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Abst ract .  In this paper we consider important classes of 
one dimensional environments, bending stiffness of which can 
be neglected. It is impossible to apply approximate analytical 
method of solution of mathematical models of dynamic 
processes. So justification of existence and uniqueness of 
solutions, carried out a qualitative their evaluation, based on 
numerical analysis are considering in this paper. Also the 
features of dynamic processes of some of examined class of 
systems are analyzed. Methods of qualitative study of 
oscillations for restricted and unrestricted bodies under the 
influence of the resistance forces, described in this paper are 
based on the general principles of the theory of nonlinear 
boundary value problems – Galerkin method and the method 
of monotonicity. Scientific novelty consists in generalization 
these methods of studying for nonlinear problems at new 
classes of oscillating systems, justification of solution 
correctness for specified mathematical models that have 
practical application in real engineering vibration systems. 

Key words:  mathematical model, nonlinear vibrations, 
nonlinear boundary value problem, Galerkin method, nonlinear 
elastic properties. 

INTRODUCTION 

The development of new technology and the 
transition to high-speed machinery requires the 
formulation and solution of new problems, mathematical 
models of which can not be  investigated by  the 
asymptotic methods of nonlinear mechanics: the 
problem of vibrations of flexible elements belt or chain 
gears tape systems for recording and reproducing 
information, conveyor lines, different kind of cable lifts, 

equipment for rolling paper, metal strip, wire, thread, 
equipment for drilling oil and gas wells, pipelines and 
others. 

In the case of nonlinear elasticity law, significantly 
nonlinear dependence of oscillation amplitude from the 
resistance force and so the problem is related with 
fundamental mathematical difficulties (even in the case 
when model fluctuations in limited areas are 
researching), because there is no general analytical 
methods for solving this class of problems. This problem 
is generally solved only for a very narrow class of 
problems. Therefore, there is no general methods for 
determining the amplitude– frequency characteristics of 
oscillatory process. 

THE ANALYSIS OF RECENT RESEARCHES 
AND PUBLICATIONS 

On the other hand, qualitative methods of the theory 
of nonlinear boundary value problems allow for a broad 
class of oscillatory systems mentioned above to get the 
results for correct solution of the problem (ie, the 
existence, uniqueness and continuous dependence on 
initial data). The above method allows to prove the 
correctness of the solution of a problem in the model 
and allows with further research of solution to use 
various approximate (numerical) methods. Thus, the 
problem of qualitative research methods for nonlinear 
systems is relevant.  

Lviv Polytechnic National University Institutional Repository http://ena.lp.edu.ua



P. PUKACH, P. SOKHAN, R. STOLYARCHUK 

The work is devoted to the research solutions of 
problem for nonlinear wave equations and systems, 
which in the model case [1] have the form:  
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where: α  – some function (constant), which charac-
terizes the physical – mechanical parameters of oscil-
lation system, g – nonlinear function, which describes 
the nonlinear dependence of the oscillation amplitude 
from the resistance. Problems for hyperbolic equations 
like (1) and in a form: 
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were: 1g  – nonlinear function in restricted and unrestricted 
areas were considered in [3–13]. Some results of solution 
correctness interpretation in these works obtained under the 
assumption of a qualitative behavior of the solution, the 
initial data and the right-hand side of equation (system) on 
infinity, another results – without such assumptions. The 
work [12] is devoted to research of first mixed problem for 
second-order weakly nonlinear hyperbolic equation of the 
form (1). The conditions of existence and uniqueness of a 
generalized solution in spaces of locally integrable 
functions received in this paper. In [14] have been studied 
mixed problem for weakly nonlinear hyperbolic systems of 
equations of the first order with two independent variables. 
A similar question for a mathematical model that describes 
the problem for equation (2) was considered in [15]. 

