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Äîñëiäæó¹òüñÿ àáñòðàêòíà çàäà÷à Êîøi â ñåïàðàáåëüíîìó ãiëüáåðòîâîìó ïðîñòîði. Ðîç-
ãëÿäóâàíà çàäà÷à îñîáëèâà òèì, ùî ìà¹ êðàòíèé ñïåêòð, äëÿ ÿêîãî äîâæèíè ëàíöþæêiâ ç
âëàñíèõ òà ïðè¹äíàíèõ âåêòîðiâ íå ¹ ðiâíîìiðíî îáìåæåíèìè. Îäåðæàíi ðåçóëüòàòè âèêî-
ðèñòîâóþòüñÿ â òåîði¨ êëàñè÷íèõ òà óçàãàëüíåíèõ ðîçâ'ÿçêiâ êðàéîâèõ çàäà÷ âiäïîâiäíîãî
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I. Ïîñòàíîâêà ïðîáëåìè i ¨¨ çâ'ÿçîê ç
âàæëèâèìè íàóêîâèìè çàâäàííÿìè

Ðîçãëÿäà¹òüñÿ àáñòðàêòíà çàäà÷à Êîøi â ñåïàðà-
áåëüíîìó ãiëüáåðòîâîìó ïðîñòîðiH.

du(t)
dt

= Au(t) (t ≥ 0) (1)

i

u(0) = u0 , u0 çàäàíî, (2)
äå A � íåîáìåæåíèé ëiíiéíèé îïåðàòîð, ùî äi¹ âH, à
d

dt
� ñèëüíà ïîõiäíà äëÿ ôóíêöié u(t) iç çíà÷åííÿìè

â ïðîñòîði H.
Çàäà÷à (1), (2) äîñëiäæóâàëàñü áàãàòüìà àâòî-

ðàìè [2 � 4, 6 � 10]. Àâòîðàìè ñòàòòi â ðîáîòi [1]
ðîçãëÿäàâñÿ âèïàäîê, êîëè îïåðàòîð A iç êëà-
ñó K (H, σ, ν, V, M0), ÿêèé âèçíà÷à¹òüñÿ òàêèìè
óìîâàìè:
à) A � çàìêíåíèé, ùiëüíî çàäàíèé ëiíiéíèé îïåðàòîð
â ïðîñòîði H;
á) ñïåêòð σ = σ (A) = {Zk ∈ C : |Zk| ≤ |Zk+1| , k ∈ N}
� ñóòî òî÷êîâèé;
â) V =

{
V j

k ∈ H, j =0, νk, νk <∞
}
� ñèñòåìà âëàñíèõ òà

ïðè¹äíàíèõ âåêòîðiâ îïåðàòîðàA, ÿêà óòâîðþ¹ áàçó
Ðiññà â H:

AV 0
k = ZkV 0

k , AV j
k = ZkV j

k +ξj
kV j−1

k , ξj
k ∈ C, k ∈ N,

j = 1, νk; ν
def
= lim

k→∞
νk;

ã)
∣∣∣ξj

k

∣∣∣ ≤ M0 |Re Zk|, M0 > 0, k ∈ N, j = 1, νk,

M∗
0

def
= inf {M0}.
Äëÿ A ∈ K (H, σ, ν, V, M0) ç ïåâíèì îáìåæåí-

íÿì íà ñïåêòð àâòîðàìè áóëà âñòàíîâëåíà ðiâíîìið-
íà êîðåêòíiñòü ó ñåíñi êëàñè÷íèõ ðîçâ'ÿçêiâ çàäà÷i
Êîøi (1), (2) [1], ïðè÷îìó äëÿ îïåðàòîðiâ A iç ðîç-
ãëÿäóâàíîãî êëàñó ïðè êîæíîìó ôiêñîâàíîìók ∈ N
÷èñëî ïðè¹äíàíèõ âåêòîðiâV j

k

(
j = 1, νk

)
äî âëàñíîãî

V 0
k áóëî ñêií÷åííèì: νk<∞, i ïðè÷îìó lim

k→∞
νk =ν <∞.

Òåïåð áóäåìî ââàæàòè, ùî âèïàäîê ν =∞ äîïó-
ñêà¹òüñÿ, ïðè÷îìó âií ìîæå ðåàëiçîâóâàòèñü êîëè âñi
νk <∞, àëå íàðîñòàþòü ïðè k→∞, àáî νk =∞ äëÿ
îêðåìèõ, ÷è íàâiòü äëÿ âñiõk∈N. Òàêèé ðîçøèðåíèé
êëàñ îïåðàòîðiâ A ïîçíà÷àòèìåìî K̃ (H,σ, ν, V, M0)
(íàäàëi K̃).

Ó öié ðîáîòi ôîðìóëþþòüñÿ äîñòàòíi óìîâè ðiâíî-
ìiðíî¨ êîðåêòíîñòi çàäà÷i Êîøi ç îïåðàòîðîìA∈ K̃,
âñòàíîâëþ¹òüñÿ òèï ω0 çàäà÷i (äîâåäåíî, ùî ω0 ó âè-
ïàäêó Re Z1 6= 0 âèçíà÷à¹òüñÿ ïåðøèì íåñêií÷åííî-
êðàòíèì âëàñíèì çíà÷åííÿì çà óìîâè, ùî éîãî äié-
ñíà ÷àñòèíà ïîïàäà¹ â ïåâíèé ïðîìiæîê, çàëåæíèé
âiä ñïåêòðàëüíèõ ïàðàìåòðiâM∗

0 i Re Z1), âiäçíà÷à¹-
òüñÿ âïëèâ íàÿâíîñòi íåñêií÷åííèõ çà äîâæèíîþ ëàí-
öþæêiâ iç âëàñíèõ òà ïðè¹äíàíèõ âåêòîðiâ ñèñòåìèV
íà âëàñòèâîñòi ðîçâ'ÿçêiâ çàäà÷i Êîøi.

Âñòàíîâëåííÿ ôàêòó ðiâíîìiðíî¨ êîðåêòíîñòi çà-
äà÷i Êîøi (C0 óìîâà) àêòóàëüíå òèì, ùî, ïî-ïåðøå,
ãàðàíòó¹òüñÿ êîðåêòíå ðîçâ'ÿçóâàííÿ òàêî¨ çàäà÷i
â ñåíñi êëàñè÷íèõ ðîçâ'ÿçêiâ, à, ïî-äðóãå, çàáåçïå-
÷ó¹òüñÿ iñíóâàííÿ óçàãàëüíåíèõ ðîçâ'ÿçêiâ, ïîðîäæå-
íèõ ïî÷àòêîâèìè óìîâàìè u0 ∈ H\D (A) i ïðîáëåìà,

*Àâòîð-ðåñïîíäåíò
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ÿêà òóò çíàõîäèòüñÿ, ïîëÿãà¹ â òîìó, ùîá äëÿ âèáðà-
íîãî ïðîñòîðó X = {v(t)}, â ÿêîìó øóêàþòüñÿ óçà-
ãàëüíåíi ðîçâ'ÿçêè çàäà÷i, îïèñàòè ïðîñòið ¨õ ïî÷à-
òêîâèõ óìîâ X0 =

{
lim

t→+0
v(t)

}
.

