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Âñòóï
Àñèìïòîòè÷íà íîðìàëüíiñòü ôëóêòóàöiéïðîöåäó-

ðè ñòîõàñòè÷íî¨ àïðîêñèìàöi¨ (ÏÑÀ) [1] íàâêîëî
êîðåíÿ ðiâíÿííÿ ðåãðåñi¨ õàðàêòåðèçó¹ îöiíêó çáiæ-
íîñòi ÏÑÀ. Äîñëiäæåííÿ àñèìïòîòè÷íî¨ íîðìàëüíîñ-
òi ôëóêòóàöié â êëàñè÷íèõ ñõåìàõ ÏÑÀ ðåàëiçó¹-
òüñÿ ç âèêîðèñòàííÿì ïðèíöèïó iíâàðiàíòíîñòi äëÿ
ñóì (â äèñêðåòíèõ ÏÑÀ), òà ïðîöåñiâ (â íåïåðåðâíèõ
ÏÑÀ)[1,2].

Â [3] ðîçãëÿíóòî çàäà÷ó àñèìïòîòè÷íî¨ íîðìàëü-
íîñòi íåïåðåðâíî¨ ÏÑÀ â íàïiâìàðêîâñüêîìó ñåðå-
äîâèùi â ñõåìi ñåðié ç ìàëèì ïàðàìåòðîì ε → 0,
ε > 0. Äëÿ âèðiøåííÿ öi¹¨ ïðîáëåìè âèêîðèñòî-
âóþòüñÿ àñèìïòîòè÷íi ïðåäñòàâëåííÿ êîìïåíñóþ÷î-
ãî îïåðàòîðà [4] ðîçøèðåíîãî ïðîöåñó ìàðêîâñüêî-
ãî âiäíîâëåííÿ [5], ùî çàáåçïå÷ó¹ ïîáóäîâó ïîðîäæó-
þ÷îãî îïåðàòîðà ãðàíè÷íîãî äèôóçiéíîãî ïðîöåñó ç
âèêîðèñòàííÿì ðîçâ'ÿçêó ïðîáëåìè ñèíãóëÿðíîãî
çáóðåííÿ [6].

Ó öié ðîáîòi ðîçãëÿäà¹òüñÿ ñòðèáêîâà ÏÑÀ ç
àñèìïòîòè÷íî äèôóçiéíèì çáóðåííÿì â íàïiâìàðêîâ-
ñüêîìó ñåðåäîâèùi, äëÿ ÿêî¨ âñòàíîâëþ¹òüñÿ àñèìï-
òîòè÷íà íîðìàëüíiñòü ôëóêòóàöié ÷åðåç âëàñòèâîñòi
êîìïåíñóþ÷îãî îïåðàòîðà.

I. Ïîñòàíîâêà çàäà÷i òà îçíà÷åííÿ
Ñòðèáêîâà ÏÑÀ â ñõåìi äèôóçiéíî¨ àïðîêñèìàöi¨

â íàïiâìàðêîâñüêîìó ñåðåäîâèùi çàäà¹òüñÿ â òàêîìó
âèãëÿäi (âàæà¹ìî, ùî

−1∑
k=0

aε
kCε(uε

k, xε
k) := 0):

uε(t) = u + ε4

ν(t/ε4)−1∑

k=0

aε
kCε(uε

k, xε
k),

uε(0) = u, t > 0. (1)
Ïîñëiäîâíiñòü aε

n, n ≥ 0, âèçíà÷à¹òüñÿ çíà÷åííÿì
ôóíêöi¨ a(t), t > 0, ÷åðåç ñïiââiäíîøåííÿ:

aε
n = a(τε

n), τ ε
n = ε4τn, n ≥ 0, (2)

äå τn, n ≥ 0, � ìîìåíòè ìàðêîâñüêîãî âiäíîâëåííÿ
ðiâíîìiðíî åðãîäè÷íîãî íàïiâìàðêîâñüêîãî ïðîöåñó
(ÍÌÏ) x(t), t ≥ 0, â ñòàíäàðòíîìó ôàçîâîìó ïðîñòîði
(X,X ) ç ëi÷èëüíèì ïðîöåñîì

ν(t) := max{n : τn ≤ t}, t ≥ 0.

