIBTHATCHTHHX CHCTEM. MyJIbTHAreHTHI CHCTEMH BHUKOPHCTOBYIOTHCS UL PO3B’SI3yBaHHS
CKJIQIHUX TPOOIEM PO3MOAUIEHOTO IITYYHOTO IHTEIEKTY Ui BUPOOIEHHS Ta MPUHHATTS PIIEHh B yMOBaX
HeBU3Ha4YeHOCTI [1]. ATeHT — 1le aBTOHOMHA CHCTEMa 3 €JIeMEHTaMH INTYYHOrO IHTENEKTY, sKa (DYHKIIIOHYE
3riHO 3 IUISAMH, 3aKJIaJICHUMH HOro PO3POOHHMKOM a00 BJIACHUKOM, JUIS YOr0 MOYKE B3aEMOJISTH 3 1HIIHMMH
areHTaMu Ta JIFOJIMHOK, BUKOPUCTOBYIOUH pecypcH iH(opMariiitHoi Mmepexi. Mynbruarentna cuctema (MAC)
— e CHCTeMa, YTBOPEHA JEKUJIbKOMa B3a€EMOIIOYMMH IHTEIEKTyaJbHHUMH areHTaMH 3 BIACTHBOCTSMH:
aBTOHOMHOCTI — areHTH MOBHICTIO a00 YaCTKOBO HE3AJIEXKHI, cIieriami3amii Ta 0OMEXEHOCTI 3HAHb — KOXKEH 3
areHTiB BUKOHYE BY3bKOCIICIia1i30BaHI (DYHKIIT 1 HE Ma€ IUTICHOTO YSABJICHHS PO CUCTEMY; JACLICHTpaTi3allii —
areHTH KOHTPOJIIOIOTh JIOKAJIbHI IUITHKH PO3IOALICHOT CUCTEMH.

[puiinsarra pimens B MAC 3a0e3neuyerbcss KOOPAMHALIEIO Al areHTiB HPH PO3NOMITIEHOMY
PO3B’ sI3yBaHHI HUMH CITIbHOI 3a1a4i. KoopauHartist (y3rouKeHHs) Aill IPYHTYEThCS HAa B3a€EMO/IIT arcHTIB,
sKa MOKe OyTH 3MOJIeNTbOBaHa 3a JIOIIOMOTrolo rpu. IrpoBa Mozens BU3Hauae abCTpakTHEe POPMYITIOBAHHS
IinboBUX (YHKINH, cTparerii Ta pe3yibTaTiB B3a€MOJIii areHTiB. ATEHTH MIIOTh paIliOHAILHO Ta
CTpaTeriuHo, BOHH OOMPAIOTh CTPATETii, SIKi ONTHMI3YIOTh IXHI LITbOBI (YHKIIIi, BpaXOBYIOUH 3HAHHS TIPO
iHImuX areHTiB. CTpaTerii areHTiB BU3HAYAIOTh IUTaH IpH — Aii ab0 iMOBipHOCTI BUOOPY Aili TpaBLiB y Yaci.

M gocnimxenas MAC, mo (yHKUIOHYIOTh B YMOBaX HEBU3HAU€HOCTi, BUKOPUCTOBYIOTh MO
CTOXacCTHYHHX irop. Ha BiaMiHy BiIl JeTepMiHOBAHUX irop, Y CTOXaCTHYHHX irpax MaTpHili BHIDAIIiB
anpiopi He Bimomi. CToXacTHYHA Tpa 3aJa€ThbCS MHOKWHOIO T'PaBIliB, MHO)KHHAMH YUCTHUX CTpaTeriii Ta
MAaTpPHUISIMH PO3MO/ALTIB BUIIAAKOBHX BHUrpamnis (abo mporpamris). CToxacTHdHa rpa — [ie MOBTOPIOBAIbHA
MaTeMaTHyHa TIpa B YMOBaxX HEBMU3HAYCHOCTI MAaTpPHIb BHTPAIIiB, y SKiil I'paBHi MIiCIs HE3aJEKHOTO
BUIAIKOBOTO BUOOPY YUCTUX CTpAaTeTiii Ha OCHOBI MOOYAOBAHOTO HA JUHAMIYHUX 3MILIAHUX CTPATETisfX
IMOBIpHICHOTO MEXaHi3My OTPUMYIOTh BUIIQJKOBHUil Burpami (a0o mporpaii), ssKdii BUKOPUCTOBYIOTh LIS
aJlanTUBHOT MondiKalii 3MillIaHUX CTpaTerii Tak, mod MakcHMi3yBaTH (pyHKIIi cepenHix Burpaiis (abo
MiHiIMi3yBaTH GYHKIT cepeaHix mporpariis) [2].
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bararoareHTHa cTOXacTH4HA Ipa € 3pyYHOI0 MOJEIUTIO KOJIEKTUBHOTO MPHUHSATTS pillleHh B YMOBaX
HEBU3HAYCHOCTI, OCKIIbKH JO3BOJISIE JOCTIAMTH TPOIECH KOHKYPEHIll, KooImepaiii, KOOpAHUHAIll,
camooprasi3ariii, HABYaHHs Ta a/IallTUBHOI MTOBETIHKY TPaBIIiB.

