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Abstract. In this paper we consider important classes of
one dimensional environments, bending stiffness of which can
be neglected. It is impossible to apply approximate andytical
method of solution of mathematical models of dynamic
processes. So judtification of existence and uniqueness of
solutions, carried out a quditative their evaluation, based on
numerical analysis are considering in this paper. Also the
features of dynamic processes of some of examined class of
systems are analyzed. Methods of qualitaive study of
oscilletions for restricted and unrestricted bodies under the
influence of the resistance forces, described in this paper are
based on the genera principles of the theory of nonlinear
boundary value problems — Galerkin method and the method
of monotonicity. Scientific novelty consists in generalization
these methods of studying for nonlinear problems at new
classes of oscllaing systems, judification of solution
correctness for specified mathematical models that have
practical application inrea engineering vibration systems.

Key words: mathematical modd, nonlinear vibrations,
nonlinear boundary value problem, Gaerkin method, nonlinear
elastic properties.

INTRODUCTION

The development of new technology and the
trangition to high-speed machinery requires the
formulation and solution of new problems, mathematical
models of which can not be investigated by the
asymptotic methods of nonlinear mechanics. the
problem of vibrations of flexible elements belt or chain
gears tape systems for recording and reproducing
information, conveyor lines, different kind of cable lifts,

equipment for rolling paper, metal strip, wire, thread,
equipment for drilling oil and gas wells, pipdines and
others.

In the case of nonlinear elagticity law, significantly
nonlinear dependence of oscillation amplitude from the
resistance force and so the problem is related with
fundamental mathematical difficulties (even in the case
when modd fluctuations in limited areas are
researching), because there is no generd anaytica
methods for solving this class of problems. This problem
is generally solved only for a very narrow class of
problems. Therefore, there is no generad methods for
determining the amplitude— frequency characteristics of
oscillatory process.

THE ANALY SIS OF RECENT RESEARCHES
AND PUBLICATIONS

On the other hand, qualitative methods of the theory
of nonlinear boundary value problems allow for a broad
class of oscillatory systems mentioned above to get the
results for correct solution of the problem (ie, the
existence, uniqueness and continuous dependence on
initial data). The above method allows to prove the
correctness of the solution of a problem in the model
and alows with further research of solution to use
various approximate (numerical) methods. Thus, the
problem of qualitative research methods for nonlinear
systemsisrelevant.
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The work is devoted to the research solutions of
problem for nonlinear wave eguations and systems,
which in the model case [1] have the form:

Ui U t(x1), @

— - a LI ga§( t

PSEN 'S
where: a — some function (consiant), which charac-
terizes the physical — mechanical parameters of oscil-
lation system, g — nonlinear function, which describes
the nonlinear dependence of the oscillation amplitude

from the resistance. Problems for hyperbolic equations
like (1) andin aform:
2

ffu_, Tfu

>
were: g; —nonlinear function in restricted and unrestricted
areas were considered in [3-13]. Some results of solution
correctness interpretation in these works obtained under the
assumption of a qualitative behavior of the solution, the
initid data and the right-hand side of equation (system) on
infinity, another results — without such assumptions. The
work [12] is devoted to research of first mixed problem for
second-order weskly nonlinear hyperbolic eguation of the
form (1). The conditions of existence and uniqueness of a
generalized solution in spaces of localy integrable
functions received in this paper. In [14] have been studied
mixed problem for weskly nonlinear hyperbolic systems of
equations of the first order with two independent variables.
A smilar question for a mathematical model that describes
the problem for equation (2) was considered in [15].

Note that the issue of substantiation of well-
posedness of certain weakly and strongly nonlinear
mathematica models of nonlinear oscillating systems
has been considered in the works [7-22]. In particular,
in those works there have been developed a
methodology of investigating the well-posedness
(existence and uniqueness of solutions) of mixed
problems for quasi-linear and strongly nonlinear
evolutional equations of beam vibration type (in the case
of presence of dissipative forces in the system) in
bounded and unbounded domains.