ÍÌÏ x(t), t > 0, çàäà¹òüñÿ íàïiâìàðêîâñüêèì
ÿäðîì [5]

Q(x,B, t) = P (x,B)Gx(t), x ∈ X, B ∈ X ,

t ≥ 0.

Òóò ñòîõàñòè÷íå ÿäðî P (x,B), x ∈ X,B ∈ X , çà-
äà¹ ïåðåõiäíi éìîâiðíîñòi âêëàäåíîãî ëàíöþãà Ìàð-
êîâà xn := x(τn), n ≥ 0,

P (x, B) := P{xn+1 ∈ B|xn = x} =: P{θx ≤ t},

ç ôóíêöi¹þ ðîçïîäiëó Gx(t), x ∈ X, t ≥ 0, ÷àñó ïåðå-
áóâàííÿ θx â ñòàíi x ∈ X

Gx(x) := P{θn+1 ≤ t |xn = x} .

Ñòîõàñòè÷íå ÿäðîì P (x,B), B ∈ X, âèçíà÷à¹ îïå-
ðàòîð

Pϕ(x) :=
∫

X

P (x, dy)ϕ(y). (3)

íà áàíàõîâîìó ïðîñòîði äiéñíîçíà÷íèõ ôóíêöié ç ñó-
ïðåìóìíîðìîþ ‖ϕ(x)‖ := sup

x∈X
|ϕ(x)|.
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Ïîðÿä ç ÍÌÏ x(t), t ≥ 0, ðîçãëÿíåìî ñóïðîâîäæó-
þ÷èé ìàðêîâñüêèé ïðîöåñ x0(t), t ≥ 0, ùî çàäà¹òüñÿ
ãåíåðàòîðîì [6]

Qϕ(x) := q(x)
∫

X

P (x, dy)[ϕ(y)− ϕ(x)], (4)

äå

q(x) := 1/g(x), g(x) :=

∞∫

0

Ḡx(t)dt,

Ḡx(t) := 1−Gx(t).

Ñóïðîâîäæóþ÷èé ìàðêîâñüêèé ïðîöåñ x0(t),
t ≥ 0, ¹ ðiâíîìiðíî åðãîäè÷íèé [5] çi ñòàöiîíàð-
íèì ðîçïîäiëîì π(B), B ∈ X . Ñòàöiîíàðíèé ðîçïîäië
ρ(B), B ∈ X âêëàäåíîãî ëàíöþãà Ìàðêîâà xn, n ≥ 0,
çàäà¹òüñÿ ðiâíÿííÿì

ρ(B) =
∫

X

ρ(dx)P (x, B), ρ(X) = 1.

Ìiæ ñòàöiîíàðíèìè ðîçïîäiëàìè ìà¹ìî çâ'ÿçîê

π(dx)q(x) = qρ(dx), q :=
∫

X

π(dx)q(x),

àáî
π(dx) = ρ(dx)g(x)/m,

m :=
∫

X

ρ(dx)g(x) = 1/q.

Ñòàöiîíàðíi ðîçïîäiëè π(B), B ∈ X òà ρ(B),
B ∈ X , âèçíà÷àþòü ïðîåêòîðè Π òà Π̃ âiäïîâiäíî

Πϕ(x) := ϕ̂1 (x), ϕ̂ :=
∫

X

π(dx)ϕ(x),

1 (x) ≡ 1, x ∈ X,

Π̃ϕ(x) := ϕ̃1 (x), ϕ̃ :=
∫

X

ρ(dx)ϕ(x),

1 (x) ≡ 1, x ∈ X.

Çàâåðøóþ÷è îïèñ çîâíiøíüîãî ñåðåäîâèùà âiä-
çíà÷èìî, ùî ãåíåðàòîðQ ¹ çâåäåíî-îáîðîòíèì , òîìó
äëÿ íüîãî iñíó¹ ïîòåíöiàë R0 [5] òàêèé, ùî QR0 =
= R0Q = Π− I, äå I � òîòîæíié îïåðàòîð.