Cepen BOX BENHMKHX KJACIB irop, KOOMEPATUBHUX Ta HEKOONEPATHBHUX, 3 OISy MPUAHATTS
pilieHb KOONEPaTHBHI irpd MalOTh OUIBIIY TEOPETUYHY MPUBAONUBICTH Ta MPAKTUUHY LIHHICTH, OCKIIBKH
JIAIOTh 3MOI'Y BPaxOBYBaTH KOAIIIIMHY Y3TOMKEHICTh CTpaTerid IMOBEMIHKM arcHTIB JJIs JOCATHEHHS
pe3yabTaTy 3a MEHIIMH Yac Ta 3 MEHIUMMH 3YCHJUIIMU. Y KOONEPAaTUBHHX irpax IpaBli JOMOBISIOTHCS
PO cTpaTerii MOBEIIHKYA Y MEKaxX CTBOPEHHUX HUMHM KOATilid. AT€HTH OJHIE] KOAMIIil MalTh CIIbHY
rIo0aabHy METy, SKOI JOCSTaloTh MisSMH OKPEMHX TpaBIiB Koamimii. TUM caMuM Koauilis HakIanae
OOMEKeHHSI Ha CTpaTerii MoBeAiHKH 11 yyacHuKiB. [100y10Ba KOOIIEPaTUBHOI IPU areHTIB IPYHTYETHCS Ha
oOMmiHI iH(]opMali€ro, KOMM TpaBUi Y3rOMKYIOTh BIacHi Aii, OOMIHIOIOTbCS 3HAUYEHHSIMH IOTOYHHX
BUTPAIliB, YACTUMHU a00 3MIIIAHUMHU CTpATETisiMH. Y HEKOONEPaTHBHHX OE3KOANIIHHUX irpax areHTH
TUIOTH HE3AJIEKHO 1 HE MOXKYTh YKJIAJIaTH IOMOBJICHOCTEH MiXk CO0OIO.

Bimomi meromu irpoBoro BHOOpPY BapiaHTIB pIllICHb MEPEBAXHO IPYHTYIOTBCS HAa BiJIICYTHOCTI
o0MiHy iH(OpMali€l0 MiX I'PaBIsIMU, IO CIPOILILYE MaTeMAaTHUYHUI aHali3 X 301KHOCTI 10 CTaHIB KOJEK-
TUBHOI ONTUMaNbHOCTI. BpaxyBaHHs 0OMiHy iH(OpMamLi€lo MiX IrpaBLSIMH Ja€ 3MOTY BUBYATH MPOoOIeMHU
KOOTIEPAaTHBHOTO BUPOOJICHHSI Ta MPUHHATTS PIlICHb 338 paXyHOK YKJIaJaHHS JIOTOBOPIB Ta MEPEroBOpiB, Y
pe3yabTaTi SKUX BCTAHOBIIOIOTHCS 3HAUEeHHS (YHKUIN BUIpAIliB, BU3HAYAIOTHCS CLEHApii KoonepaTUBHOL
MOBE/IIHKH, BPaXOBYIOThCSI TICXOJIOTIYHI (haKTOpH Tij 4ac BUOOpY BapiaHTiB pimieHb Ta iH. JJoMoBiIeHOCTI
MiX I'paBILSIMH MOXYTb OyTH 00O0B’ I3KOBUMH a00 HE000B' si3k0BUMH. 1Ipu 000B’ A3KOBHUX JOMOBICHOCTSX
TpaBli CYBOPO JOTPUMYIOTHCS Pe3yJbTaTiB IMEPEroBOpiB, a NMpH HEOOOB's3KOBHUX — cB0oOOma BUOOpY
IpaBIiB HisK He oOMexyeTbcs. CTaOiNBHICTh KOAlillii TpaBIiB NMPU HEOOOB'I3KOBUX JOMOBIEHOCTSX
3a0e3Meuy€eThCsl BA3HAYCHHSIM YMOB, TIOPYILICHHS SIKUX CTa€ HEBUT1IHUM JIsl TPABIIIB.

[lix yac HEKOOMEPAaTUBHUX CTOXAaCTUYHMX irOp rpaBli BHOMPAIOTH CTpaTerii BUNAIKOBO Ha OCHOBI
HE3aJIC)KHUX PO3MOALTIB iIMOBIpHOCTEH. Y KOOINEpaTUBHUX Irpax BUOIp CTpaTeriil € 3aJIe)KHUM y MekKax
Koaimii rpaBiiB. Taka 3anexHICTh MOXKe OyTH 3MOJENbOBAaHA KOPEIhOBAHUMH CTpaTerisiMu — 00’ €Ha-
HUM, CHUIBHUM PO3IMONIJIOM IMOBIpHOCTEH BHOOPY YMCTHX cTpaTeriii rpaBmiB. Jist mporo 70 cucremu
MPUNAHATTS pillleHb BBOAMTHCS apOiTp, SKUH HAa OCHOBI CHUIBHOIO PO3MOAITY 3HAXOAWTH PIIICHHS Ta
NPOTIOHY€E HOTO Ui BAKOHAHHS KOKHOMY TpaBIlfo. st rpaBIiB e pillicHHS HE € 000B’ SI3KOBHM — BOHU
MOXYTh T€HEpYBaTH BIIACHI He3aJIeKHI Bijl apOiTpa pinieHHs. BigxuneHHs crpareriii rpaBiiiB BiJi peKOMEH-
JOBaHUX apOiTpOM 3HaYCHb OLIHIOETHCS (PyHKIi€I0 mTpadiB.

Pesynbratun gocnimkents croxactuaHux irop MAC 3 KOpelbOBaHUMHU CTPATETisIMA HE JIOCTATHBO
BUCBITJICH] Y HAyKOBiil JiTepaTypi. ToMy po3poOneHHs MOAeed CTOXaCTUYHHUX irop sl KOJEKTHBHOTO
BUPOOJICHHS 1 IPUAHATTS pillleHb, 30KpeMa 3 KOPEbOBAHUMH CTPATETIsIMH, € aKTyaJbHOI HAYKOBOIO Ta
NPaKTUYHOIO MPOOJIEMOI0, SIKa CHOTO/IHI MPUBEPTA€E 3HAYHY yBary nociiaHukis MAC.

MeTtoro poboTH € moOynoBa irpoBOr0 METOAY KOJIEKTHBHOTO NPUHHATTS PIlllEeHb B YMOBax
HEBU3HAYEHOCTI 3 KOPENbOBAHMMHU CTpATErisiMU rpaBUiB. s JOCATHEHHS METH MOOYIOBaHO MOJEINb
CTOXAaCTHYHOI TPHU 3 KOPEJIbOBAaHHMH CTpPATETIsIMH, pPO3pOOJIEHO METOJ, aITOPHTM Ta MPOTpaMHi 3acodu
MOJICJIFOBAHHSI CTOXaCTUYHOI I'PH U1 IPUHHATTS PillICHb B YMOBaX HEBU3HAUCHOCTI.