~+a,(xtu)=f(xt), @

OBJECTIVES

Lets discuss a method of qualitative research of
mathematica modd for nonlinear oscillations of semi-
stricted inhomogeneous environment under condition
Vincler nonlinear force action:

T2u(xt) aﬂzu(x,t) N
ﬂtz 1]x2
|1Tu(x 0" ut)
| Tt | It
with initial conditions:
u(x,0) = u,(x) 4
TS0 -, . ©
it

=f(xt), p>2, (3

and boundary condition:
u(o,t) =0. (6)

In relations (3)-(6):

— u(x,t) — the longitudinal (transverse) movement
of environment with coordinate X at an arbitrary point of
time t,

— a - constant, which characterizes cross-sectional
area of environment, running mass, elagtic properties of
the environment , €tc.,

— g >0 - constant, which takes into account given
above characteristics and describes nonlinear resistance
forces,

— f(x;t) - the function that describes the
distribution of forces along the environment,

— u,(x) and describing the initial state of the
environment (initial regjection — form and initial velo-
city).

Environment is semi-stricted, therefore x| (0,+¥)
and the dynamic process we will consider an arbitrarily
long time period, so O £t < +¥ . Everywhere further in
this paper use the following notation for arbitrary
R>0,t1 (0,T]:

Q. = (0O,R)” (0t ) —rectangle with base (O, R)
on theaxis Ox and height t ,

Q= (O,+¥)" (Ot) — hafstrips with base
(0,+¥) ontheaxis Ox and height t .

For description of qualitative properties of the input
data and solution we will use some spaces of generalized
functions.

H; (0, R) — space of functions which squares with
their derivatives are Lebesgue integrable on the interval
(O,R), and at the end of the interval homogeneous

boundary conditions fulfilled u|X:0 = U|X:R =0. Norm
in this space defines as:
2y = B2 o
507~ CEx g

were: H*!

0,loc

H:(O,R) for arbitrary R >0, where u(0,t) =0,

L (Q)

with degree p at the interval (Q,R) for arbitrary
R>0, and r1 (1,+¥).

The am of thiswork is, in particular, research of the
solution for problem (3) — (6) for second order nonlinear
wave eguation, namey obtaining of correct solution
conditions in mathematical modd — sufficient conditions
for the exigence and uniqueness of the solution in the
class of locally integrated functions. The specified
equation, in particular, describes the forced oscillation of
rod or ropein the environment with resistance [2, p. 234].

(O,+¥) — space of functions belonging to

_ space of functions Lebesgue integral
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THE MAIN RESULTS OF THE RESEARCH

Generalized solution of problem (3) — (6) we will

cal functionu, that satisfies the condition (4) and
integral identity:
€ Tufv _Tu v G1ul”” Tu
- ——+a——Oxdt+ Zv- vadxdt+
(8 T T L
\ ﬂu 7
+Oﬂ_(xt)v(xt)dx- (yl(x)v(XO)dx 0, (7
0 0

where: arbitrary t | (0, T] and arbitrary function v

with limited carrier are such, that the identity (7) makes
sense. Concerning coefficients of right side for equation
(3) and initial data lets assume fulfillment of following
conditions.

1. Function 1 L (Q), and g is the conjugate

number for p: 1_,_} -1
P qQ

2. Theinitial deviation u,(x) belongto H}(0,R)
for arbitrary R>0, and u, (0)=0; primary velocity
u,(x) is afunction that belongs to L*(0;R) for the
arbitrary R> 0.

The main result of qualitative research: if the
mathematical model of an oscillatory process described
problem (4) — (6) for the equation (3) under conditions
that (1)-(2) exist unique generalized solution u(x,t) of
problem (3) — (6), moreover: function U — continuous by
variable t on the interval [0,T], and by variable X

(O,+¥); derivative E
it
continuous and locally integrable with degree p by

variable t at the interval [0,T], and by the variable
X —locally integrable with degree p.

Application of methods of the theory of
nonlinear boundary problems for proving existence
and uniqueness of solution. Let ul,u2 — generaized

solution of problem (3) — (6) and problem, which differs
from (3) — (6) by the fact, that in the right side of (3)

refers to the space H?