Â ÏÑÀ (1) ðàçîì ç (2) iñíóþòü ñïiââiäíîøåííÿ

uε
n = uε(τ ε

n), xε
n = x(τε

n), τ ε
n := ε4τn, n ≥ 0.

Ôóíêöiÿ Cε(u, x) â ÏÑÀ (1) òàêà, ùî

Cε(u, x) := C(u, x) + ε−1C0(x), x ∈ X, (5)

i çàäîâîëüíÿ¹ óìîâàì iñíóâàííÿ ãëîáàëüíîãî ðîçâ'ÿç-
êó ñóïðîâîäæóþ÷èõ ñèñòåì

dux(t)/dt = Cε(ux(t), x), x ∈ X.

Ôóíêöiÿ ðåãðåñi¨ C(u, x) òàêà, ùî C(u, ·) ∈ C3(R),
òîìó iñíó¹ ðîçêëàä Òåéëîðà

C(u, x) = C0(x) + uC1(x) + u2C2(u, x), (6)

äå
C0(x) = C(0, x), C1(x) = C ′(0, x), (7)

C2(u, x) =
1
2
C ′′(θu, x), 0 ≤ θ ≤ 1.

Äëÿ çáóðåííÿ C0(x) ôóíêöi¨ ðåãðåñi¨ (5) ïåðåäáà-
÷à¹òüñÿ âèêîíàííÿ óìîâè áàëàíñó

ÓÁ1: Π̃C0(x) :=
∫
X

ρ(dx)C0(x)=0.

Çà âiäïîâiäíèõ óìîâ íà ôóíêöiþa(t), t > 0, ñòðèá-
êîâà ÏÑÀ (1) çáiãà¹òüñÿ ç éìîâiðíiñòþ îäèíèöÿ äî
òî÷êè ðiâíîâàãè u0 = 0 óñåðåäíåíî¨ ñèñòåìè [7]

du(x)/dt = C(u(t)),

äå
C(u) := q

∫

X

ρ(dx)C(u, x). (8)

Íàäàëi a(t) = a/t, a > 0, t > 0.
Îñêiëüêè u0 = 0, òî iñíó¹ ðiâíiñòü

C(0) = 0. (9)

Âðàõîâóþ÷è (7) òà (8), ìà¹ìî äîäàòêîâó óìîâó áà-
ëàíñó

ÓÁ2: Π̃C0(x) = 0.

Àñèìïòîòè÷íà íîðìàëüíiñòü ÏÑÀ (1) âñòàíîâëþ-
¹òüñÿ äëÿ íîðìîâàíèõ ôëóêòóàöié

vε(t) =
√

t[uε(t)− εCε
0(t)]/ε, (10)

äå äèôóçiéíå çáóðåííÿ

Cε
0(t) := ε2

ν(t/ε4)−1∑

k=0

aε
kC0(xε

k), (11)

âèçíà÷à¹òüñÿ çáóðåííÿì C0(x) ç (5).
Çàóâàæåííÿ 1. Íîðìîâàíà ôëóêòóàöiÿ (10)

îçíà÷à¹, ùî
vε(t) =

√
tṽε(t)/ε, (12)

äå

ṽε(t) = u0 + ε4

ν(t/ε4)−1∑

k=0

aε
kC(uε

k, xε
k),

àáî

uε(t) = ε[vε(t)/
√

t + Cε
0(t)]. (13)

Ïðåäñòàâëåííÿ (13) â äèñêðåòíîìó âèïàäêó ìà¹
âèãëÿä

uε
n = ε[vε

n/
√

τε
n + Cε

n],

äå
Cε

n := Cε
0(τε

n).
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II. Àñèìïòîòè÷íà íîðìàëüíiñòü
ôëóêòóàöié

Òåîðåìà 1. Ïðè óìîâàõ çáiæíîñòi ÏÑÀ (1) òà
ïðè äîäàòêîâèõ óìîâàõ ÓÁ1, ÓÁ2, à òàêîæ

D1 : ρ2 := 2
∫
X

π(dx)C̃0(x)R0C̃0(x)−

−q

∫

X

ρ(dx)C2
0 (x) > 0, C̃0(x) := q(x)C0(x);