Mopens MyJIbTHATEHTHOI CTOXaCTHYHOI IPH
. _ i i .
I'pa B ymoBax HeBusHaueHocTi 3amaetbes koprexem Iy =(1,{U'} . {{"(U}y,,) Ha muoxuni
rpasui | # O, gki B3aeMOIIIOTH 31 CTOXACTUYHUM CEPENOBHUIIEM 3a JOIOMOIOK CKIHUEHHOrO Habopy
anctux crarerii U'=(u'(D),u'(2),...,u' (N;)), N, >2. Bubuparots uncri crparerii U, =u' rpasui y
JIUCKPETHI MOMEHTH 4yacy N=12,... BUIAaJKOBO 1 HE3aJIEKHO Ha OCHOBI BEKTOPIB 3MIIIAHUX CTpaTErii

piesSY, ne SM — N,-BUMipHWII ONMHMYHHII CHMIITEKC 3 BIACTHBIiCTIO Z pi(u)=1, pi(u)=0
u'ey!

Vu'eU'. 3nauenns kombinoBanoi crparerii Ue U = xU' e KoNeKTHBHUM pillleHHSIM TPaBILiB, 32 sSKE

iel

KOXEH 3 HUX OTPUMYe€ BUraakoBuii mporpam & (U,) .
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Jlomyctmo, mo MaTeMaTHuHi crofiBamHs mporpamie M{&! (u)} =V'(u)=const we Bimomi Ta

MaroTh oOMekennmit apyruii Moment sUpM{[E! (u)]’} = o7 (u) < oo .
n

Hexaii y cucteMi KOJIEKTHBHOTO MPUHHSTTS pillleHb MPHUCYTHIHA apOiTp, SKWH, AiI0OYH 3TiAHO 3
3arajJlbHEHAM PO3IOIIJIOM , PEKOMEHYE TpaBIsAM oOpath id peamizamii i, Kl YTBOPIOIOTH
_esh 6

KoMOiHOBaHuii Bapiant a, =(a,..,ar)eU . Tyr SN — N -Bumipnuii oguamunuii cummieke (N = H N; )
iel
i3 BIIACTHBICTIO an (u)=1, q,(u)=0 YueU, a L=|I| — kinbkicTs rpasuis. ['paBens 3 HOMEpOM |

ueU

oTpuMye iHhOpMAIiIo TiTbKH MPO KOMIOHEHTY a' kombiHoBaHoro Bapianta ae€ U . Ilei curman crpwuii-
Ma€eThCsA |-M TpaBIeM sK HEOOOB’A3KOBA MPOIO3MIlisS BUKOHATH Jil0 a‘n. Koxen rpaBenp TaeMHO i
He3aNeKHO BUOMPAE y MOMEHT 4acy N JilicHuil BapiaHT il U’ , 3a IO OTPUMYE TIOTOYHHIT HPOTPAIL

Ga Uy, 3,) = A8, (u,) + (1= A)3, Uy, 2,) 1
me £'(u,) — mOTOuHMIT porpanI i -ro rpaBiA 3a BEGIp BapiaHTa U' , SKMii 3aN€KHTh Bill KOJEKTHBHOTO
BrGopy rpaBuiB U €U ; & (u!,a!) —mrpad i-ro rpaBus 3a BigxunenHs BuGOpy U BiI MPOIOHOBAHOTO
apbiTpom pimenns a! ; Ae (0,1) — Baropuii koedilieHT.

V [3] nokazaro, 110 HARKPAIIOK BiAMOBITIO U TpaBIliB € TOTPUMaHHA peKoMeHalii ap6itpa a! ,
OCKUTBKM HOTO CTparerii OXOIUTIOIOTH irpoBe IoJie, 3aJaHe Ha JEeKapTOBOMY JOOYTKY YHCTHX CTpaTerii
yCiX TpaBIIiB.

[Torounwmii mrpad rpaBus 3a BiAXUICHHS BiA pilieHHs apOiTpa BU3HAYUMO TaK:

51(u}.al) =|ORD(u}) ~ORD(@)|/ N, ,

ne ORD() — (yHKIIisl BU3HAYEHHS MOPSAIKOBOTO HOMEpY uHcToi ctparerii; ) € [0,1) .

EdexTruBHICT TOTOYHUX XOIB TPH OIIIHIOETHCS (DYHKITISIMU CEpPEIHIX MPOTPAIIIB TPaBIiB:

N
Z,==> ¢! Viel. )
N
MeTor0 KOXKHOTO TPaBIlst € MiHiMi3alis QYHKIIT cepenHix nporpaiiis (2):
limzZ! — min Viel . ©)

Nn—eo

Po3B’si3kM TIpu IIyKaTUMEMO Yy MHOXHHI TO4OK KopesiboBanoi piBHoBarun (CE, Correlated
Equilibrium), sixa Bu3HauaeThest 00’ €THAHUM PO3MOIIIOM CTpATEriii IpaBIiB (, € SN | KoM KOXeH areHT

HE Ma€ MOTHUBAIlii, MO0 BiIXWIMTUCS BiJi JOMOBJIEHOCTEH B OJHOCTOPOHHBOMY MOpsAKY. B ymoBax
NOBHOT iHpopMallii Maemo:

Z 9 (a; la)V'(a;,a)< Z 9 (a;la)V'(a;.a), Ya,a €U, Viel, 4
ne U, =j=f<j$iuj, U=U_xU,, a, eV, a=(a;a)eU, vVi(a) =M{Z,(a)},
qCE (&)= Z qCE (a,a), qCE (@ |ai)=qCE (a—i’ai)/qCE (@), qCE (a)>0.

