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Äîâåäåíî òåîðåìó ïðî iíòåãðàëüíå çîáðàæåííÿ äëÿ íåïåðåðâíî¨ ôóíêöi¨ k (x) ∈

∈ C1
(
x ∈ R1

)
òàêî¨, ùî ÿäðî K (x; y) = a(x+y)

a(x)a(y)
k (x+ y) (a (x) = exp

[
x∫
0

p (x) dx

]
,

p (x) � íåïåðåðâíà ôóíêöiÿ) äîäàòíî âèçíà÷åíî. Öÿ òåîðåìà ¹ óçàãàëüíåííÿì òåîðåìè ïðî
iíòåãðàëüíå çîáðàæåííÿ åêñïîíåíöiàëüíî âèïóêëèõ ôóíêöié.

Êëþ÷îâi ñëîâà: iíòåãðàëüíå çîáðàæåííÿ, äîäàòíî âèçíà÷åíi ôóíêöi¨.
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Ó ðîáîòi [1] çàïðîïîíîâàíî ìåòîä îäåðæàííÿ ií-
òåãðàëüíèõ çîáðàæåíü äëÿ äîäàòíî âèçíà÷åíèõ ÿäåð
K(x, y)

(
x, y ∈ R1

)
ç âèêîðèñòàííÿì âëàñíèõ ôóíêöié

äèôåðåíöiàëüíèõ îïåðàòîðiâ, ÿê â çâè÷àéíèõ, òàê i
÷àñòèííèõ ïîõiäíèõ. Çàñòîñîâóþ÷è öåé ìåòîä, ó ìî-
íîãðàôi¨ [2] äîâåäåíî òåîðåìó ïðî iíòåãðàëüíå çîáðà-
æåííÿ òàêèõ ÿäåð

K (x; y) =

∞∫
−∞

z−1∑
j,k=0

χj (x;λ)χk (y;λ)dσjk (λ)

÷åðåç ôóíäàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ χ0 (x, λ) ,

χ1 (x, λ) , . . . , χr−1 (x, λ) äèôåðåíöiàëüíîãî ðiâíÿííÿ
Lu = λu . Îäåðæàíî iíòåãðàëüíi çîáðàæåííÿ äëÿ

ÿäåð òèïó k(y − x),
1

2
[k (x+y)± k (x−y)] , k(x + y),

ïîâ'ÿçàíèõ ç äèôåðåíöiàëüíèìè îïåðàòîðàìè
d

dx
; − d2

dx2
; i

d

dx
.

Ó ñòàòòi äîâåäåíî òåîðåìó ïðî iíòåãðàëüíå çîáðà-
æåííÿ äîäàòíî âèçíà÷åíèõ ÿäåð ïîâ'ÿçàíèõ ç äèôå-

ðåíöiàëüíèì îïåðàòîðîì L =
d

dx
+ p (x) , äå p (x) �

íåïåðåðâíà ôóíêöiÿ.
Iíòåãðàëüíå îçíà÷åííÿ äîäàòíî âèçíà÷åíî¨ ôóíê-

öi¨.

Îçíà÷åííÿ. Íåïåðåðâíó ôóíêöiþ k (x)∈C1
(
x∈R1

)
íàçèâàòèìåìî äîäàòíî âèçíà÷åíîþ, ÿêùî âèêîíó¹-
òüñÿ íåðiâíiñòü∫
R1

∫
R1

K (x; y) u (y) u (x) dxdy ≥ 0,
(
u ∈ C∞

0

(
R1
))
,

(1)

äå K (x; y) =
a (x+ y)

a (x) a (y)
k (x+ y) , à a (x) =

= exp

[
x∫
0

p (x) dx

]
.

Òåîðåìà. Äëÿ òîãî, ùîá ÿäðî K (x; y) =

=
a (x+ y)

a (x) a (y)
k (x+ y) áóëî äîäàòíî âèçíà÷åíèì íåîá-

õiäíî i äîñòàòíüî, ùîá ôóíêöiÿ k (x) ∈ C1
(
x ∈ R1

)
ìàëà òàêå çîáðàæåííÿ:

k (x) =

∞∫
−∞

χ0 (x, λ) dσ (λ)
(
x ∈ R1

)
, (2)

äå dσ (λ) � íåâiä'¹ìíà ñêií÷åííà ìiðà; χ0 (x, λ) �

ðîçâ'ÿçîê ðiâíÿííÿ Lu = λu, ÿêèé çàäîâîëüíÿ¹ óìîâó

χ0 (0, λ) = 1.

Íåîáõiäíiñòü. Íåõàé ÿäðî K(x, y) äîäàòíî âèçíà-
÷åíî. Ëåãêî ïåðåâiðèòè, ùî äëÿ íüîãî âèêîíó¹òüñÿ
ñïiââiäíîøåííÿ

Lx [K (x, y)] = Ly [K (x, y)] . (3)

Òîìó, çãiäíî ç òåîðåìîþ 3.7 [2, ãë.VIII] äëÿ ÿäðà
K(x, y) ìîæíà íàïèñàòè òàêå iíòåãðàëüíå çîáðàæå-
ííÿ:

K (x, y) =

∫
R1

χ0 (x, λ)χ0 (y, λ) dσ (λ) , (4)

äå χ0 (x, λ) � ðîçâ'ÿçîê ðiâíÿííÿ Lu = λu, ÿêèé çàäî-
âîëüíÿ¹ óìîâó χ0 (0, λ) = 1, dσ (λ) � íåâiä'¹ìíà ñêií-
÷åííà ìiðà.

Ïðèéíÿâøè ó (4) y = 0, îäåðæèìî (2).
Íåîáõiäíiñòü äîâåäåíî.