0,loc

compelled force f isreplaced by f respectively. Then
for arbitary t,R,R, such tha 0<R <R,
t T (0,T] one can obtain following estimation:

o’ (xt) fu? (Xt)odx+
&y T
R
Cl(\gﬂu (x,t) u? (xt)odx+
0 fix x g4
qut qu?|” & R O
+C, C‘)—— dxdt £ g : !
Ot qt qt R, o

, x l+(a—l)ﬂ — 9
SCCR - P2+C, lf- fl'ddtl, ®
g Rt 2
: 2p - :
where: b >—2 are arbitrary number; C,—-C, are
p_

positive numbers, which depends only from p, b .
Lets judtify inequaity (8). Put R>R,>0,
t 1 (0,T] are arbitrary numbers. Let function j (x) is
1 2 _ 2
=l R XER.
§ 0,x>R
Directly easy to see that for the function |
estimation iscorrect R- x£j (X) £ 2(R- X).
Let u'(xt)u®(xt) — generalized solution of

problem (3) — (6) and problem, which differs from
(3)—(6) by the fact, that in the right side of (3) compelled

force f isreplaced by f1 L (Q). Suppose further

defined as follows:

following

loc
w=u"- u? and make the regularization procedure
described in [2, pp. 238-239]. Fix s,s1 [0,T],
Sy <S,. Let (,, — HenepepsHa continuous piecewise
[0,T], q,=1, if

linear function on

2 2 1
+Z<t<s - =, =0 for t>s - — and for
S m S - U S m

t<80+%, m=12,... Let 1 (n=12..) -

regulative sequence in the space of infinitely differen-
tiable in R functions with a compact support

rn(t)=rn(-t), gn(t)dtzl, suppr (t)| g_%%é

for arbitrary nl N. now

v= ((q( ))*r *r)dd

indicated on the last equality means convolution
operation. Subtract from equation (3), generalized

Suppose
b>0. Symbol *

solution of which is function U* similar equation for

u? with right-hand side . Lets multi ply both sides of
the resulting difference for V and integrate results from
Otot ,0<t £T.Asaresult, after calculationsand

transformations similar to those madein [2, p. 238-239],
and in limiting trangitionn® ¥, mM® ¥ we will

obtain:
RA ,.2
%(\%a}aw(x,t)g aeTw(xt)o G "dx+
e Tt o e ix ﬂg
s o Tw w9 °
M 9x

X
Qrtt T
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Ty

Qrt g Tt | Tt
. |1Tu2(x,t)|p'2 u?(x,t) 9
S I B
1 2 =
S Hu(xt)  Tu (x,t)% b dxclt =
fit it g
= ol- f)ﬂ—j ® o, ©)
Qrtt Tt
Let's edtimate integrals in equality (9) for
1+£ +i=1 just as is done in [10]. Conddering
2 pp

there evaluations obtained there and using properties of
functionj (X), we have:

\aaTW(x t) o

(R- R,)" i Pdx+
R e It ra
+ (\];ﬂW(Xt )O bdX+
e Tt ﬂ
ﬂ P 0 b+1+(a-1)ﬂ
+C, O dth_£C R P24
QR t B
+C,R® |f - f| dxdt
QR,t

where: C,—C, are positive constants. From the last

inequality is easy to obtain theinequality (8).
Consider the sequence of domains
Q*=(0,k)" (0,T), k=12,.. and in each domain

Q respectively problem:

ﬂzuk()(,t) ] n1-|-2uk(x1t) +%ﬂuk(x,t)| p-2,
12 ™ T |
. Tuk Tu®(x.t) _
= f*(xt 10
Tt (x1). (10)
u*(x,0) =g (%), (11)
ﬂuk(x,O) k
—=U, (X), 12
1t ; (X) (12)
u“(0,t) =u*(k,t) =0. (13)
Note that in equation (10) functions
fk(x,t)z:’f(x’t)’XEK’ Besides this, instead of
T 0,x>k
function U, considered uf , where
us(¥) = Uy (¥)x*(x), x*T CY(R),
iLx£k-1, K
== Of £1.
X (x : 0.x> k. X (X)

It is dear that functions uil HZ(0,k) and

lim|ju . Instead initiad function U,

k® +¥

- U, 1(0k) ~
were reviewed ul
(0,k), ukT L2(0,k) uk - u1||L2(0 K

a geneadized solution of problem (10)-(13) we
understand the function u*, which satisfy (10), (11), (13)
and the integral identity similar to the identity (7), which
is condder in the area Q*, and function V is chosen

integrable with her derivative by time variable, and by
spatial variableislocally integrable with degree p.

Note that in the above conditions exist unique
generalized solution of the problem (10) — (13) in QX
[2, p. 234]. Consider now sequence of problems of the
form (10) — (13) for k =1, k = 2,..., redefinding u* by

zero at Q\ Q. We obtain a sequence of solutions of

- condriction of function U, at

=0. Under

problem (3) — (6) in Q, which for convenience we

again denote as {uk}. Similarly as is done in [10] we
show that the sequence {uk} and

fundamental in appropriate functional spaces.
obvioudy that for function U, conditions (4)—(6) istrue.
Consequently, the function u(x,t) is a generaized
solution of problem (3)—«6) in sense of the integral
identity (7).