a_jeA
JloMHOXMBIIM 06MIBI YacTHHU HepiBHOCTI (4) Ha (A ), OTpUMAEMO eKBiBaeHTHY HEPiBHICTS:
Z 9 (a;,a)V' (a,a) < Z 9% (a.a )V (a,4) . )
ajeh ajeA;
Ipu q*(a,a,)= H p;“(a;) 3 (5) orpumyemo ymoBy pismoBaru 3a Hemem (NE, Nash
jel\i};
Equilibrium). Yci touku piBaoBarm 3a Herrem € Toukamu KopenboBaHoi piBHoBaru [3]. fxmo Vie |
q“(a,la)=9"(a, &), Va,adeU,, Va_ eU_, Vq*(a),q"(4)>0, To KopenroBaHa piBHOBara €
TaKOX piBHOBaror 3a Hemewm.
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Muoxuna Touok CE-piBHOBaru € HEmoOpOKHBOIO, OMYKJIOK Ta KOMIIAKTHOIO 1 B yMOBaxX MOBHOI
iHpopmaLii Moxke OyTH OOUYHMCIIEHa 3a JONOMOIOI0 METOMAIB JIIHIHHOrO HporpaMyBaHHS. Y BHUIAAKY

MiHiMi3alii cyMapHOTro Mporpanry rpasiiB 3a1a4a JiHiHOTO MPOrpaMyBaHHs IS 3HAXOUKEHHS (°° Moxe

OyTtHu chopMyIbOBaHa TaK:

Za(a)ZL“vi (@) - min ,
Z q(afi’ai)(vi(afi’ai)_vi (afﬂé‘i)) <0,

a_jeU_;
Vie l,Va,eU,,Va eU,,
g(d)>0VaeU,

> q(a)=1.

aeU
3uaueHHs cepenHix mporpamiB V'(a) VaeU ampiopi He Bimomi rpaBisM B yMOBaxX HEBH3HA-
geHocTi. TOMy KopesibOBaHa piBHOBara BH3HAYAETHCS U BHIIAJKOBUX IMoOCiigoBHOCTed {U.} acummn-

TOTHYHOIO YMOBOIO!
- T i i —~
viel lim[Z,({u,})-Z,{u.})] <0, (6)
nie HepiBHOCTI (6) BUKOHYIOTBCS 3 iMoBipHicTio 1, U, =u, \u! +0, €U ; U}, 0l e U".
Orxe, B yMOBaX HEBH3HAYCHOCTI IpaBLi HOBUHHI 33 CHOCTEPEKCHHAMH BIIACHUX HOTOYHUX

. i .y o . " .| i
nporpamiis §, 3IiHCHIOBATH HE3aICXKHHUI BUOIp cBOIX umcTux crparerii U' € U’ Tak, mo6 copmoBana

TMOCTTiTOBHICT BapianTi pimens {Uj} Vie|l mpm N —co 3a10BONBHMIA YMOBY ACHMIITOTHYHOI

onTuMabHOCTI (6).

Mertona po3B’ i3yBaHH irpoBoi 3aaaui
Cdopmyemo mocmizoBHoCTi {U},} 3 TOTPiGHMMM BIACTMBOCTAMHM HA OCHOBi CaMOHABYANEHOTO
PEKYPEHTHOT'O METO/y 3MiHM 3MillIaHUX CTpaTerii rpaBiiB [4]:
i N; i PN i .
pn+l=7zgn+l{pn_7nR(§n’pn’un)} Viel, (7)
N; -~ o . . . . o
Je 7T.' — NPOCKTOP HA OAMHUYHHI € -CUMIUICKC, KU 3a0e3nedye HOpMali3allito BEKTOpa IMOBIPHOCTEH
. . .o i N: N: . . .
BUOOpY Bapiantis nit P, €S, <S; £ >0 — MOHOTOHHO chajHa MOCTINOBHICTH BETHYUH, SKa
PETYJIIOE PO3MIHUPEHHS € -CUMILIEKCY; ¥, >0 — MOHOTOHHO cnajHa MOCHiJOBHICTbh BEJIMUMH, 10 PETYIIOE
KPOK METO/IY; R(( P, ,u,']) — MOTOYHHI KPOK METOJY; ¢, — HOTOYHHI MPOTpPAI i -TO TPaBIIs.
3uaueHHs §, 004MCIIOETHCS 3rigHO 3 (1) i3 BpaxyBaHHSM MOTOYHOI CTpATeril 'paBLsl Ta CTpaTerii
apOiTpa.
Bekrop R(é’ P, ,u;) 3aJa€ cepeHiil HanmpsMOK Ha ONTHUMAaJIbHUN PO3B’ 30K cTOXacTU4HOI rpu. B

yMOBaxX HEBH3HAYEHOCTI 3Ha4eHHS R (é’ o Pn ,u;) BH3HAYAETHCS HA OCHOBI METO/y CTOXACTHYHOI allPOKCH-
Marii [4 — 6]. Tak, npu R(é‘,:, p;,u;)zé‘;/(eT(u,’])p;) 3 (7) OTpUMYy€eMO TPaTi€HTHHI METOJ MOIIYKY
CTpaTerii, siKi 3aI0BOJIBHSIOTH YMOBY piBHOBaru 3a Hemrewm [4]. Ipu R(é’ T ) =, (e(u))—p,) 3 (7)
OTPHUMYEMO METOJ JOTOBHSUIBHOI HEXOPCTKOCTI, MPU3HAYECHHUI [UTs TIONIYKY BUPIBHIOBAIBLHHUX CTPATEriid
[7]. Tyt e(u,) mo3Hauae opt, mIo BigmOBifae BubOpaHiit uucTiii crpaterii U, e U'.