II. Ôîðìóëþâàííÿ òà äîâåäåííÿ
îñíîâíèõ ðåçóëüòàòiâ

ßêùî çàäà÷à Êîøi (1), (2) ¹ êîðåêòíî ðîçâ'ÿçíîþ
(âiäïîâiäíà ïiâãðóïà îïåðàòîðiâ ¹ îáìåæåíîþ), òî â
ïðàâié (Re Z > 0) êîìïëåêñíié ïiâïëîùèíi ìîæå ìi-
ñòèòèñÿ ëèøå ñêií÷åííà ÷àñòèíà ñïåêòðàσ (A), òîìó
íèæ÷å ðîçãëÿäàþòüñÿ òåîðåìè äëÿ âèïàäêiâ ñòðîãî-
ãî (Re Z1 < 0) òà íåñòðîãîãî (Re Z1 = 0, Re Z1 > 0)
ðîçòàøóâàíü ñïåêòðà â ëiâié êîìïëåêñíié ïiâïëîùè-
íi. Ñòðàòåãi÷íå äîâåäåííÿ öèõ òåîðåì áàçó¹òüñÿ íà
òåîðåìi Õiëëå-Ôiëiïñà-Ìiàäåðè [2], ïîâ'ÿçàíî¨ ç îöií-
êàìè íîðì âñiõ íàòóðàëüíèõ ñòåïåíiâ ðåçîëüâåíòè
îïåðàòîðà A â ïiâïëîùèíi ðåçîëüâåíòíèõ çíà÷åíü,
àëå â òàêòè÷íîìó ñåíñi âîíè ìàþòü ïåâíi âiäìiííîñòi
i òîìó îá'¹äíàòè ¨õ îäíèì äîâåäåííÿì íå âèäà¹òüñÿ
ìîæëèâèì.

Òåîðåìà 1. Íåõàé îïåðàòîð A∈K̃, M0 ∈(0; 1),
ñïåêòð σ çàäîâîëüíÿ¹ óìîâè Re Z1 < 0, Re Z1+k <
< Re Zk (k ∈ N), Re Zk → −∞ ïðè k → ∞.
Ïðèïóñòèìî, ùî â ïðîìiæîê (Re Z1/(1−M∗

0); Re Z1]
íà âiä'¹ìíié äiéñíié ïiâîñi ïîïàäàþòü l çíà÷åíü
Re Zk : Re Z1, Re Z2, ..., Re Zl (î÷åâèäíî, ùî l �
ñêií÷åííå íàòóðàëüíå ÷èñëî, ùî íå ìåíøå çà îäè-
íèöþ). Iñíóþòü òàêi äâà òâåðäæåííÿ:

1) ÿêùî âñi νk (k=1, l) ñêií÷åííi, òî íåçàëåæíî
âiä âåëè÷èíè νk äëÿ k > l(ñêií÷åííi ÷è íi) âiäïî-
âiäíà çàäà÷à Êîøi (1), (2) ¹ ðiâíîìiðíî êîðåêòíîþ
i ¨¨ òèï ω0 = Re Z1;

2) ÿêùî õî÷à á îäíå ç νk(k = 1, l) íåñêií÷åí-
íå, òî íåçàëåæíî âiä âåëè÷èíè νk äëÿ k > l çàäà-
÷à Êîøi (1), (2) ¹ ðiâíîìiðíî êîðåêòíîþ i ¨¨ òèï
ω0 = (1 − M∗

0 )Re Zkl (kl ∈ {1, 2, ..., l}), äå Zkl
�

ïåðøå iç íåñêií÷åííîêðàòíèõ âëàñíèõ çíà÷åíü ñåðåä
Z1, Z1, ..., Zl : Re Zkl = max

νk=∞
{
Re Zk : k = 1, l

}
.

¤ Äîâåäåííÿ.
Äîâåäåííÿ òâåðäæåííÿ 1).Ïîêàæåìî, ùî äëÿ äî-

âiëüíèõ n ∈ N i β > Re Z1 âèêîíó¹òüñÿ îöiíêà äëÿ
ðåçîëüâåíòè Rλ(A): ([4, 6, 9, 10]):

‖Rn
λ(A)‖[H] ≤

C (β, A)
(Re λ− β)n (3)

ïðè Re λ > β ç inf {β} = Re Z1. Âèêîíàííÿ íåðiâíî-
ñòi (3) äëÿ ïåâíîãî β > Re Z1 ¹ íåîáõiäíîþ òà äîñòà-
òíüîþ óìîâîþ ðiâíîìiðíî¨ êîðåêòíîñòi çàäà÷i Êîøi
(1), (2) iç çàìêíåíèì îïåðàòîðîì A [2], à òî÷íà íè-
æíÿ ìåæà ÷èñåë β â (3) âèçíà÷à¹ òèï çàäà÷i Êîøi
(ïîðÿäîê òâiðíîãî îïåðàòîðà A ñèëüíî íåïåðåðâíî¨
ïiâãðóïè ç C0 óìîâîþ).

Íåõàé f =
∞∑

k=1

fk, f ∈ H, fk ∈ Hk,

äå Hk � ëiíiéíà îáîëîíêà, íàòÿãíåíà íà êîðåíåâi âå-
êòîðè V j

k ∈ V (j = 0, νk) i ìîæíà ââàæàòè, ùî
Hk⊥Hm (k 6= m) â ðåçóëüòàòi âèáîðó âiäïîâiäíî¨
íîðìè â ïðîñòîði H, îñêiëüêè V � áàçà Ðiññà.

Äëÿ ÷èñåë λ ç Re λ > Re Z1 òà äîâiëüíîãî n ∈ N ,
î÷åâèäíî, iñíóþòü Rλ (A) , Rn

λ (A) ∈ [H], i íà îñíîâi
îðòîãîíàëüíîñòi ïiäïðîñòîðiâHk ìà¹ìî

‖Rn
λ (A) f‖2H =

∞∑

k=1

‖Rn
λ (Ak) fk‖2Hk

, (4)

äå Ak � çâóæåííÿ îïåðàòîðà A íà iíâàðiàíòíèé ïiä-
ïðîñòið Hk.

Äëÿ äîâiëüíîãî k ∈ N êîðèñòó¹ìîñü âæå âiäîìèì
çîáðàæåííÿì [2, 3]

Rn
λ (Ak) fk =

νk∑

Γ=0

1
Γ!

DΓ
Zk

(Zk − λ)−n
BΓ

k fk, (5)

äå DΓ
Zk

� îïåðàòîð äèôåðåíöiþâàííÿΓ-ãî ïîðÿäêó çà
çìiííîþ Zk, Bk = Ak − ZkIk.

Îöiíèìî âèðàç (5) çà íîðìîþ

‖Rn
λ (Ak) fk‖ ≤

≤
νk∑

Γ=0

∣∣∣∣
1
Γ!

DΓ
Zk

(Zk − λ)−n

∣∣∣∣ (M∗
0 )Γ |Re Zk|Γ ‖fk‖ (6)

i ðîçãëÿíåìî ðiâíiñòü
∣∣∣∣
1
Γ!