D2 : c1 < − 1
2aq , c1 :=

∫
X

ρ(dx)C1(x),

iñíó¹ ñëàáêà çáiæíiñòü
vε(t) ⇒ ζ(t), Cε

0(t) ⇒ D0(t), ε → 0, t > 0,

â êîæíîìó ñêií÷åííîìó iíòåðâàëi 0 < t0 < t < T .
Ãðàíè÷íèé äâîêîìïîíåíòíèé ïðîöåñ ζ(t), D0(t),
t > 0, âèçíà÷à¹òüñÿ ãåíåðàòîðîì

Ltϕ(v, w) = B(v,
√

tw)ϕ′v(v, w)+

+
a2ρ2

2t2
ϕ′′w(v, w), (14)

äå
B(v,

√
tw) =

1
t
(bv + aq

√
tc1w),

b := aqc1 + 1/2.

Âèñíîâîê 1. Ãðàíè÷íèé ïðîöåñ ôëóêòóàöié
ζ(t), t > 0, âèçíà÷à¹òüñÿ ñòîõàñòè÷íèì äèôåðåíöi-
àëüíèì ðiâíÿííÿì

dζ(t) =
1
t
[bζ(t) + aqc1w(t)]dt,

äå w(t) � ãàóññîâñüêèé ïðîöåñ ç äèñïåðñi¹þσ2 = a2ρ2.
Âèñíîâîê 2. Â óìîâàõ òåîðåìè ÏÑÀ vε(t) ìà¹

àñèìïòîòè÷íî íîðìàëüíèé ðîçïîäiëN(0, σ2), òîáòî
vε(t) ⇒ v, ε → 0, t →∞.

Âèïàäêîâà âåëè÷èíà v ∈ N(0, σ2).

III. Âëàñòèâîñòi íîðìîâàíîãî ïðîöåñó
ôëóêòóàöié

Ââåäåìî ðîçøèðåíèé ïðîöåñ ìàðêîâñüêîãî âiäíîâ-
ëåííÿ [5]

vε
n := vε(τε

n), Cε
n := Cε

0(τε
n), xε

n := x(τε
n),

τε
n := ε4τn, n ≥ 0, (15)

äå τn� ìîìåíòè ìàðêîâñüêîãî âiäíîâëåííÿ íàïiâìàð-
êîâñüêîãî ïðîöåñó x(t), t ≥ 0. Êîìïåíñóþ÷èé îïåðà-
òîð ïðîöåñó (15) âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì

Lε
tϕ(v, w, x) := ε−4q(x)[E[ϕ(vε

n+1, w
ε
n+1, x

ε
n+1)|

vε
n = v, wε

n = w, xε
n = x, τε

n = t]−
−ϕ(v, w, x)], (16)

â ïîçíà÷åííÿõ Cε
n = wε

n.

Ëåìà 1. Êîìïåíñóþ÷èé îïåðàòîð (16) ðîçøè-
ðåíîãî ïðîöåñó ìàðêîâñüêîãî âiäíîâëåííÿ (15) íà
òåñò-ôóíêöiÿõ ϕ(v, ·, ·) ∈ C1(R), ìà¹ àíàëiòè÷íå
ïðåäñòàâëåííÿ
Lε

tϕ(v, w, x) = ε−4q(x)[Gε
t (x)P− I]ϕ(v, w, x), (17)

äå
Gε

t (x)ϕ(v, w) =

=

∞∫

0

Gx(ds)Ct
ε4s(v)Dε

v(x)Dε
w(x)ϕ(v, w).

Òóò êëàñ íàïiâãðóï C t
s(v), t > 0, s > 0, âèçíà÷àþ-

òüñÿ ãåíåðàòîðîì

C t(v)ϕ(v) =
v

2t
ϕ′(v),

à îïåðàòîðè çñóâóDε
v(x),Dε

w(x) ÷åðåç ïðåäñòàâëåííÿ

Dε
v(x)ϕ(v, w) = ϕ(v + ε3 a√

t
C(ε(

v√
t

+ w), x), w),

i
Dε

w(x)ϕ(v, w) = ϕ(v, w + ε3 a

t
C0(x)).