3Mimana crpaterig ap0iTpa , MOXe BU3HAUaTHUCS CTPATETisIMU I'PaBIiB, IO A€ 3MOTY 3HAXOIUTH

pO3B’SI3KM TPH, SAKi 3a70BOJILHAIOTH YMOBY piBHOBaru 3a Herrem. Iy 1bOro TpaBIli MOBIIOMIISIOTH

apOiTpy 3HAaYeHHS MMOTOYHMX 3MimiaHux crparerii P, Vie | . Emementn Bektopa (, € iMOBIpHOCTSIMH
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BUOOPY KOMOIHOBaHUX cTparterii rpaBiiB Vue U 1 00YHCITIOITHCS JOOYTKOM IMOBIPHOCTEH BiIIIOBIIHUX
YHUCTHX CTpaTerii rpasmiB U, € U Vie | :

d, =| [T pa(up)|u;eu,Vueu |,

iel

ae U=xU".

icl
V 3aranpHOMY 3MilllaHa cTpaTeris (, apOiTpa He 3aJeXHTh BiJ cTparteriii rpasimis. Toxai B ymoBax
HEBM3HAYECHOCTI il MOJKHA 3a1aTH moaioHo 10 (7):
_ N 1
qn+l_7z.gn+l{qn _an(l//n’qn'un)J J (8)
ne N =1_[Ni ; Y'(l//n ,qn,un) — HNOTOYHUH KPOK METOIYy, ¥, — OTPHMAaHMi BiJ CepeloBHIa MOTOUYHHN
iel
nporpant apoiTpa.
CepenoBuiie TIpu  334a€TbCS  MaTeMaTMYHMMHU  CIOAIBaHHSAMM IPOTpalIiB  yCix TI'paBLiB
vi(a)VaeU,Viel.
BBakaeTbes, 1m0 apOiTp reHepye MpaBUiIbHI (ONTUMANBHI y CEpPEeAHBOMY) pPEKOMEHIAMil MI0I0
BubOpy cTpaTeriii Tpapmis. JIif 1BOrO BUKOPMCTOBYEThCS HaBuyeHa 3MillaHa cTparteria ¢  a6o

pekypentHuii Metoz (8) 3abesneuye OUIbITY CepeAHBOKBAAPATUYHY HIBHIKICTh HABYAHHS apOiTpa, Hik
METO]] HaBYaHHs areHTiB (7).

. . 1 L . . . “o
Bubip umcroi crparerii a, =(a,,...,a,) apOiTpa Ha OCHOBI PO3MOIITY (, MOXE 3IIHCHIOBATHCH
JIETEpMiHOBaHO a00 BHIIAIKOBO.
JerepMiHoBaHa mpoleypa MOJsArae y BU3HAYeHHI MaKCUMAalIbHOTO 3HAYSHHS PO3MOALTY (],

2, =1U 0|k =argmax, (i).N =[N, | ©

BunanxoBi peanizanii 4ncTux crpateriii apOiTpa BU3HAYaIOTHCS 3 IMOBIPHOCTSAMH (],

k
a ={U(k)|k =arg mkiann(j)>a) Jk=L.N,N=T]N; ¢, (10)
j=1

el
ne we [0,]] —BumnaakoBa BeIMYMHA 3 PIBHOMIPHUM PO3IMOILIOM.

V3aranpHeHHH po3noailn (, apOiTpa IPYHTYeThCA Ha 3HAaHHI INIOOAIBHOTO CTaHY IPH 1 Ja€ 3MOTY
3reHEpYBaTH y CEPEAHBOMY ONTHMANbHHI KOMOIHOBaHWH curHanm @,. Ha HOro ocHOBI BH3HAYarOTHCS
peKkoMeH I0BaHi /i BUOOPY IpaBIsAM YMCTi cTpaterii: a =(al,..,a-)eU . Y pesynbrari, Hagicnanmuii i-
My TpaBIi0 CHTHAI a, Hece iH(pOpMalio Mpo onTUManbHHi (y cepefHbOMY) BHOIp MOTOUHOI i 3

BpaxyBaHHSM pillieHb 1HIKMX TpaBiiB. OJHAK BOJIS TPaBIIiB HisSIK HE OOMEKY€EThCS, 1 BOHM MarOTh MIPaBO Ha
ABTOHOMHUI HE3aJIC)KHUH BUOIp CTpaTErii.

Bnacui umcti crparerii TpaBmiB BuOHMparoThes ananoriano g0 (9) a6o (10) . Hampukmarn,
BUTIAJKOBHI BHOIp YUCTOI CTpaTerii 3/{IHCHIOETHCS TaK:

u =JU'(k)|k =arg mkian;(j)>a) ,k=1.N | Viel. (12)
j=1
PearnizoBane KonekTWBHE pimenns U, =(U',..,U") BuU3HAaYae MOTOYHi MpOrpamr IpaBIliB

& (u,) Vie | . PeanbHe 3Ha4eHHs MOTOYHMX MpPOrpamiiB ¢, JOJATKOBO BPAaXOBY€E CTpaTerito apbiTpa i

obuucroeTbes 3rigHo (1).

AJITOpPUTM PO3B’ SI3yBaHHSI CTOXaCTHYHOI TPH
1. Bamatu noyaTkoBUit MOMeHT vacy N=0; mMHOokuHY | Ta kimbkicte L =||| rpaBuiB; kimbkocTi

upctux crparerii N, Vie | ; snauenns umcrux crparerii U' = (u'(2),...,u'(N,)); mouarkosi 3Ha4eHHs
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MaTpuis nporpamis V' (U) VueU, Viel; mouatkosi 3HauenHs smimanux ctpateriii p!(u;)=1/N,
Vie | ; Tounicts obuucnenns € >0; MaKCUMaJbHY KUIBKICTh KPOKIB HOBTOPIOBAIBHOI I'PH N, .

2. OGYMCINTH 3HAYCHHS BEKTOpa 3MilIaHoi cTparerii apbiTpa ¢, 3riaHo 3 (8).

3. Ha ocHOBI cTparterii (, BUKOHATH BUIaIKOBHii BuOip aii apbitpa a, =(a},...,a") sriamo 3 (10).

4. 3riguo 3 (11) BuKoHaTH BUMAIKOBUII BHOIp Aiii rpaBUiB U, Ha OCHOBI 3MIIIAHMX CTpaTerii p,i]
Viel.