DΓ
Zk

(Zk − λ)−n

∣∣∣∣ =
CΓ

Γ+n−1

|Zk − λ|n+Γ
. (7)

Âiäìiòèìî, ùî ïðè êîæíîìó k ∈ N äëÿ Re λ >
> Re Z1 âèêîíó¹òüñÿ íåðiâíiñòü |Re Zk| + Re λ > 0,
à âðàõîâóþ÷è òå, ùî âñi Re Zk < 0, îòðèìà¹ìî ïðè
Re λ > Re Z1:

|Zk−λ| ≥|Re (Zk−λ)|= |Re Zk−Re λ|=
= |−|Re Zk|−Re λ|= ||Re Zk|+Re λ|=
= |Re Zk|+Re λ

(8)

Äîäàþ÷è i âiäíiìàþ÷è ó ïðàâié ÷àñòèíi íåðiâíîñòi
(8) ÷èñëî Re Z1 + ε, äå ε � äîñòàòíüî ìàëå äîäàòíå
÷èñëî, ìàòèìåìî

|Zk − λ| ≥ [Re λ− (Re Z1 + ε)]+[|Re Zk|+ Re Z1 + ε] .

Îñêiëüêè Re Z1 < 0, òî â äðóãîìó äîäàíêó
Re Z1 = − |Re Z1|, òîäi

|Zk − λ| ≥ [Re λ− (Re Z1 + ε)] + [|Re Zk|−
−|Re Z1|+ ε], k ∈ N, ε > 0.

(9)

Âèêîðèñòîâóþ÷è íåðiâíiñòü (9), áóäåìî îöiíþâàòè
âèðàç (7) ïðè Re λ > Re Z1 + ε. Íà îñíîâi ôîðìóëè
áiíîìà Íüþòîíà iç âðàõóâàííÿì äîäàòíîñòi ÷èñåë ó
êâàäðàòíèõ äóæêàõ (9) îòðèìà¹ìî îöiíêó
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CΓ
Γ+n−1

|Zk − λ|n+Γ
≤

≤
n

n+Γ
[Re λ− (Re Z1+ε)]n [|Re Zk|−|Re Z1|+ε]Γ

(10)

Íà îñíîâi îöiíêè (10) ç îöiíêîþ çâåðõó n/n + Γ
îäèíèöåþ íåðiâíiñòü (6) ïðè Re λ > Re Z1 + ε íàáó-
âà¹ âèãëÿäó

‖Rn
λ (Ak) fk‖≤ 1

[Re λ−(Re Z1+ε)]n
νk∑

Γ=0

αΓ
k,ε ‖fk‖,

(11)
äå

αk,ε
def
=

M∗
0 |Re Zk|

|Re Zk| − |Re Z1|+ ε
, k ∈ N. (12)

Íåõàé Sk,ε
def
=

νk∑
Γ=0

αΓ
k,ε; ÷èñëîâi ïîñëiäîâíîñòi

{
αΓ

k,ε

}∞
2

(ε = 0),
{

αΓ
k,ε

}∞
1

(ε > 0) ¹ ìîíî-
òîííî ñïàäíèìè ïîñëiäîâíîñòÿìè, ùî ïðÿìóþòü äî
M∗

0 ïðè k →∞.
Óìîâà òåîðåìè Re Z1, Re Z2, ..., Re Zl ∈

(Re Z1/(1−M∗
0 ); Re Z1] îçíà÷à¹, ùî ïðè ε = 0 âèêî-

íóþòüñÿ íåðiâíîñòi

α2,0 > α3,0 > ... > αl−1,0 > αl,0 > 1,

1 > αl+1,0 > αl+2,0 > ... > M∗
0 .

Áåçïîñåðåäíüîþ ïåðåâiðêîþ (àíàëiç (12)) ìîæíà
ïåðåêîíàòèñü â òîìó, ùî ïðè äîñòàòíüî ìàëèõ ε > 0,
à òî÷íiøå ïðè 0 < ε ≤ |Re Z1| − (1−M∗

0 ) |Re Zl|, çáó-
ðåíà ïîñëiäîâíiñòü {αk,ε}∞1 (ε > 0) ìàòèìå òàêó âëà-
ñòèâiñòü:

M∗
0 |Re Z1|

ε
=α1,ε >α2,ε >...>αl−1,ε >αl,ε > 1, (13)

1 > αl+1,ε > αl+2,ε > ... > M∗
0 . (14)

Ïðèñòóïèìî äî àíàëiçó âåëè÷èí ñóìSk,ε (k ∈ N),
êîæíà ç ÿêèõ ¹ ñóìîþ ÷ëåíiâ ãåîìåòðè÷íî¨ ïðîãðåñi¨
iç çíàìåííèêîì qk,ε = αk,ε.

à) Îñêiëüêè çà óìîâîþ 1) òåîðåìè äëÿ k = 1, l
âèêîíó¹òüñÿ νk < ∞, òî iñíóþòü Sk,ε

(
k = 1, l

)
.

á) Äëÿ k = l + 1, l + 2, ..., âðàõîâóþ÷è âëàñòèâiñòü
(14), íåçàëåæíî âiä òîãî, ñêií÷åííi ÷è íåñêií÷åííiνk,
iñíóþòü Sk,ε i âèêîíó¹òüñÿ îöiíêà

Sk,ε =
νk∑

Γ=0

αΓ
k,ε ≤

∞∑

Γ=0

αΓ
k,ε ≤

∞∑

Γ=0

αΓ
l+1,ε = (1− αl+1,ε)

−1
.

Áåðó÷è äî óâàãè âiäìi÷åíå â ïóíêòàõ à), á), çðî-
áèìî ïîçíà÷åííÿ:

Sε
def
= max

(
S1,ε, S2,ε, ..., Sl,ε, (1− αl+1,ε)

−1
)

,

òîäi äëÿ äîâiëüíîãî k ∈ N òà áóäü-ÿêîãî äîñòàòíüî
ìàëîãî ε > 0 ìàòèìåìî

Sk,ε ≤ Sε, (15)
ùî ïðèâîäèòü äî ðiâíîìiðíî¨ ïî k ∈ N îáìåæåíîñòi
äëÿ äîâiëüíîãî çàäàíîãî n ∈ N i λ ç Re λ > Re Z1 + ε
ñiì'¨ îïåðàòîðiâ Rn

λ (Ak) íà îñíîâi ôîðìóëè (11)

‖Rn
λ (Ak) fk‖ ≤ Sε

[Re λ− (Re Z1 + ε)]n
‖fk‖ . (16)

Iç ðiâíîñòi (4) ç âèêîðèñòàííÿì îöiíîê (16) îòðè-
ìó¹ìî

‖Rn
λ (A) f‖ ≤ Sε

[Re λ− (Re Z1 + ε)]n
‖f‖ ,

ùî îçíà÷à¹

‖Rn
λ (A)‖[H] ≤

Sε

[Re λ− (Re Z1 + ε)]n
, (17)

∀n ∈ N, Re λ > Re Z1 + ε,
0 < ε < |Re Z1| − (1−M∗

0 ) |Re Zl| .
Ïðè ε = 0 íåðiâíiñòü (17) íå âèêîíó¹òüñÿ, áî

α1,0 = ∞, à òîìó S1,0 = ∞ i, çíà÷èòü, îöiíêà (15)
íå iñíó¹ äëÿ âñiõ k ∈ N . Îòæå, îöiíêà (3) âèêîíó¹-
òüñÿ ç inf {β} = Re Z1. Òâåðäæåííÿ 1) òåîðåìè 1
äîâåäåíî.

Äîâåäåííÿ òâåðäæåííÿ 2). Àíàëîãi÷íî äî ïîïå-
ðåäíüîãî áóäåìî äîâîäèòè îöiíêó (3) äëÿ äîâiëüíîãî
n ∈ N ïðè Re λ > β > (1−M∗

0)Re Zkl i ïîêàæåìî, ùî
äëÿ öi¹¨ îöiíêè inf {β} = (1−M∗

0 )Re Zkl
.