Note that the issue of substantiation of well-
posedness of certain weakly and strongly nonlinear 
mathematical models of nonlinear oscillating systems 
has been considered in the works [7–22]. In particular, 
in those works there have been developed a 
methodology of investigating the well-posedness 
(existence and uniqueness of solutions) of mixed 
problems for quasi-linear and strongly nonlinear 
evolutional equations of beam vibration type (in the case 
of presence of dissipative forces in the system) in 
bounded and unbounded domains. 

OBJECTIVES 

Lets discuss a method of qualitative research of 
mathematical model for nonlinear oscillations of semi-
stricted inhomogeneous environment under condition 
Vincler nonlinear force action: 
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with initial conditions: 
)()0,( 0 xuxu = ,                           (4) 
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and boundary condition:  
0),0( =tu .                                 (6) 

In relations (3)-(6):   
– ( )txu ,  – the longitudinal (transverse) movement 

of environment with coordinate x at an arbitrary point of 
time  t ,  

– a  – constant, which characterizes cross-sectional 
area of environment, running mass, elastic properties of 
the environment , etc., 

– 0>g  – constant, which takes into account given 
above characteristics and describes nonlinear resistance 
forces, 

– ),( txf  – the function that describes the 
distribution of forces along the environment, 

– ( )xu0
 and describing the initial state of the 

environment (initial rejection – form and initial velo-
city).  

Environment is semi-stricted, therefore ),0( +∞∈x  
and the dynamic process we will consider an arbitrarily 
long time period, so +∞<≤ t0 . Everywhere further in 
this paper use the following notation for arbitrary 

0>R , ](0,T∈τ :  

)(0,),0(=, ττ ×RQR
 – rectangle with base ),0( R  

on the axis Ox  
and height τ , 

)(0,),0(= ττ ×+∞Q  – halfstrips with base  

),0( +∞   on the axis Ox  
and height .τ   

For description of qualitative properties of the input 
data and solution we will use some spaces of generalized 
functions. 

),(01
0 RH – space of functions which squares with 

their derivatives are Lebesgue integrable on the interval 
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0, +∞locH  –  space of functions belonging to 

),(01
0 RH  for arbitrary 0,>R  where 0=),0( tu , 

)(QLr
loc  – 

space of functions Lebesgue integral 

with degree p
 

at the interval ),(0 R  for arbitrary  

0,>R  and ).(1,+∞∈r   
The aim of this work is, in particular, research of the 

solution for problem (3) – (6) for second order nonlinear 
wave equation, namely obtaining of correct solution 
conditions in mathematical model – sufficient conditions 
for the existence and uniqueness of the solution in the 
class of locally integrated functions. The specified 
equation, in particular, describes the forced oscillation of 
rod or rope in the environment with resistance [2, p. 234]. 
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THE MAIN RESULTS OF THE RESEARCH 

Generalized solution of problem (3) – (6) we will 
call functionu , that satisfies the condition (4) and 
integral identity: 







∂
∂

∂
∂

+
∂
∂

∂
∂

−∫ dxdt
x
v

x
ua

t
v

t
u

Qτ

+











−

∂
∂

∂
∂

+
−

∫ dxdtfvv
t
u

t
u p

Q

2

τ

 

−
∂
∂

+ ∫
+∞

0
),(),( dxxvx

t
u

ττ 0=,0)()(
0

1∫
+∞

dxxvxu ,   (7) 

where: arbitrary ](0,T∈τ  and arbitrary function v  
with limited carrier are such, that the identity (7) makes 
sense. Concerning coefficients of right side for equation 
(3) and initial data lets assume fulfillment of following 
conditions. 

1. Function
 

),(QLf q
loc∈

 
and q is the conjugate  
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for arbitrary 0,>R  and 0=)0(0u ; primary velocity 
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is a function that belongs to );(02 RL  for  the 

arbitrary 0>R .  
The main result of qualitative research: if the 

mathematical model of an oscillatory process described 
problem (4) – (6) for the equation (3) under conditions 
that (1)-(2) exist unique generalized solution ( )txu ,  of 
problem (3) – (6), moreover: function u – continuous by 
variable t  on the interval ][0,T , and by variable x  

refers to the space ),(01
0, +∞locH ; derivative 

t
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continuous and locally integrable with degree p  by 
variable t  at the interval ][0,T , and by the variable  
x  – locally integrable with degree p . 