5. OTpuMaTy 1I0TOuHi mporpai rpasuis ¢! Vie | srigmo 3 (1).

6. MoaundikyBaTi BEKTOpH 3MilIaHUX cTpareriii Py, 3riaHo 3 (7).

pli1+l - prll

<eViel (abo n<n., ), To3axaTi N:=N+1 i nepeldTn Ha KPOK 2.

7. SIkmo ‘

8. BuBectr po3paxoBaHi 3HaUCHHs 3MilaHuX crpareriii rpasuis P, Vie | . Kinems.

KonTpoasnuii npukiag
BukopucTtoByoun po3poOneHuil aaropuTM, BUKOHAEMO PO3B’SI3yBaHHS CTOXaCTUYHOI I'PH JBOX
areHTIB 3 IBOMA YUCTUMHU CTPATETISIMH Ta MATPUISIMH TIPOTPAIIIiB, 3aJaHUMH Y TaOJIHII.

MaTtpuui nporpamis rpaBuis

Crparerii Ilepinii rpaBens Hpyruii rpaBens

X p*(a,[1) p*(a,[2]) p*(a,[1]) p*(a,[2])
p*(a,[1) 05 0.1 0.9 0.1
p*(a,[2]) 0.3 0.2 0.1 0.9

Enementn V'(U) VueU wMaTpuub BUTpamliB He BiZOMi TpaBISM ampiopi. 3aMicTh HMX TpaBIi
OTPUMYIOTh HOPMAJBHO PO3MO/IiICH] BUMAAKOBI IOTOYHI MPOTpari
&' = Normal(v' (u),d" (u))
3 MaTeMaTHYHUMH criofiBanHsmu V' (U) Ta aucnepcismu d'(u) VueU .

HopmaneHO po3moniieHi BHIIAQIKOBI BEIWYMHH OTPUMAHO 3 JOIMOMOTOK CYMH JBaHAJALSTH
PIBHOMIPHO pO3MOAIEHUX BUMAAKOBUX uncen we [0,1] :

gri](un'w)zvi(un)—i_ \/d(un) iwj _6J|

e u,eU.
JuHamika 3MilIaHUX CTPATeTid rpaBIiB BU3HAYAETHCS PEKYPEHTHHM TIEPETBOPEHHIM

Phy =7 {p, - 7ale(uy) - py)} Viel, (12)

Ensl
OTPHMaHHUM 32 METOJIOM CTOXaCTUYHOI alpOKCHMAIIil YMOBH JIOTIOBHSUTLHOT HEKOPCTKOCTI:
ViUu"uy=v', vu'eU’, Viel.
ne V'= Z p' (U V' (U "™ u') — pyHkuis cepenHix BUrpamiB rpasIis.
u'ey’
[apametpu ¥, Ta &, € AIHCHUMU MOHOTOHHO CHaIHUMU BEJIMYMHAMY 1 MOXKYTb OyTH OOUHCIICH] TaK:
— n® —en P
7n - 7n ’ gn =é&n 1 (13)
ne y>0; e (01]; €>0; >0.
[ToTouna 3Mimana crpateris Q, apOiTpa BH3HAa4YaeThcs 3rimHO 3 (8), a00 BHUKOPUCTOBYETHCS

MOTEePEIHbO HaBUCHA CTpaTeris.
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301KHICTh CTOXACTUYHOI TPH OIIHIOETHCS TAKMMHU TTApaMeTPaMHu:
1) exBKJIiIOBOIO HOPMOIO BEKTOpA 3MIIlIAHKX CTpaTeriii apOiTpa rpu:

Jon]= 2 @ LiD* (14)

2) ycepeqHEHHMH 3a KiJTbKICTIO IPaBIIiB CEPEAHIMH MPOrpaiiaMu:
1 LV
Z =—)) 17!

n n?
=

3) ycepemHEHO!0 3a KiTbKICTIO IPABIiB TOXHOKOI JOMOBHSITBHOI HEXKOPCTKOCTI:

A =23 o -l (16)

(15

[TnEia
me N =1_[Ni — KUJIbKICTh KOMOIHOBaHMX CTparerid rpaBuiB; ||| — KUIBKICTH TpaBIliB;
iel
=i iy iV i . . .. .
p,=p,V,U™)/V] — mnorouna omiHKa BHPIBHIOBAIBHOI CTpaTerii Jias YMOBH JOIOBHSIBHOI

HEXOPCTKOCTI; V! — MoTouHe 3HaYeHHs QYHKIIIT cepe/IHiX BUTPAILIB | -TO IpaBIId.
Juisi BU3HAYEHHS] aCHMITOTHYHOTO MOPSAKY HIBUIKOCTI 301)KHOCTI BUKOPUCTAHO METO]] MOMEHTIB
Uxyna [8]:
H 4
limn’M{A,} <o, (17)

N—oo
ne 6 — mapaMeTp mopsuaky; ¢ — BelIMUMHA IIBUAKOCTI 30DkHOCTI. bimpmomy € Ta MeHmomy &
BIJIMTOBia€e OibIlla MIBUAKICTH 301KHOCTI irpoBOro MeTtoay. JloBXKUHA JOCTIKYBaHOT BUOIPKH CTAaHOBUTh
10 tuc. KpoKiB.

Bpaxosyroun (17), noBeninka mpouecy A, y Yaci ampOKCHMOBaHa 3QJISKHICTIO A :19/ n’, ne
>0, < (0,]], n=12,.... [Ticnsa morapupMyBaHHs OTPUMAEMO JIiHIMHE CITiBBITHOIICHHS:
lgA, =1gd—-8lgn . (18)
[Mapamerp €=IgA,/Ign Bkasye Ha MOPSAOK MIBUAKOCTI 301KHOCTI CTOXAacTHYHOI rpu. Jis #oro
eKCIIEPUMEHTAJIBHOr0 OOYMCIICHHS BHUKOHAHO AalpOKCHMAII0 BHIIAIKOBOro mpormecy |gA, mniHiiHOO
sanexHictio (18) Ha Biapisky lgne[3,4] 3a MeTo10M HafiMEHIIIMX KBaApaTiB.