¤ Äîâåäåííÿ. Ñïî÷àòêó îá÷èñëèìî ïðèðîñòè
ïðîöåñó (15), âðàõîâóþ÷è îçíà÷åííÿ (10) òà (13), à
òàêîæ ïðåäñòàâëåííÿ (11).

Äëÿ ïðèðîñòó ∆vε
n ìà¹ìî (äèâ. (12))

∆vε
n := vε

n+1 − vε
n = [

√
τε
n+1ṽ

ε
n+1 −

√
τε
nṽε

n]/ε =

= [
√

t + ε4θxṽε
n+1 −

√
tṽε

n]/ε,

äå ṽε
n := ṽε(τ ε

n).
Çãiäíî ç (12) òà (13) â ïîçíà÷åííÿõ vε

n = v, Cε
n =

w, xε
n = x, τ ε

n = t, ç îñòàííüîãî ìà¹ìî

∆vε
n = ε4 v

2t
θx + ε3 a√

t
C(ε(

v√
t

+ w), x) + hε(x),

äå hε(x) çàëèøêîâèé ÷ëåí: hε(x) = o(ε4), x ∈ X.
Ëåãêî îá÷èñëèòè (äèâ. (11)) ïðèðiñò

∆Cε
n := Cε

n+1 − Cε
n = Cε

0(τε
n+1)− Cε

0(τε
n) =

= ε2 a

t
C0(x).

Òåïåð îá÷èñëþ¹ìî óìîâíå ìàòåìàòè÷íå ñïîäiâàí-
íÿ

E[ϕ(vε
n+1, C

ε
n+1, x

ε
n+1)|vε

n = v, Cε
n = w, xε

n = x,

τε
n = t] = Ev,w,x,tϕ(v + ∆vε

n, w + ∆Cε
n, xn+1) =

= Ev,w,x,tϕ(v+

+ε4 v

2t
θx + ε3 a√

t
C(ε(

v√
t

+ w), x), w+

+ε2 a

t
C0(x), xn+1) =

=

∞∫

0

Gx(ds)C t
ε4s(v)Dε

v(x)Dε
w(x)Pϕ(v, w, x).

Ç îñòàííüîãî i ç îçíà÷åííÿ êîìïåíñóþ÷îãî îïåðà-
òîðà ìà¹ìî (17). ¥

Êëþ÷îâèì åòàïîì äîâåäåííÿ òåîðåìè ¹ òàêà ëåìà.
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Ëåìà 2. Êîìïåíñóþ÷èé îïåðàòîð (17) ðîçøèðå-
íîãî ïðîöåñó ìàðêîâñüêîãî âiäíîâëåííÿ (16) äîïóñêà¹
àñèìïòîòè÷íå ïðåäñòàâëåííÿ íà òåñò-ôóíêöiÿõ
ϕ(v, w, ·) ¹ C3,4(R×R) â òàêîìó âèãëÿäi:

Lε
tϕ(v, w, x) = [ε−4Q + ε−2 1

t
Q1(x)+

+ε−1 1√
t
Q2(x) +

1
t
Q3(x) + Q0θ

ε
L(x)]ϕ(v, w, x), (18)

äå
Q1(x)ϕ(v, w, x) = aC̃0(x)Pϕ′w(v, w, x), (19)

Q2(x)ϕ(v, w, x) = aC̃0(x)Pϕ′v(v, w, x), (20)

C̃0(x) := q(x)C0(x),

Q3(x)ϕ(v, w, x) = [(aC̃1(x) +
1
2
)v+

+a
√

twC̃1(x)]Pϕ′v(v, w, x)+

+
a2

2t
q(x)C2

0 (x)Pϕ′′w(v, w, x), (21)

à îïåðàòîð Q0 ìà¹ ïðåäñòàâëåííÿ ÷åðåç (3)

Q0ϕ(x) = q(x)Pϕ(x) = q(x)
∫

X

P (x, dy)ϕ(y). (22)