Íà ïî÷àòêó ïîâòîðþ¹ìî âñi âèêëàäåííÿ ç äîâå-
äåííÿ ïóíêòó 1), îòðèìóþ÷è ôîðìóëè (4), (5), (6) i
ðîçãëÿäà¹ìî âèðàç (7). Îñêiëüêè çà óìîâîþ òåîðå-
ìè Re Zkl

> Re Z1/(1 − M∗
0 ) i (1 − M∗

0 ) > 0, òî
(1 − M∗

0 )Re Zkl
> Re Z1, à, çíà÷èòü, âèêîíó¹òüñÿ

íåðiâíiñòü (8). Äàëi, äîäàþ÷è i âiäíiìàþ÷è â ïðàâié
÷àñòèíi íåðiâíîñòi (8) ÷èñëî (1−M∗

0 )Re Zkl
+ε, îòðè-

ìó¹ìî

|Zk − λ| ≥ [Re λ− (1−M∗
0 )Re Zkl

+ ε]+
+[|Re Zk| − (1−M∗

0 )|Re Zkl
|+ ε], (18)

äå â äðóãié äóæöi âèêîðèñòàíî çàïèñ Re Zkl =
= − |Re Zkl

|.
Ðîçãëÿäàþ÷è îöiíêó (18) ïðè Reλ > (1−

−M∗
0 )ReZkl

+ε i âðàõîâóþ÷è òå, ùî ïðè ε ≥ 0 îáèäâà
äîäàíêè â êâàäðàòíèõ äóæêàõ ¹ äîäàòíèìè ÷èñëà-
ìè, íà îñíîâi ôîðìóëè áiíîìà Íüþòîíà ïðèõîäèìî
äî àíàëîãi÷íî¨ ôîðìóëè � òèïó (10), ÿêà äà¹ ìîæëè-
âiñòü íåðiâíiñòü (6) çâåñòè äî âèãëÿäó

‖Rn
λ (Ak) fk‖ ≤

≤ 1

[Reλ−((1−M∗
0 )ReZkl

+ε)]n
νk∑

Γ=0

βΓ
k,ε ‖fk‖ (19)
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∀n ∈ N, ∀k ∈ N, Reλ > (1−M∗
0 )ReZkl

+ ε, ε ≥ 0,

βk,ε
def
= M∗

0 |ReZk|
|ReZk| − (1−M∗

0 ) |ReZkl
|+ ε

. (20)

Íåõàé Sk,ε
def
=

νk∑

Γ=0

βΓ
k,ε (k ∈ N); ÷èñëîâà ïîñëiäîâ-

íiñòü {βk,ε}∞1 (ε ≥ 0) ¹ ìîíîòîííî ñïàäíîþ ïîñëiäîâ-
íiñòþ, ùî ïðÿìó¹ äî M∗

0 ïðè k → ∞. Ïðè ε = 0
âèêîíóþòüñÿ íåðiâíîñòi

β1,0 > β2,0 > ... > βkl,0 = 1,
1 > βkl+1,0 > βkl+2,0 > ... > M∗

0
(21)

Àíàëiçóþ÷è (21), äîõîäèìî âèñíîâêó, ùî, îñêiëü-
êè çà óìîâîþ 2) òåîðåìè νkl

¹ ïåðøèì iç νk, ùî ìà-
þòü íåñêií÷åííå çíà÷åííÿ, òî Skl,0 =

∞∑
Γ=0

1Γ = ∞, à
äëÿ k 6= kl âiäïîâiäíi ñóìè ¹ ñêií÷åííèìè, áî ïðè
k = 1, kl − 1 ìà¹ìî νk < ∞, à ïðè k > kl âèêîíó¹òüñÿ
óìîâà M∗

0 < βk,0 < 1.
ßê âèäíî iç ôîðìóëè (20), ïðè êîæíîìó ôiêñî-

âàíîìó ε > 0 äëÿ ìîíîòîííî ñïàäíî¨ ïîñëiäîâíîñòi
{βk,ε}∞1 âèêîíó¹òüñÿ íåðiâíiñòü βk,ε < βk,0. Îòæå, áå-
ðó÷è äî óâàãè âëàñòèâiñòü (21), äëÿ çáóðåíî¨ ïîñëi-
äîâíîñòi (20)(ε > 0) ìàòèìåìî âëàñòèâiñòü

β1,ε > β2,ε > ... > βkl,ε < 1,
1 > βkl+1,ε > βkl+2,ε > ... > M∗

0
(22)

Âëàñòèâiñòü (22) çàáåçïå÷ó¹ iñíóâàííÿ ñêií÷åííèõ
çíà÷åíü ñóì Sk,ε äëÿ ε > 0 ïðè âñiõ k ∈ N : äëÿ
k < kl ìà¹ìî νk < ∞, à äëÿ k ≥ kl âèêîíó¹òüñÿ
M∗

0 < βk,ε < 1.
Âíàñëiäîê ìîíîòîííîãî ñïàäàííÿ (22) ÷èñëîâà ïî-

ñëiäîâíiñòü {Sk,ε}∞kl
¹ îáìåæåíîþ çâåðõó

Sk,ε =
νk∑

Γ=0

βΓ
k,ε ≤

∞∑

Γ=0

βΓ
k,ε ≤

∞∑

Γ=0

βΓ
kl,ε

=(1− βkl,ε)
−1

< ∞

Òåïåð ïðèéìåìî

Sε
def
= max

(
S1,ε, S1,ε, ..., Skl−1,ε, (1− βkl,ε)

−1
)

,

òîäi äëÿ âñiõ ε > 0 âèêîíó¹òüñÿ îöiíêà

Sk,ε ≤ Sε (k ∈ N) , (23)
à öå ïðèâîäèòü äî ðiâíîìiðíî¨ ïî k ∈ N îáìåæåíî-
ñòi ñiì'¨ îïåðàòîðiâ Rn

λ (Ak) äëÿ äîâiëüíèõ n ∈ N i
Reλ > (1−M∗

0)ReZkl + ε, ε > 0:

‖Rn
λ (Ak) fk‖ ≤ Sε

[Reλ− ((1−M∗
0 )Re Zkl + ε)]n

‖fk‖ .

(24)
Òåïåð ç ðiâíîñòi (4) íà îñíîâi îöiíîê (24) áóäåìî ìàòè

‖Rn
λ (A) f‖≤ Sε

[Reλ−((1−M∗
0 )ReZkl

+ε)]n
‖f‖ ∀ f ∈ H,

à öå îçíà÷à¹ ñïðàâåäëèâiñòü îöiíêè

‖Rn
λ (A)‖[H] ≤

Sε

[Reλ− ((1−M∗
0)Re Zkl + ε)]n

, (25)

∀n ∈ N, Re λ > (1−M∗
0)ReZkl + ε, ε ≥ 0.