Application of methods of the theory of 
nonlinear boundary problems for proving existence 
and uniqueness of solution. Let 21 ,uu  – generalized 
solution of problem (3) – (6) and problem, which differs 
from (3) – (6) by the fact, that in the right side of (3) 

compelled force f  is replaced by f  respectively. Then 

for arbitrary 0,, RRτ  such that RR <<0 0
, 
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where: 
2
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−p
p

β  are arbitrary number; 1C – 4C  are 

positive numbers, which depends only from p , β .  
Lets justify inequality (8). Put 0,>> 0RR  

](0,T∈τ  are arbitrary numbers. Let function ( )xϕ  is 

defined as follows:
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Directly easy to see that for the function ϕ  following 
estimation is correct ).2()( xRxxR −≤≤− ϕ  

Let ( ) ( )txutxu ,,, 21
 – generalized solution of 

problem (3) – (6) and problem, which differs from  
(3)–(6) by the fact, that in the right side of (3) compelled 
force f  is replaced by )(QLf q

loc∈ . Suppose further 
21= uuw −  and make the regularization procedure 

described in [2, pp. 238–239]. Fix ],0[, 10 Tss ∈ , 

10 ss < . Let mθ  – неперервна continuous piecewise 

linear function on ],[ T0 , 1=mθ , if 
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indicated on the last equality means convolution 
operation. Subtract from equation (3), generalized 
solution of which is function 

1u  similar equation for 
2u  with right-hand side .f  Lets multiply both sides of 

the resulting difference for v  and integrate  results from 
0  to τ , T≤< τ0 . As a result, after  calculations and 
transformations similar to those made in [2, p. 238-239], 
and in limiting transition ∞→n ,  ∞→m  we will  
obtain: 

+



















∂
∂

+







∂
∂

∫
R

dx
x
xwa

t
xw

0

22 ),(),(
2
1 βϕ

ττ  

+
∂

∂
∂
∂

∂
∂

+ ∫ dxdt
xt

w
x
wa

RQ

β

τ

ϕ

,

 

99

Lviv Polytechnic National University Institutional Repository http://ena.lp.edu.ua



P. PUKACH, P. SOKHAN, R. STOLYARCHUK 







−

∂
∂

∂
∂

+
−

∫ t
txu

t
txug

p

RQ

),(),( 121

,τ

 

–
22 2

,

( , ) ( , )
−

τ

∂ ∂ + − ×
∂ ∂ 

∫
p

QR

u x t u x t
t t

 

=),(),( 21

dxdt
t

txu
t

txu βϕ







∂

∂
−

∂
∂

×  

            ( ) .
,

dxdt
t
wff

RQ

β

τ

ϕ
∂
∂

−= ∫                    (9) 

Let’s estimate integrals in equality (9) for 

1=11
2
1

1pp
++  just as is done in [10]. Considering 

there evaluations obtained there and using properties of 
function )(xϕ , we have: 






+








∂
∂

− ∫
0

0

2

0
),()(

R

dx
t
xwRR ββ ϕ

τ

 

+







∂
∂+ ∫

0

0

2

5
),(R

dx
t
xwC βϕτ

+≤







∂
∂

+ −
−++

∫ 2
2

1)(1

7

,

6

0

p
pp

RQ

RCdxdt
t
wC

αβ

τ

 

dxdtffRC
q

RQ

−+ ∫
τ

β

,

8
, 

where: 5C – 8C  are positive  constants. From the last 
inequality is easy to obtain the inequality (8).            