Çàëèøêîâèé ÷ëåí θε
L(x)ϕ(v, w, x) òàêèé, ùî

|θε
L(x)ϕ(v, w, x)| → 0, ε → 0, 0 ≤ t0 ≤ t ≤ T. (23)

¤ Äîâåäåííÿ. Ñïî÷àòêó âèêîíà¹ìî åëåìåíòàð-
íå ïåðåòâîðåííÿ êîìïåíñóþ÷îãî îïåðàòîðà â ôîðìóëi
(17)

Lε
t = ε−4Q + ε−4Q0Lε

0,

äå îïåðàòîð Q âèçíà÷åíèé â (4), àáî iíàêøå Q =
q(x)[P − I], a

Lε
0 = Gε

t (x)− I. (24)
Äàëi âèêîðèñòà¹ìî àëãåáðà¨÷íó òîòîæíiñòü

abc− 1 = a− 1 + b− 1 + c− 1 + (a− 1)(b− 1)+

+(a− 1)(c− 1) + (b− 1)(c− 1)+

+(a− 1)(b− 1)(c− 1),

ïðèéìàþ÷è a := C t
ε4s(v), b := Dε

v(x), c := Dε
w(x).

Îòæå, ç (24) ìà¹ìî ïðåäñòàâëåííÿ îïåðàòîðàLε
0:

Lε
0 = Lε

a + Lε
b + Lε

c + Lε
ab + Lε

ac + Lε
bc + Lε

abc. (25)

Òåïåð îá÷èñëèìî àñèìïòîòèêó êîæíîãî äîäàíêà â
(25). Äëÿ Lε

a iíòåãðóâàííÿì ÷àñòèíàìè, ìà¹ìî

Lε
aϕ(v) =

∞∫

0

Gx(ds)
[
C t

ε4s(v)− I
]
ϕ(v) =

= ε4C t(v)

∞∫

0

Ḡx(s)C t
ε4s(v)dsϕ(v), (26)

äå C t(v) � ãåíåðàòîð íàïiâãðóïC t
s(v), òîáòî

dC t
s(v)/ds = C t(v)C t

s(v),

àáî â iíòåãðàëüíié ôîðìi ç âèêîðèñòàííÿì íîðìóâàí-
íÿ ÷àñó íà ε4

C t
ε4s(v)− I = C t(v)

t+ε4s∫

t

C t
ε4l(v)dl. (27)

Ùå ðàç iíòåãðóþ÷è (26) ÷àñòèíàìè i âèêîðèñòî-
âóþ÷è (27), ìà¹ìî

Lε
aϕ(v) = ε4C t(v) [g(x) +C t(v)Gε

2(x)] ϕ(v),

äå

Gε
2(x) =

∞∫

0

Ḡ(2)
x (s)C t

ε4s(v)ds,

à

Ḡ(2)
x (s) :=

∞∫

s

Ḡx(t)dt,

àáî iíàêøå

Lε
aϕ(v) = ε4g(x)C t(v)ϕ(v) + ε4θε

a(x)ϕ(v), (28)

ç çàëèøêîâèì ÷ëåíîì

|θε
a(x)ϕ(v)| → 0, ε → 0, ϕ(v) ∈ C3(R).

Äëÿ îïåðàòîðà Lb ìà¹ìî ïðåäñòàâëåííÿ

Lε
bϕ(v) =

∞∫

0

Gx(ds)[Dε
v(x)− I]ϕ(v) =

= [Dε
v(x)− I]ϕ(v) =

= ϕ(v + ε3 a√
t
C(ε(

v√
t

+ w), x))− ϕ(v). (29)

Âðàõîâóþ÷è ðîçêëàä (6) â ôîðìi

C(εu, x) = C0(x) + εuC1(x) + ε2u2C2(u, x),

ç (29) ìà¹ìî

Lε
bϕ(v) = [ε3 a√

t
C0(x)+

+ε4 a

t
(v +

√
tw)C1(x)]ϕ′(v) + ε4θε

b(x)ϕ(v), (30)
ç çàëèøêîâèì ÷ëåíîì

|θε
b(x)ϕ(v)| → 0, ε → 0, ϕ(v) ∈ C3(R).