3riaKyBaHHS BUIMIAKOBOI CKIIQJ0BOI IIBUIKOCTI 301KHOCTI Ta BUIUICHHS MOPSAKY i€l MIBUAKOCTI
BUKOHAHO yCEPEIHEHHM M0 peaji3alisx BUIIQJAKOBOrO Ipouecy A, .

Pe3yabTaTu Moe/IIOBaHHA
PesynpTatn KOMIT IOTEPHOTO MOJEIOBAHHS CTOXAaCTUYHOI T'PU 3 KOPENbOBAHUMH CTPATETiIMHU
noJlaHo Ha puc. 1-5.
Ha puc. 1 y norapudmiuyHomy macmTadi 300paxkeHo rpadikd 3MIHM y dYaci XapaKTEpPHCTHK
301’KHOCTI CTOXAaCTHYHOI TPH 3 KOpPEIbOBAaHUMHE cTparerissMu. ['padik 1 Binnoigae QyHKIii eKBKIITOBOT

HOPMH BEKTOpa 3MillIaHUX CTpaTerii apOiTpa rpu ||qn || (14), rpadik 2 — ycepeaHeHOI 1Mo KiJIbKOCTI IpaBIliB
¢ynkuii cepennix mporpamie Z, (15), rpadik 3 — ycepeaHeHoi 3a TpaBHAMH GYHKIIT MOXHOKH
JIOTIOBHSUTbHOT  HEXOpCTKOCTi A (16). Pesynbraté OTpHMaHO sl TAKMX 3HAYCHb MApaMeTpiB TpU:
L=|lF2, N,=2Viel, 41=05, =05, =2, y=1, £¢=0.999/N,, d =0.01.

CrpsimyBaHHsL norapudmiunoi (yHKIT HOpMH 3MIIIaHWX CcTparteriii apOiTpa ||qn|| 0 HyJs
CBIYUTH IIPO JOCATHEHHs PO3B’SI3KY I'PH Y BEPIIMHI OAMHUYHOTO cUMIUICKCy. JuHamika ¢yHkiii Z,

JEMOHCTPYE MiHIMIi3allil0 CepeHiX MPOrpalliB IpaBLiB. 3MEHIICHHA A, UIIOCTPY€E HAOMMKEHHS 3MilIaHUX

CTpaTeFiﬁ FpaBI_IiB A0 OINITUMAJIbHUX 3HAYCHDb Y MCXKaAX OAUHUYIHOI'O CUMILJICKCY.
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Puc. 1. Xapakxmepucmuxu 30ixcHocmi cmoxacmudnoi epu
3 KOpenbo8aHUMU CMpAmMeisamu

3aranpHui BULISAA (YHKIH CepenHiX MporpaiiiB IpaBiliB Ta OTPUMaHa MiJ 4ac iX MiHimizarii
TPA€EKTOPisl 3MIIIAaHUX CTpaTerii Ha OAWHUYHOMY CHMIUIEKCI 300paxkeHi Ha puc. 2. KoopmunatHi oci
[03HAYAIOTh 3HAYCHHS OJHOTO 3 CJIEMEHTIB BEKTOpIB 3Mimranux crparerii p' =(p,,1-p;), i=1.2 mu

rpu 2x2. Meron (12) 3abesneuye JOCATHEHHS ONTHMAIBLHOrO po3B’si3ky rpu y Ttouri (1, 0), mo
BIJIIIOBiIa€ piBHOBA31 3a HelleM y uncTuX cTparerisx.

£ Fa

| 1

. 1] D
1] 1 B 0

INepmmii rpaBenb Jpyruii rpaBenb

Puc. 2. Junamixa cmpameziti ma @yHKyii cepeOHix npoepauiie 2pasyis

[IBraKicTh 301KHOCTI CTOXaCTUYHOI TPH 3HAYHOK MIpOI0 BU3HAYAETHCS MTapaMeTpaMH CEpPEIOBHUIIA
I'pH Ta MMapamMeTpaMHu METOIy HaBYaHHS BEKTOPIB 3MIIIAHUX CTPATErii IPaBIIiB.

3anexuicTs ¢QyHkuii A, Bix aucnepcii nporpami d 300paxeHo Ha puc. 3. I3 3pocTaHHAM

aucriepcii 3MEHIIYeThCSl BEJIMYMHA ¢F IMIBUAKOCTI 30DKHOCTI. 3HAa4EeHHS AMCIEpPCii MPOTpalliB IpaBliB
MPAKTUYHO HE BIUIMBAE Ha MOPSI0K & MIBUAKOCTI 301KHOCTI CTOXaCTHYHOI I'PH.
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lg(n)

& d =1

2 N

d =025
d =10

12 A )

Puc. 3. Bnnuse oucnepcii npoepawis d na 36iscnicms cmoxacmuynoi 2pu

Ilig yac KOMIT IOTEPHOTO MOJICITIOBAHHS BHUSBJICHO HEJIHIHHY 3al€KHICTh HIBHUAKOCTI 301KHOCTI
CTOXAaCTUYHOI IpH Bix mapamerpa ¢ Mmerody (12). Bimmosigui rpadiku GyHKIii A, s pi3HUX 3HAYCHBb

rapamerpa ¢ HaBEICHO Ha puc. 4.

DD 1 = 3 g
lgin)
_1 ...:::: :i'éq-_.?:j
| ’c’\‘““x =08
::\"‘“ =01
-
\ =05
-3
lgi fu, )

Puc. 4. Bnaus napamempa O na 30ixcHicms cmoxacmuyHoi epu

BcranoBneHo, o IS 3alaHUX MAaTPHIb MIPOTPAIIiB HAHOIIBIIOTO MOPSIKY MIBUIKOCTI 301KHOCTI
irpOBOTO METOAY 3 KOPENMbOBAHMUMH CTpATErisiMu jgocsiraethest pu o = 0.5.