Ïðè ε = 0, î÷åâèäíî, íåðiâíiñòü (25) íå âèêî-
íó¹òüñÿ, áî, ÿê áóëî âiäçíà÷åíî âèùå, Skl, 0 = ∞ i,
îòæå, îöiíêà (23) íå ìà¹ ìiñöÿ äëÿ âñiõ k ∈ N .
Äîõîäèìî âèñíîâêó: îöiíêà (3) âèêîíó¹òüñÿ ç
inf {β} = (1−M∗

0 )ReZkl .
Òâåðäæåííÿ 2) òåîðåìè 1 äîâåäåíî.¥
Òåîðåìà 2. Íåõàé îïåðàòîð A ∈ K̃, ñïåêòð

σ çàäîâîëüíÿ¹ óìîâè ReZ1 = 0, ReZk+1 < Re Zk

(k ∈ N), ReZk → −∞ ïðè k → ∞; M0 ∈ (0, 1). Òî-
äi íåçàëåæíî âiä âåëè÷èí νk çàäà÷à Êîøi (1), (2) ¹
ðiâíîìiðíî êîðåêòíîþ i ¨¨ òèï ω0 = 0.

¤ Äîâåäåííÿ. Ïðè çíà÷åííi ReZ1 = 0 çàëè-
øàþòüñÿ ñïðàâåäëèâèìè âñi ìiðêóâàííÿ, ïðîâåäåíi
ïiä ÷àñ äîâåäåííÿ ïóíêòó 1) òåîðåìè 1 äî îäåðæàííÿ
ôîðìóëè (11).

Îòæå, äëÿ n ∈ N , Reλ > ε, ε > 0, k ∈ N , fk ∈ Hk

ìà¹ìî îöiíêó

‖Rn
λ (Ak) fk‖ ≤ 1

(Reλ− ε)n

νk∑

Γ=0

γΓ
k,ε ‖fk‖ , (26)

äå ÷åðåç γk,ε ïîçíà÷åíà òàêà ÷èñëîâà ïîñëiäîâíiñòü:

γk,ε
def
= M∗

0 |ReZk|
|ReZk|+ ε

Ïðè ε = 0 ìà¹ìî

γ1,0 íå iñíó¹, γk,0 ≡ M∗
0 < 1 (k > 1). (27)

Ïðè ε > 0 âèêîíó¹òüñÿ îöiíêà

0 ≤ γk,ε < M∗
0 < 1 (k ∈ N). (28)

Âíàñëiäîê (28) ïðè ε > 0 íåçàëåæíî âiä çíà÷åíü
νk äëÿ êîæíîãî k ∈ N îòðèìó¹ìî

Sk,ε
def
=

νk∑

Γ=0

γΓ
k,ε ≤

∞∑

Γ=0

(M∗
0 )Γ = (1−M∗

0 )−1
. (29)

Íåðiâíiñòü (26) íà îñíîâi îöiíêè (29) ñïðè÷èíÿ¹
ðiâíîìiðíó îáìåæåíiñòü ïî k ∈ N äîâiëüíèõ íàòó-
ðàëüíèõ ñòåïåíiâ ðåçîëüâåíò îïåðàòîðiâ Ak ∈ [Hk]
ïðè Re λ > ε > 0, ùî ñâî¹þ ÷åðãîþ çàáåçïå÷ó¹ âèêî-
íàííÿ îöiíêè

‖Rn
λ (A)‖[H] ≤

(1−M∗
0 )−1

(Reλ− ε)n . (30)

Ïðè ε = 0 â ðåçóëüòàòi âëàñòèâîñòi (27) íåðiâíiñòü
(30) íå âèêîíó¹òüñÿ, òîìó îöiíêà (3) ñïðàâäæó¹òüñÿ
ç inf {β} = 0. Òåîðåìà 2 äîâåäåíà. ¥
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Òåîðåìà 3. Íåõàé îïåðàòîð A ∈ K̃, ñïåêòð
σ çàäîâîëüíÿ¹ óìîâè ReZ1 > 0, ReZk+1 < ReZk,
ReZk → −∞ ïðè k → ∞; M0 ∈ (0; 1). Ïðè-
ïóñòèìî, ùî â ïðîìiæîê (ReZ1/(1 + M∗

0 ); ReZ1]
íà äîäàòíié ïiâîñi ïîïàäàþòü l çíà÷åíü ReZk:
ReZ1, ReZ2, ..., ReZl (î÷åâèäíî 1≤ l <∞). Ìàþòü
ìiñöå òàêi äâà òâåðäæåííÿ:

1) ÿêùî âñi νk

(
k = 1, l

)
ñêií÷åííi, òî íåçàëåæíî

âiä âåëè÷èí νk äëÿ k > l (ñêií÷åííi ÷è íi) âiäïîâiäíà
çàäà÷à Êîøi (1), (2) ¹ ðiâíîìiðíî êîðåêòíîþ i ¨¨ òèï
ω0 = ReZ1;

2) ÿêùî õî÷à á îäíå ç νk

(
k = 1, l

)
íåñêií÷åí-

íå, òî íåçàëåæíî âiä âåëè÷èí νk äëÿ k > l çàäà-
÷à Êîøi (1), (2) ¹ ðiâíîìiðíî êîðåêòíîþ i ¨¨ òèï
ω0 = (1 + M∗

0 )ReZkl
(kl ∈ {1, 2, ..., l}), äå Zkl

�
ïåðøå iç íåñêií÷åííîêðàòíèõ âëàñíèõ çíà÷åíü ñåðåä
Z1, Z2, ..., Zl: ReZkl

= max
νk=∞

{
ReZk : k = 1, l

}
.

¤ Äîâåäåííÿ.
Äîâåäåííÿ òâåðäæåííÿ 1).Äîâîäèìî îöiíêó (3) ç

inf {β} = ReZ1. Ðîçiá'¹ìî ìíîæèíó {ReZk}∞1 íà òðè
÷àñòèíè:

ReZ1, ReZ2, ..., ReZl ∈ (ReZ1/(1 + M∗
0 ); ReZ1],

ReZl+1, ReZl+2, ..., ReZm ∈ [0; ReZ1/(1 + M∗
0 )],

ReZm+1, ReZm+2, ... ∈ (−∞; 0).

Òåïåð áóäåìî îöiíþâàòè çâåðõó âèðàç
∣∣∣∣
1
Γ!

DΓ
Zk

(Zk − λ)−n

∣∣∣∣ =
CΓ

Γ+n−1

|Zk − λ|n+Γ
. (31)

ßêùî Re Zk < 0 i Re λ > Re Z1 > 0, òî î÷åâèäíî
¹ îöiíêà

|Zk − λ| ≥ |Re (Zk − λ)| = |Re Zk −Re λ| =

= |− |Re Zk| − Re λ| = ||Re Zk|+ Re λ| =
= |Re Zk|+ Re λ.

ßêùî 0 ≤ Re Zk ≤ Re Z1 i Re λ > Re Z1 > 0, òî
Re Zk −Re λ ≤ Re Z1 −Re λ < 0, à òîìó ìàòèìåìî

|Zk−λ|≥|Re (Zk−λ)|= |Re Zk−Re λ|=Re λ−Re Zk.

Îòæå, ïðè Re λ>Re Z1 ñïðàâäæó¹òüñÿ íåðiâíiñòü

|Zk − λ| ≥
[

Re λ−Re Zk, k = 1, m,
Re λ + |Re Zk| , k > m.

(32)

Äîäàþ÷è i âiäíiìàþ÷è â ïðàâié ÷àñòèíi íåðiâíîñòi
(32) ÷èñëî Re Z1 + ε, äå ε � äîñòàòíüî ìàëå äîäàòíå
÷èñëî, áóäåìî ìàòè ïðè Re λ > Re Z1

|Zk − λ| ≥
[

[Re λ− (Re Z1 + ε)] + [Re Z1 + ε−Re Zk] , k = 1, m,
[Re λ− (Re Z1 + ε)] + [Re Z1 + ε + |Re Zk|] , k > m.