Àíàëîãi÷íî ìà¹ìî

Lε
cϕ(w) =

∞∫

0

Gx(ds)[Dε
w(x)− I]ϕ(w) =

= [Dε
w(x)− I]ϕ(w) =
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= ϕ(w + ε2 a

t
C0(x))− ϕ(w) =

= ε2 a

t
C0(x)ϕ′(w)+

+ε4 a2

2t2
C2

0 (x)ϕ′′(w) + ε4θε
c(x)ϕ(w), (31)

ç çàëèøêîâèì ÷ëåíîì

|θε
c(x)ϕ(w)| → 0, ε → 0, ϕ(w) ∈ C3(R).

Äàëi ìîæíà ïåðåêîíàòèñÿ â òîìó, ùî ðåøòà ÷ëå-
íiâ â (25) ¹ çíåõòóþ÷èìè. Íàïðèêëàä çãiäíî ç (28) i
(30), îòðèìó¹ìî

Lε
abϕ(v) = Lε

aLε
bϕ(v) = ε4θab(x)ϕ(v), (32)

ç |θε
ab(x)ϕ(v)| → 0,ε → 0, ϕ(v) ∈ C3(R).
Àíàëîãi÷íî ç (28) i (31)

Lε
acϕ(v, w) = Lε

aLε
cϕ(v, w) = ε4θac(x)ϕ(v, w) (33)

à òàêîæ ç (30) i (31)

Lε
bcϕ(w) = Lε

bLε
cϕ(w) = ε4θbc(x)ϕ(w). (34)

Î÷åâèäíèì ¹ òàêîæ ïðåäñòàâëåííÿ

Lε
abcϕ(v, w) = Lε

aLε
bLε

cϕ(v, w) =

= ε4θabc(x)ϕ(v, w). (35)
Ïiäñòàâëÿþ÷è (28)�(35) â ðîçêëàä (25) òà âðàõî-

âóþ÷è ðåøòó çíåõòóþ÷èõ ÷ëåíiâ, îòðèìó¹ìî ïðåä-
ñòàâëåííÿ (18). ¥

IV. Äîâåäåííÿ òåîðåìè
Çàâåðøàëüíèì åòàïîì ïîáóäîâè ãðàíè÷íîãî îïåðà-

òîðà Lt ¹ âèêîðèñòàííÿ ðîçâ'ÿçêó ïðîáëåìè ñèíãó-
ëÿðíîãî çáóðåííÿ äëÿ çðiçàíîãî îïåðàòîðà

Lε
t0 = ε−4Q + ε−2 1

t
Q1(x)Q0+

+ε−1 1√
t
Q2(x)Q0 +

1
t
Q3(x)Q0 (36)

ç (18) íà òåñò-ôóíêöiÿõ

ϕε(v, w, x) = ϕ(v, w) + ε2 1
t
ϕ2(v, w, x)+

+ε3 1√
t
ϕ3(v, w, x) + ε4 1

t
ϕ4(v, w, x). (37)

Ëåìà 3. Ãðàíè÷íèé ãåíåðàòîð Lt âèçíà÷à¹òüñÿ
ðîçâ'ÿçêîì ïðîáëåìè ñèíãóëÿðíîãî çáóðåííÿ äëÿ îïå-
ðàòîðà Lε

t0.
¤ Äîâåäåííÿ. Ðîçãëÿíåìî ïðîáëåìó ñèíãóëÿð-

íîãî çáóðåííÿ äëÿ îïåðàòîðàLε
t0:

Lε
t0ϕ

ε(v, w, x) =
1
t
L̂tϕ(v, w) + θε

L0(x)ϕ(v, w). (38)

Ïðèéìàþ÷è (37) â ëiâó ÷àñòèíó (38), ç óðàõóâàí-
íÿì ðîçêëàäó (36), îòðèìà¹ìî ñèñòåìó ðiâíÿíü

Qϕ(v, w) = 0, (39)

Qϕ2(v, w, x) + Q1(x)ϕ(v, w) = 0, (40)

Qϕ3(v, w, x) + Q2(x)ϕ(v, w) = 0, (41)

Qϕ4(v, w, x) +
1
t
Q1(x)ϕ2(v, w, x)+

+Q3(x)ϕ(v, w) = L̂tϕ(v, w). (42)
Ðiâíÿííÿ (39) î÷åâèäíî ñïðàâåäëèâå äëÿ âñiõ

òåñò-ôóíêöié ϕ(v, w), ùî íå çàëåæàòü âiä àðãóìåíòó
x ∈ X.