IIBuaKicTh 301KHOCTI CTOXaCTUYHOI I'PH 3 HABYCHUM apOITPOM € OUNIBIIO Bija rpu 0e3 apOiTpa, 1o
IPOJEMOHCTPOBAHO Ha puc. 5. I'padix ¢yHkuii A,, oTpuMaHHH A 3HAUYEHHS BaroBoro koedimieHTa

A =1 norounux nporpamis (1), Biamosimae rpi 6e3 apbitpa, rpadik mis koedimienta A=05 — rpi 3
YaCTKOBOIO JIOBIpOr0 apOiTpy, a rpadik 1st koediuienta A =0 — rpi 3 MOBHOIO JOBIpOIO apOiTpy.

a 1 = 3 4

lg(n)
LN

T e

o \\ |~

o

18l &y )

Puc. 5. Bniue napamempa A na 36idcHicms cmoxacmuynoi 2pu
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Sk BUOHO Ha pHUC. 5, y Tpi 3 HaBUEHUM apOITPOM y cepeAHbOMY 3a0e3leuyeThes Oibla BeMUInHA
LIBUIKOCTI 30DKHOCTI, HX y TIpi 0e3 BHKoOpucTaHHS apOirpa. HaiiOinpma mBuIkicTh 301KHOCTI
JOCSTAEThCA y BUMAJKY, KOJIM IPaBli aOCOMIOTHO AOTPUMYIOThCS PEKOMEHaii HaBYeHOTO apOiTpa.

BucHoBkn

PosrnsinyTa cToxacTMuHa Trpa 3 KOPEIbOBAaHMMHU CTPATErisiIMM € TPOSYKTUBHOIO MOJEILIIO
KoomnepaTuBHOTO npuiHATTS pimeHs B MAC. Koomepawiss xmiii areHTiB 3afaeTbcs y3arajlbHEHHM
PO3MOAITIOM IMOBIpHOCTEH, BU3HAYCHUM Ha ACKapTOBOMY NOOYTKY YHCTHX CTpaTeriii Koauimil rpabLiB.
s 1poro y CToXacTH4Hy I'py BBEACHO IOIATKOBOIO TpaBIls-apOiTpa, SKMH BHUpPOONS€E CTaTHCTUYHO
ONTHMAaJTbHI peKOMEHMAIlIiH] pillleHHs, He 00O0B' I3KOBi i1 BUKOHAHHS KOAMIII€I0 TPaBIliB. 30epirarodn
HE3aJICKHICTh, T'PaBLi OTPUMYIOTH MTpad 3a BIZXWICHHS BIACHOTO BHOOpPY BiJl PEKOMEHIIOBAHOTO
apOiTpoM pimenHs. JloTpuMaHHS TpaBLSIMH BH3HAYEHHX apOITPOM cTpaTerii MOJeNoe KoadiuidHy
CTIMKICTh KOJIEKTHBY I'PaBLiB Y MpoLeci BUPOOJICHHS HUIMU KOOIIEPATUBHOTO PillIEHHS.

Po3B’s13yBaHHS CTOXacTHYHOI TPHM B YMOBAax HEBH3HAYCHOCTI 3a0e3MeduyeThcs IUHAMIYHUMHU
3MILIAHKMH CTPATETIMU TPABLIB, AJIS LIJIECTIPSIMOBAHOTO (OPMYBAHHS SIKMX 3alIPONIOHOBAHO MPOEKIIMHUI
PEKYPEHTHHI METOl, OTPUMAaHHUIl Ha OCHOBI CTOXaCTHYHOI alpOKCUMAIlii BEKTOPA, 110 33/1a€ HAMPSIMOK Ha
ONTUMAJIbHUN KOJEKTUBHUH PO3B’S30K y MEXaX OJMHUYHOIO CHUMIUIEKCY. ANPOKCHUMOBAaHUH BEKTOD
3aJIeKUTh B 3HAYCHb MOTOYHHMX MPOTPALIiB TpaBLiB, BEIHMYMHA SIKMX BHU3HAYAETHCS BUIAIKOBOIO
PEaKIi€l0 CcepeioBHIA HA pEali3oBaHi cTparerii Ta BIAXWJICHHSM CTpaTerid BiJi PEKOMEHIOBAHOTO
apOiTpoM 3HaueHHsS. Y 3B’S3Ky 3 UM alpOKCUMOBAaHHH BEKTOpP y CEpeIHbOMY BKa3ye Ha ONTUMAalbHHUN
KOJICKTUBHHIA PO3B’ SI30K CTOXACTHYHOI TPH 3 KOPEIHOBAHUMH CTPATETISIMH.

VY pe3ynbTaTi KOMIT FOTEPHOTO MOJICIIOBAHHS BCTAHOBIEHO, IO 32 OJHAKOBHX IMOYATKOBUX YMOB
KOOTIEpaTHBHA CTOXaCTUYHA I'pa 3 KOPEIbOBAHUMH CTPATETiISIMU Y CEpPeIHbOMY Ma€ OiNbINy IIBUAKICTH
301’KHOCTI, HI’)K HEKOOINepaTWBHA I'pa 32 PaxyHOK TOTO, MO apOiTp TeHepye ONTHMAaJbHI y CepeIHBOMY
pimeHHs. JoTpUMYyIOUMCH pamioHa IbHUX PEKOMEH AL apOiTpa, M0 BpaXxoBYeThes MITpadaMu 3a BiIMOBY
BiJ| X peaizalii, rpaBIsiM NOTPiOHA Y CEpeHROMY MEHIIIA KUTbKICTh KPOKIB JUTSl 3HAXOJPKEHHSI PO3B’ SA3KY
I'pU B yMOBaX HEBH3HAYECHOCTI.
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