(33)

Çíîâó çâåðíåìîñü äî âèðàçó (31), ÿêèé áóäåìî ðîçãëÿäàòè ïðè Reλ > ReZ1+ε, ε > 0. Îñêiëüêè òîäi ïðàâà
÷àñòèíà íåðiâíîñòåé (33) ¹ ñóìîþ äâîõ äîäàòíèõ äîäàíêiâ, òî ïîâòîðèâøè ñõåìó îöiíþâàííÿ ç âèêîðèñòàííÿì
ôîðìóëè áiíîìà Íüþòîíà, ÿêà áóëà âèêîðèñòàíà ïðè îòðèìàííi îöiíêè (10) ïiä ÷àñ äîâåäåííÿ òâåðäæåííÿ 1)
òåîðåìè 1, ïðèõîäèìî äî àíàëîãi÷íî¨ îöiíêè

CΓ
Γ+n−1

|Zk − λ|n+Γ
≤




n

n + Γ
[Re λ− (Re Z1 + ε)]n[Re Z1 + ε−Re Zk]Γ

, k = 1, m,

n

n + Γ
[Re λ− (Re Z1 + ε)]n[Re Z1 + ε + |Re Zk|]Γ , k > m.

(34)

Âèêîðèñòà¹ìî â íåðiâíîñòi (6) îöiíêó (34), îöiíèâøè çâåðõó ìíîæíèên/(n + Γ) îäèíèöåþ. Ïðè Re λ >
Re Z1 + ε ìàòèìåìî

‖Rn
λ (Ak) fk‖ ≤




1
[Re λ− (Re Z1 + ε)]n

νk∑

Γ=0

(
α+

k,ε

)Γ

‖fk‖ , k = 1, m ,

1
[Re λ− (Re Z1 + ε)]n

νk∑

Γ=0

(
α−k,ε

)Γ

‖fk‖ , k > m ,

(35)

äå

α+
k,ε

def
= M∗

0Re Zk

Re Z1 + ε−Re Zk
, k = 1, m ,

α−k,ε

def
=

M∗
0Re Zk

Re Z1 + ε + |Re Zk| , k = m .

(36)
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Ââåäåìî ïîçíà÷åííÿ

Sk,ε
def
=




νk∑
Γ=0

(
α+

k,ε

)Γ

, k = 1,m,

νk∑
Γ=0

(
α−k,ε

)Γ

, k > m.

ßê âèäíî ç ôîðìóëè (36) ïðè äîâiëüíîìó ε ≥ 0

÷èñëîâà ïîñëiäîâíiñòü
{

α−k,ε

}∞
m+1

¹ îáìåæåíîþ çâåð-
õó

0 < α−k,ε < M∗
0 < 1, k > m. (37)

Ñêií÷åííi ÷èñëîâi ïîñëiäîâíîñòi
{
α+

k,0

}m

2
,
{
α+

k,ε

}m

1
(ε > 0) ¹ ìîíîòîííî ñïàäíèìè íåâiä'¹ìíèìè ïîñëiäîâ-
íîñòÿìè.

Óìîâà òåîðåìè Re Zk ∈ (Re Z1/(1+M∗
0 ); Re Z1]

ïðè k = 1, l îçíà÷à¹, ùî ïðè ε = 0 âèêîíóþòüñÿ íå-
ðiâíîñòi

∞ = α+
1,0 > α+

2,0 > ... > α+
l−1,0 > α+

l,0 > 1,

1 ≥ α+
l+1,0 > α+

l+2,0 > ... > α+
m,0 ≥ 0.

Áåçïîñåðåäíüîþ ïåðåâiðêîþ (àíàëiç âåðõíüî¨ ôîð-
ìóëè (36)) ìîæíà ïåðåêîíàòèñü â òîìó, ùî ïðè äî-
ñòàòíüî ìàëèõ ε, à òî÷íiøå ïðè

0 < ε ≤ (1 + M∗
0 )Re Zl −Re Z1

çáóðåíà ïîñëiäîâíiñòü
{

α+
k,ε

}m

1
ìàòèìå òàêó

âëàñòèâiñòü:

M∗
0Re Z1

ε
=α+

1,ε > α+
2,ε >...>α+

l−1,ε > α+
l,ε ≥ 1, (38)

1 > α+
l+1,ε > α+

l+2,ε > ... > α+
m,ε ≥ 0. (39)

Îñêiëüêè ñóìà Sk,ε ¹ ñóìîþ ÷ëåíiâ ãåîìåò-
ðè÷íî¨ ïðîãðåñi¨ iç çíàìåííèêîì α+

k,ε

(
k = 1, m

)
i

α−k,ε (k > m), òî âðàõîâóþ÷è âëàñòèâîñòi (37), (38),
(39), à òàêîæ óìîâè 1) òåîðåìè, äîõîäèìî òàêîãî âè-
ñíîâêó: ïðè 0 < ε ≤ (1 + M∗

0 )Re Zl − Re Z1 iñíóþòü
ñêií÷åííi çíà÷åííÿ ñóì Sk,εäëÿ âñiõ k ∈ N , ïðè÷îìó
÷èñëîâà ïîñëiäîâíiñòü {Sk,ε}∞1 ¹ îáìåæåíîþ çâåðõó.

Äiéñíî,
à) äëÿ k = 1, l iñíóþòü ñêií÷åííi çíà÷åííÿSk,ε, áî

âiäïîâiäíi νk < ∞;

á) äëÿ k = l + 1, m i k > m iñíóâàííÿ ñêií÷åííèõ
çíà÷åíü Sk,εíåçàëåæíî âiä âåëè÷èí νk âèïëèâà¹ âiä-
ïîâiäíî iç âëàñòèâîñòåé (39) i (37), ïðè÷îìó âíà-
ñëiäîê îñòàííüî¨ îòðèìó¹ìî îöiíêó

Sk,ε <
∞∑

Γ=0

(M∗
0 )Γ = (1−M∗

0 )−1
, k > m.

Íåõàé Sε
def
= max

(
S,

1,ε S,
2,ε ..., S,

m,ε (1−M∗
0 )−1

)
,

òîäi äëÿ âñiõ k ∈ N i äîñòàòíüî ìàëèõ ε > 0 ìà¹-
ìî

Sk,ε ≤ Sε, (40)
ùî çàáåçïå÷ó¹ ðiâíîìiðíó ïî k ∈ N îáìåæåíiñòü ñiì'¨
îïåðàòîðiâ Rn

λ (Ak) äëÿ êîæíîãî çàäàíîãî n ∈ N i
λ ∈ C ç Re λ > Re Z1 + ε.

Äiéñíî, âèêîðèñòàâøè îöiíêó (40) â íåðiâíîñòi
(35), áóäåìî ìàòè

‖Rn
λ (Ak) fk‖ ≤ Sε

[Re λ− (Re Z1 + ε)]n
‖fk‖ (41)

äëÿ áóäü-ÿêèõ k, n ∈ N, Re λ > Re Z1 + ε, ε > 0.
Ïîâåðòàþ÷èñü äî ðiâíîñòi (4) ç âðàõóâàííÿì îöií-

êè (41), îòðèìà¹ìî

‖Rn
λ (A) f‖ ≤ Sε

[Re λ− (Re Z1 + ε)]n
‖f‖ , ∀f ∈ H,

òîáòî

‖Rn
λ (A)‖[H] ≤

Sε

[Re λ− (Re Z1 + ε)]n
(42)

∀n ∈ N, Re λ>Re Z1+ε, 0 < ε ≤ (1+M∗
0 )Re Zl−Re Z1.