Äîñòàòíiñòü. Ìà¹ìî iíòåãðàëüíå çîáðàæåííÿ (2)

i ÿäðî K (x; y) =
a (x+ y)

a (x) a (y)
k (x+ y) . Ïîêàæåìî, ùî
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Iíòåãðàëüíå çîáðàæåííÿ äîäàòíî âèçíà÷åíèõ ôóíêöié îäíi¹¨ çìiííî¨, çâ'ÿçàíèõ ç îïåðàòîðîì ïåðøîãî ïîðÿäêó

öå ÿäðî äîäàòíî âèçíà÷åíî. Äëÿ öüîãî ñïî÷àòêó
ââåäåìî îïåðàòîð çàãàëüíîãî çñóâó. Íåõàé f (x) ∈
∈ C1

(
R1
)
, ïîçíà÷èìî ÷åðåç u (x; y) ðîçâ'ÿçîê çàäà-

÷i Êîøi

∂u

∂x
+ p (x)u =

∂u

∂y
+ p (y)u, (5)

u (x, 0) = f (x) . (6)

Çàäà÷ó (5) � (6) ìîæíà çâåñòè, ç âèêîðèñòàííÿì

ôóíêöi¨ a (x) = exp

[
x∫
0

p (x) dx

]
, äî çàäà÷i Êîøi

∂v

∂x
=
∂v

∂y
, (7)

u (x, 0) = a (x) f (x) , (8)

äå ν (x, y) = a (x) a (y)u (x, y) .

Îñêiëüêè ðîçâ'ÿçîê çàäà÷i (7) � (8) ìà¹ âèãëÿä

V (x, y) = a (x+ y) f (x+ y) ,

ðîçâ'ÿçîê çàäà÷i (5) � (6) ìàòèìå òàêèé âèãëÿä:

U (x, y) =
a (x+ y)

a (x) a (y)
f (x+ y) . (9)

Ââåäåìî òàêèé îïåðàòîð Ty çñóâó, ïðèéíÿâøè

(Tyf) (x) = U (x, y) ,
(
x, y ∈ R1

)
(10)

Çàñòîñîâóþ÷è äî îáèäâîõ ÷àñòèí iíòåãðàëüíîãî çî-
áðàæåííÿ (2) îïåðàòîð Ty, îäåðæèìî

(Tyk) (x) =

∫
R1

Tyχo (x, λ) dσ (λ) . (11)

Òóò (Ty; k) (x) =
a (x+ y)

a (x) a (y)
k (x+ y) ,

Tyχ0 (x;λ) =
a (x+ y)

a (x) a (y)
χ0 (x+ y;λ) =

=
a (x+ y)

a (x) a (y)
· e
λ(x+y)−

x+y∫
0

p(x+y)d(x+y)
=

=
eλ(x+y)

a (x) a (y)
= χ0 (x;λ)χ0 (y;λ) ,

îñêiëüêè χ0 (x;λ) = e
λx−

x∫
0

p(x)dx
ðîçâ'ÿçîê ðiâíÿííÿ

du

dx
+ p (x)u = λu.

Ðiâíiñòü (11), ç âðàõóâàííÿì öèõ ïåðåòâîðåíü, íà-
áóäå âèãëÿäó

a (x+ y)

a (x) a (y)
k (x+ y) =

∫
R1

χo (x, λ)χ0 (y, λ) dσ (λ) . (12)

Óìîâà (1) ïåðåâiðÿ¹òüñÿ ç âèêîðèñòàííÿì ðiâíîñòi
(12).

Òåîðåìó äîâåäåíî.

Âèñíîâêè

Äîâåäåíà òåîðåìà äîçâîëÿ¹ ðîçøèðèòè êëàñ äî-
äàòíî âèçíà÷åíèõ ÿäåð, ùî áóëè äîñëiäæåíi ðàíi-
øå. Ìîæíà ðîçãëÿíóòè äîäàòíî âèçíà÷åíi ôóíêöi¨

äâîõ çìiííèõ, ïîâ'ÿçàíi ç îïåðàòîðîì
d

dxj
+ p (xj)

(j = 1, 2). Ó ãàðìîíi÷íîìó àíàëiçi ìîæíà âèêîðèñòà-
òè öþ òåîðåìó äëÿ äîñëiäæåííÿ îïåðàòîðiâ óçàãàëü-
íåíîãî çñóâó.
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Äîêàçàíà òåîðåìà îá èíòåãðàëüíîì ïðåäñòàâëåíèè äëÿ íåïðåðûâíîé ôóíêöèè k (x) ∈

∈ C1
(
x ∈ R1

)
òàêîé, ÷òî ÿäðî K (x; y) = a(x+y)

a(x)a(y)
k (x+ y) (a (x) = exp

[
x∫
0

p (x) dx

]
, p (x) �

íåïðåðûâíàÿ ôóíêöèÿ) ïîëîæèòåëüíî îïðåäåëåíî. Äàííàÿ òåîðåìà åñòü îáîáùåíèåì òåî-
ðåìû îá èíòåãðàëüíîì ïðåäñòàâëåíèè ýêñïîíåíöèàëüíî âûïóêëûõ ôóíêöèé.
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THE INTEGRAL REPRESENTATION OF POSITIVELY DEFINITE
FUNCTIONS OF ONE VARIABLE ASSOCIATED WITH FIRST

ORDER OPERATOR

O.V. Lopotko
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Integral representation is obtained for continuous function k (x) ∈ C1
(
x ∈ R1

)
such that

kernel K (x; y) = = a(x+y)
a(x)a(y)

k (x+ y) (a (x) = exp

[
x∫
0

p (x) dx

]
, p (x) is continuns function)

is positively de�nite. This theorem generalizes the theorem about integral representation of
exponential convex functions.

Key words: integral representation, positive de�ned function.
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