             Consider the sequence of domains  
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a generalized solution of problem (10)-(13) we 
understand the function ku , which satisfy (10), (11), (13) 
and the integral identity similar to the identity (7), which 
is consider in the area kQ , and   function v  is chosen  
integrable with her derivative by time variable, and by 
spatial variable is locally integrable with degree .p  

Note that in the above conditions exist unique 
generalized solution of the problem (10) – (13) in kQ  
[2, p. 234]. Consider now sequence of problems of the 
form (10) – (13) for 2,...,=1,= kk  redefinding ku  by 

zero at kQQ \ . We obtain a sequence of solutions of 

problem (3) – (6) in Q , which for convenience we 
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fundamental in appropriate functional spaces. It is 
obviously that for function u , conditions (4)–(6) is true. 
Consequently, the function ( )txu ,  is a generalized 
solution of problem (3)–(6) in sense of the integral 
identity (7). 

The uniqueness of the obtained solution follows 
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Note,  that for problem (3) – (6) is easy to obtain 
sufficient conditions for the existence and uniqueness of 
periodic by linear variable generalized solution. 

The results of numerical integration in the model 
case. Consider the special case of equation (3), namely 
the case of natural oscillations of a continuous 
environment, provide by constant along its length 
physical and mechanical properties, ie 
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We feel that the initial velocity of continuous 

environment points is zero, i.e., ( ) 00, =
∂
∂ x

t
u . The 

problem describes transversal oscillations of threads 
(rope) that at the initial time loaded by concentrated 

force at the point with coordinate
2
lx = . The above 

problem is of the form (10) – (13). As shown above, 
there is unique generalized solution of this problem. 
Therefore, for the numerical integration of the equations 
of motion is the choice of method is principal only in 
computer needs. Examined equation we will reduce to a 
system of two equations like: 

( ) ( )

( ) ( ) ( ) ( )








−
∂
∂=

∂
∂

=
∂
∂

− .,,,,

,,,

2
02

2

txvtxvgtx
x
uatx

t
v

txvtx
t
u

p

 

We divide the interval ];0[ l  by discretization points  

];0[ l  by discretization points 
n
lixi =  at n  parts with  

length 
n
l=∆ .  We approximate the derivative by 

spatial variable with finite difference:  

( ) ( ) ( ) ( )
2

11
2

2 ,,2,
,

∆
+−

=
∂
∂ +− txutxutxu

tx
x
u iii . 

Numerical solution of system of ordinary 
differential equations: 

( ) ( )
( ) ( ),,

,





=′
=′

vtLtv
tvtu

,
 

where:
 

( ) ( ) ( ) ( ),,,,, 2
02

2

txvtxvgtx
x
uavtL p−

−
∂
∂

=  

implemented by the Runge-Kutta fourth order method: 

( )

( )








++++=

++
∆

+∆+=

+

+

,22
6
1

,
6

43211

3211

kkkkvv

kkkttvuu

kk

kkk
 

moreover: 
tktk ∆= , ( )kk tuu = , ( )kk tvv = , 

 
 
 

 
a) 1000=a , ,10 =g  .1,2=p  

b) 1000=a , ,10 =g  .3=p  
 

  
c) ,5=a  60 =g , .3=p  

d)
 ,5=a  60 =g , 4=p . 

 
 
Fig. 1. Laws change of environment mid-point deviation with the different parameters pga ,, 0  
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Fig. 1a – 1d presents the graphic changes over time of 
deviation in time from the equilibrium position of the 
environment mid-point under different initial deviation 
from equilibrium (curve  1- ;1,0=h  curve 2 - ;5,0=h  
curve 3- 1=h )  taking into account the different models 
of the resistance force  and for other values of 
dimensionless parameters of the system. 

CONCLUSIONS 

Obtained in proposed work qualitative results and 
graphical depending show: 

1) the presence of the resistance force leads to 
damping of environment oscillations; 

2) the rate of damping depends largely on the 
degree of nonlinearity of the resistance force; 

3) by a considerable nonlinearity resistance force 
( 3p = ) dynamic process is aperiodic; 

4) the impact of the resistance force at the period of 
oscillation for small values of parameters g, p and h is  
insignificant. The latter also confirmed by asymptotic 
integration of specified differential equations. 
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