Äëÿ ε = 0 íåðiâíiñòü (42) íå âèêîíó¹òüñÿ, áî
α+

1,0 = ∞, îòæå, S1,0 = ∞ i, âðåøòi-ðåøò, îöiíêà (40)
íå ìà¹ ìiñöÿ äëÿ âñiõ k ∈ N . Çíà÷èòü, îöiíêà (3) âè-
êîíó¹òüñÿ ç inf {β} = Re Z1.

Òâåðäæåííÿ 1) òåîðåìè 3 äîâåäåíî.
Äîâåäåííÿ òâåðäæåííÿ 2). Äîâîäèìî îöiíêó (3)

ç inf {β} = (1 + M∗
0 )Re Zkl

. Îñêiëüêè çà óìîâîþ
òåîðåìè Re Zkl

> Re Z1/(1 + M∗
0 ) i 1 + M∗

0 > 0,
òî (1 + M∗

0 )Re Zkl
> Re Z1, òîìó, ÿêùî Re λ >

> (1 + M∗
0 )Re Zkl

, òî Re λ > Re Z1. Îòæå, ïðè
Re λ > (1+M∗

0)Re Zklâèêîíó¹òüñÿ íåðiâíiñòü (32). Äî-
äàþ÷è i âiäíiìàþ÷è â ïðàâié ÷àñòèíi íåðiâíîñòi (32)
÷èñëî (1 + M∗

0 )Re Zkl
+ ε, îòðèìà¹ìî

|Zk − λ| ≥
[

[Re λ− ((1 + M∗
0 )Re Zkl

+ ε)] + [(1 + M∗
0 )Re Zkl

+ ε−Re Zk], k = 1, m,
[Re λ− ((1 + M∗

0 )Re Zkl
+ ε)] + [(1 + M∗

0 )Re Zkl
+ ε + |Re Zk|], k > m.

(43)

Äàëi, ÿê i ðàíiøå ïðè äîâåäåííi òâåðäæåííÿ 1), îöiíþ¹ìî çâåðõó âèðàç (31) ïðèRe λ> (1+M∗
0)Re Zkl +ε,

äå ε ≥ 0. ïðè öüîìó äîäàíêè â ïðàâié ÷àñòèíi íåðiâíîñòåé (43) ¹ äîäàòíèìè i òîìó ìîæåìî îòðèìàòè îöiíêó,
àíàëîãi÷íî (34):
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CΓ
Γ+n−1

|Zk − λ|n+Γ
≤




n

n + Γ
[Re λ− ((1 + M∗

0 )Re Zkl
+ ε)]n · [(1 + M∗

0 )Re Zkl
+ ε−Re Zk]Γ

, k = 1, m ,

n

n + Γ
[Re λ− ((1 + M∗

0 )Re Zkl
+ ε)]n · [(1 + M∗

0 )Re Zkl
+ ε + |Re Zk|]Γ

, k > m .

(44)

Íà îñíîâi îöiíêè (44) ç íåðiâíîñòi (6) áóäåìî ìàòè

[‖Rn
λ (Ak) fk‖ ≤




1
[Re λ− ((1 + M∗

0 )Re Zkl
+ ε)]n

νk∑

Γ=0

(
β+

k,ε

)Γ

‖fk‖, k = 1, m ,

1
[Re λ− ((1 + M∗

0 )Re Zkl
+ ε)]n

νk∑

Γ=0

(
β−k,ε

)Γ

‖fk‖, k > m .

(45)

∀n ∈ N, Re λ > (1 + M∗
0 )Re Zkl

+ ε, ε > 0,

äå

βk,ε
def
= M∗

0Re Zk

(1+M∗
0 )Re Zkl

+ε−Re Zk
, k = 1, m ,

β−k,ε

def
= M∗

0Re Zk

(1+M∗
0 )Re Zkl

+ε+|Re Zk| , k > m .

(46)

Ââåäåìî ïîçíà÷åííÿ

Sk,ε
def
=




νk∑
Γ=0

(
β+

k,ε

)Γ

, k = 1, m,

νk∑
Γ=0

(
β−k,ε

)Γ

, k > m.

Ç ôîðìóëè (46) áåçïîñåðåäíüî âèïëèâà¹, ùî ïðè
âñiõ ε ≥ 0 ÷èñëîâà ïîñëiäîâíiñòü

{
β−k,ε

}∞
m+1

¹ îáìå-
æåíîþ çâåðõó

0 < β−k,ε < M∗
0 < 1, k > m. (47)

Ñêií÷åííà ÷èñëîâà ïîñëiäîâíiñòü
{

β+
k,ε

}m

1
(ε ≥ 0)

¹ ìîíîòîííî ñïàäíîþ íåâiä'¹ìíîþ ïîñëiäîâíiñòþ.
Ïðè ε = 0 âèêîíó¹òüñÿ òàêà âëàñòèâiñòü:

β+
1,0 > β+

2,0 > ... > β+
kl−1,0 > β+

kl,0
= 1,

1 > β+
kl+1,0 > β+

kl+2,0 > ... > β+
m,0 ≥ 0.

(48)

Îñêiëüêè çà óìîâè 2) òåîðåìè νkl
¹ ïåðøèì iç νk,

ùî ìàþòü íåñêií÷åííå çíà÷åííÿ, òî íà îñíîâi (48) ìà-
¹ìî

Skl,0 =
∞∑

Γ=0

(
β+

kl,0

)Γ

=
∞∑

Γ=0

1Γ = ∞.

Äëÿ k 6= kl çíà÷åííÿ âiäïîâiäíèõ ñóì ¹ ñêií÷åííè-
ìè, áî ïðè k = 1, kl − 1 çà óìîâîþ 2) òåîðåìè νk < ∞,
à ïðè k > kl iñíó¹ îöiíêà β±k,0 < 1.

ßê âèäíî ç ôîðìóëè (46), ïðè êîæíîìó ôiêñîâà-
íîìó ε > 0 âèêîíó¹òüñÿ íåðiâíiñòü β+

k,ε < β+
k,0 ïðè

k = 1,m, ÿêùî β+
m,0 > 0. ßêùî æ β+

m,0 = 0 òî

β+
m,ε = 0, à äëÿ k = 1, m− 1 âèêîíó¹òüñÿ β+

k,ε < β+
k,0.

Âíàñëiäîê öüîãî äëÿ çáóðåíî¨ ïîñëiäîâíîñòi
{

β+
k,ε

}m

1ìàòèìåìî

β+
1,ε > β+

2,ε > ... > β+
kl−1,ε > β+

kl,ε
< 1,

1 > β+
kl+1,ε > β+

kl+2,ε > ... > β+
m,ε ≥ 0.