Ðîçâ'ÿçíiñòü ðiâíÿííÿ (40) çàáåçïå÷ó¹òüñÿ óìîâîþ
áàëàíñó ÓÁ1, à ñàìå:

ΠQ1(x) = aΠC̃0(x) = a

∫

X

π(dx)q(x)C0(x) =

= aq

∫

X

ρ(dx)C0(x) = 0.

Îòæå, ðîçâ'ÿçîê ðiâíÿííÿ (40), çãiäíî ç [6], òàêèé:

ϕ2(v, w, x) = R0Q1(x)ϕ(v, w).

Ðîçâ'ÿçíiñòü ðiâíÿííÿ (41) çàáåçïå÷ó¹òüñÿ óìîâîþ
áàëàíñó ÓÁ2, à ñàìå:

ΠQ2(x) = aΠC̃0(x) = aq

∫

X

ρ(dx)C0(x) = 0.

Íàðåøòi óìîâà ðîçâ'ÿçíîñòi ðiâíÿííÿ (42) äà¹ âè-
ðàç ãðàíè÷íîãî îïåðàòîðà L̂t

L̂t =
1
t
ΠQ1(x)R0Q1(x)Π + ΠQ3(x)Π. (43)

Âðàõîâóþ÷è, ùî [9]

PR0 = R0 + g(x)[Π− I],

äëÿ ïåðøîãî äîäàíêó ç (43) ìà¹ìî

1
t
ΠQ1(x)R0Q1(x)Πϕ(v, w) =

=
a2

t
ΠC̃0(x)PR0C̃0(x)ϕ′′w(v, w) =

=
a2

t
[ΠC̃0(x)PR0C̃0(x)−

−ΠC̃0(x)g(x)C̃0(x)]ϕ′′w(v, w) =

=
a2

t

∫

X

π(dx)C̃0(x)R0C̃0(x)ϕ′′w(v, w)−

−a2

t
q

∫

X

ρ(dx)C2
0 (x)ϕ′′w(v, w).
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Äëÿ äðóãîãî äîäàíêó, âèêîðèñòîâóþ÷è (21), îòðè-
ìó¹ìî

ΠQ3(x)Πϕ(v, w) = B(v,
√

tw)ϕ′v(v, w)+

+
a2

t
q

∫

X

ρ(dx)C2
0 (x)ϕ′′w(v, w),

â ïîçíà÷åííÿõ Òåîðåìè.
Îòæå, ç òîãî ùî,Lt = 1

t L̂t ìà¹ìî çîáðàæåííÿ (14).
Îñêiëüêè çàëèøêîâèé ÷ëåí θε

L0(x)ϕ(v, w) â (38)
òàêèé, ùî |θε

L0(x)ϕ(v, w)| → 0, ε → 0, òî â ãðàíèöi íèì

ìîæíà çíåõòóâàòè. Âiäçíà÷èìî, ùî ìàëèé äîäàíîê â
ïðåäñòàâëåííi (18) îïåðàòîðà Lε

t òåæ íå âïëèâà¹ íà
âèãëÿä ãðàíè÷íîãî îïåðàòîðàLt, îñêiëüêè iñíó¹ (23).

Çàâåðøó¹ìî äîâåäåííÿ Òåîðåìè çà ñõåìîþ, ùî íà-
âåäåíà ïðè äîâåäåííi òåîðåìè 6.6. �6, ðîáîòè [8].¥

Âèñíîâêè
Àñèìïòîòè÷íó íîðìàëüíiñòü ÏÑÀ â Rd, d > 1,

ìîæíà îòðèìàòè àíàëîãi÷íî ç äîäàòêîâèìè òåõíi÷íè-
ìè óñêëàäíåííÿìè.
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