The uniqueness of the obtained solution follows
from inequality (8) for R® +¥ , if we consider two

arbitrary solutions u* and U? of problem (3)—(6) and
consider that

Ul(X,O) - UZ(X,O) , ﬂul(X,O) — TIUZ(X,O) .
1t 1t

Note, that for problem (3) — (6) is easy to obtain
sufficient conditions for the existence and uniqueness of
periodic by linear variable generalized solution.

The results of numerical integration in the model
case. Congder the special case of equation (3), namely
the case of natural oscillations of a continuous
environment, provide by constant along its length
physical and mechanica properties, ie

2 2 p-2

T ) =al Yr)- g oter) T

Tt ix fit [

In the latter relation @ and g, are constants and

u(l,t)=0.

xt).

boundary conditions take the form u(O,t) =
Dueto origina form, it isdescribed as.
2% oexel

I 2

2hx |

i
;
Uo(X) =1
|2h-—, —<XE£l.

[ 2
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We fedl that the initial velocity of continuous

environment points is zero, i.e, %(X,O)zo. The
t

problem describes transversal oscillations of threads

(rope) that at the initial time loaded by concentrated

force at the point with coordinalele_z. The above

problem is of the form (10) — (13). As shown above,
there is unique generalized solution of this problem.
Therefore, for the numerical integration of the equations
of mation is the choice of method is principal only in
computer needs. Examined eguation we will reduce to a
system of two equationslike:

i fu

1 — ) = vixt),

et =0c)

2
IV t)=ad Y (x1)- gox. )" 2v(xt
1) = a8 (x0)- gvlt)” vl
We divide the interval [0;1] by discretization points

[O;1] by discretization points x =i|— a n partswith
n

8 a=1000, g, =1, p=21.

1
08
06
U 044
02|

0+

0 02 04 06 08 1 12 14 16 18 2

0ga=5 g,=6,p=3.

101

length D:I_. We approximate the derivative by
n

gpatial variable with finite difference:
T°u u(x..t)- 2u(x, t)+ u(x..t)
—Z(X,t): .
fix D
Numerical solution of system of
differential equations:

judt) = v(t),
) = L(t,v).

2
where; L(t,v)za%(x,t)— golv(x.t)" v t),

ordinary

implemented by the Runge-K utta fourth order method:

:;:uk+1 =u, +v Dt +%(k1 +k, +k3)1

%Vkﬂ =Vi +%(k1 + 2k, + 2Kk, +k4)1

moreover .
t, =kDt, u, =ult, ), v, =vt,),

b) a=1000, g, =1, p=3.

1

08

06 -

U 044
02

0

0.2 T r .
0 02 04 06 08B 1 12 14 16 18 2

d a=5 g,=6,p=4.

Fig. 1. Laws change of environment mid-point deviation with the different parameters a, do: P
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ik, =Lt u,,v,)Dt,

; )

Tk, = Lg?k +z,uk +vkﬂ,vk +ﬁ9Dt,

I e 2 2 2 g

! Dt Dt Kk k, ©
: Ky = L‘é‘?k +—,u, +v, —+-LDt,v, +-29p,
! & 2 2 4 2 g
; )
ik, = L&, +Dt,u, +v,Dt + X p v vk, Ot
| e 2 o

Fig. 1a — 1d presents the graphic changes over time of
deviation in time from the equilibrium position of the
environment mid-point under different initial deviation
from equilibrium (curve 1-h=01; curve 2 -h=0,5;
curve 3-h =1) taking into account the different models
of the resistance force and for other vaues of
dimensionless parameters of the system.

CONCLUSIONS

Obtained in proposed work qualitative results and
graphical depending show:

1) the presence of the resistance force leads to
damping of environment oscillations;

2) the rate of damping depends largely on the
degree of nonlinearity of the resistance force;

3) by a considerable nonlinearity resistance force
(p=3) dynamic processis aperiodic;

4) the impact of the resistance force at the period of
oscillation for small values of parameters g, p and h is
insignificant. The latter also confirmed by asymptotic
integration of specified differential equations.
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