(49)

Âëàñòèâîñòi (47), (49) çàáåçïå÷óþòü iñíóâàííÿ
ñêií÷åííèõ çíà÷åíü ñóìSk,ε ïðè ε > 0 äëÿ âñiõ k ∈ N .
Áiëüø òîãî, ÷èñëîâà ïîñëiäîâíiñòü {Sk,ε}∞1 ïðè ε > 0
¹ îáìåæåíîþ. Öå âèïëèâà¹ ç òàêèõ ìiðêóâàíü:
à) äëÿ k = 1, kl − 1 ñêií÷åííi çíà÷åííÿ Sk,ε iñíóþòü,
îñêiëüêè çà óìîâîþ 2) òåîðåìè äëÿ äîâiëüíèõ çíà÷åíü
k âèêîíó¹òüñÿ νk < ∞;
á) äëÿ k = kl, m i k > m iñíóâàííÿ ñêií÷åííèõ çíà-
÷åíü Sk,ε â íåçàëåæíîñòi âiä âåëè÷èíνk ¹ ðåçóëüòàòîì
âëàñòèâîñòi (49) i âiäïîâiäíî (47), ïðè÷îìó îñòàííÿ
äà¹ îöiíêó

Sk,ε <
∞∑

Γ=0

(M∗
0 )Γ =(1−M∗

0 )−1
, k > m.

Íåõàé òåïåð

Sε
def
= max

(
S1,ε, S2,ε, ..., Sm,ε, (1−M∗

0 )−1
)

,

òîäi äëÿ äîâiëüíîãî k ∈ N i ε > 0 áóäåìî ìàòè

Sk,ε ≤ Sε. (50)
Çàâäÿêè îöiíöi (50) äëÿ áóäü-ÿêîãî ôiêñîâàíîãî

n ∈ N i λ ∈ C ç Re λ > (1 + M∗
0 )Re Zkl

+ ε ïðè ε > 0
îïåðàòîðè Rn

λ (Ak) ¹ ðiâíîìiðíî îáìåæåíi ïî k ∈ N
(ôîðìóëà (45)):
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‖Rn
λ (Ak) fk‖ ≤ Sε

[Re λ−((1+M∗
0 )Re Zkl

+ε)]n
‖fk‖ .

(51)
Âèêîðèñòîâó¹ìî îöiíêó (51), ðiâíiñòü (4) i îòðè-

ìó¹ìî

‖Rn
λ (A) f‖ ≤ Sε

[Re λ−((1+M∗
0 )Re Zkl

+ε)]n ‖f‖
∀f ∈ H,

ùî îçíà÷à¹ âèêîíàííÿ îöiíêè

‖Rn
λ (A)‖[H] ≤

Sε

[Re λ− ((1 + M∗
0 )Re Zkl + ε)]n

(52)

∀n ∈ N, Re λ > (1 + M∗
0 )Re Zkl

+ ε, ε > 0.

Ïðè ε = 0 íåðiâíiñòü (52) íå âèêîíó¹òüñÿ, áî, ÿê
áóëî âiäçíà÷åíî âèùå, ñóìà Skl,0 = ∞ i, îòæå, îöiíêà
(50) íå iñíó¹ äëÿ âñiõ k ∈ N . Îòæå, îöiíêà (3) âèêî-
íó¹òüñÿ ç inf {β} = (1 + M∗

0 )Re Zkl
. Òâåðäæåííÿ 2)

òåîðåìè 3 äîâåäåíî. ¥
Çàóâàæåííÿ 1.

à) Ç äîâåäåííÿ òâåðäæåííÿ 1) òåîðåì 1, 3 à òàêîæ ç
äîâåäåííÿ òåîðåìè 2 âèäíî, ùî, ÿêùî ÷èñëà νk ¹ îá-
ìåæåíèìè â ñóêóïíîñòi: νk <ν <∞ (êëàñ îïåðàòîðiâ
K (H,σ, ν, V,M0)), òî âåëè÷èíà ñòàëî¨M∗

0 (âiäïîâiäíî
òîäi ñòàëî¨ M∗

0 ) íå âiäiãðà¹ íiÿêî¨ ðîëi i, îòæå, îäåð-
æó¹ìî òåîðåìó, ñôîðìóëüîâàíó â ðîáîòi [1].
á) Ç äîâåäåííÿ òåîðåì 1, 2, 3 âèïëèâà¹, ùî ó âèïàä-
êó íàÿâíîñòi íåñêií÷åííèõ êðàòíîñòåé νk äëÿ çíà-
÷åíü ñòàëî¨ M0 ≥ 1 îöiíêà (3) íå âèêîíóâàòèìåòüñÿ,

à îñêiëüêè ¨¨ âèêîíàííÿ ¹ íåîáõiäíîþ i äîñòàòíüîþ
óìîâîþ äëÿ ðiâíîìiðíî¨ êîðåêòíîñòi, òî çàäà÷à Êîøi
(1), (2) çà òàêèõ óìîâ íå áóäå ðiâíîìiðíî êîðåêòíîþ.

Çàóâàæåííÿ 2. Òåîðåìè 1, 2 âiäîáðàæàþòü òà-
êèé ôàêò: ïåðåõiä âiä ñêií÷åííèõ êðàòíîñòåé äî íå-
ñêií÷åííèõ (âiä êëàñó K äî êëàñó K̃) ìîæå ñóòò¹âî
âïëèíóòè íà ÿêiñíó ïîâåäiíêó ðîçâ'ÿçêiâ çàäà÷i Êîøi.
Ïðèïóñòèìî, ùî ïàðàìåòðè äåÿêî¨ çàäà÷i Êîøi (1),
(2) çíàõîäÿòüñÿ â ìåæàõ óìîâ, íàïðèêëàä, òåîðåìè 1
ç Re Z1 = −100 i M∗

0 = 0, 95.
à) Íåõàé çàðàäè ïðîñòîòè νk < ∞ äëÿ âñiõ k ∈ N ,
òîáòî î÷åâèäíî ðåàëiçó¹òüñÿ âèïàäîê 1) öi¹¨ òåîðåìè,
à, çíà÷èòü, òèï çàäà÷i ω0 = Re Z1 = −100. Òîäi äëÿ
ðîçâ'ÿçêiâ öi¹¨ çàäà÷i ñïðàâäæó¹òüñÿ îöiíêà

‖u (t)‖H ≤ M1e
−100t ‖u0‖H , t ∈ (0,∞)

á) Òåïåð ïðèïóñòèìî, ùî ν1 = ∞, òîäi òàêîæ î÷å-
âèäíî ðåàëiçó¹òüñÿ âèïàäîê 2) òåîðåìè 1 i òèï çàäà÷i
Êîøi ïî÷èíà¹ äîðiâíþâàòè ω0 = (1−M∗

0 )Re Z1 =
= 0, 05 (−100) = −5, à, îòæå, ìàòèìåìî âæå òàêó
îöiíêó:

‖u (t)‖H ≤ M2e−5t ‖u0‖H , t ∈ (0,∞) .

Îòæå, ó âèïàäêó á) ðîçâ'ÿçîê ïðÿìó¹ äî íóëÿ íà íå-
ñêií÷åííîñòi çíà÷íî ïîâiëüíiøå íiæ ó âèïàäêó à); öå
ñòîñó¹òüñÿ i êîåôiöi¹íòiâ Ôóð'¹ ukj(t) â çîáðàæåííi
ðîçâ'ÿçêó u (t) =

∞∑
k=0

νk∑
j=0

ukj(t)v
j
k, ùî ïðèçâîäèòü äî

âòðàòè ãëàäêîñòi ðîçâ'ÿçêó âiäíîñíî îïåðàòîðàA.
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